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ITpeaucaosue

Conep:kaHne mpe1IaraeMoro mocoOusT OCHOBAHO HA MaTepuasiax JIeKI[H-
OHHBIX KYPCOB MO TEOPDHH UTP W MATEMATHIECKOH IKOHOMHKE, TUTABIIIXCS
aBTOPAMU B TeUeHHe DsJIa JeT Ha (haKyJIbTeTe BHIYUCTUTETbHON MaTeMaTHKH
u kubepueruku MI'Y um. M.B. Jlomonocosa.

B ornuune ot n3gannoit panee yaeOHON uTepaTypPhl OCHOBHOE BHUMAHWE
YJIeJISIeTCST TEOPUN HEKOOMEPATUBHBIX UTD M €€ SKOHOMUYECKUM MPHUIOKEH-
aM. V3naraiorcs HOBble pa3jiesibl TEOPUH: HePpAPXUUecKNe U CTATUCTHIeCKHe
UTPBI, METOJBI MONCKA CUTYAIUil PABHOBECHUsl, JOKA3ATEJIHCTBO CXOTUMOCTH
MeTosia BpayHna st MaTpudnabix urp u jap. PaccMaTpuBaioTcs MOje/ i HeCO-
BEPITIEHHON KOHKYPEHIINH, 338491 ONTUMAIBHOIO HAJOTOO0I0KEHUsI 1 OpTra-
HU3AIUN HAJOTOBOM mHCHeKInu. [j1s antaresieil, MHTEPECYIONNXCST MaTeMar-
THIeCKAMU OCHOBAHHSAMH T€OPHUH UT'D, B TPUJIOKEHUH JAHBI JT0Ka3aTebCTBA
TeopeMbl 00 OTIENSIONIel TUIEePIIOCKOCTH, TeOpeMbl XeJUIH O TepecedeHnn
BBITYKJIBIX KOMIAKTOB €BKJIUIOBA MPOCTPAHCTBA, TeopeMbl bpayspa u Ka-
KyTaHU O HEMOIBUYKHON TOUKE.

[Tocobue MozKeT OBITH UCITOMBL30BAHO JIJIA YTEHUS KYPCOB MO TEOPUHU UT'D U
MaTeMaTUIeCKON YKOHOMUKE CTY/IeHTaM, O0YIaONIIMCS IO CIIEeNNATbHOCTAM
"IIpuknagnas MmaremMaruka'n "DkoHomudeckas kubepHeruka'. IIpeamoara-
eTcsl 3HAKOMCTBO YUTATEIeH ¢ HAYATbHBIMA KYPCAMHU MATEMATHIECKOTO aHa~
Jn3a, JJUHEeHHOU aaredbpbl u Teopun BeposaTHocreil. [Ipeanaraembie B KaxK oM
naparpadge mpuMepbl W YIPaKHEHUS CIOCOOCTBYIOT aKTHBHOMY YCBOEHHIO
MaTepuaJa U MO3BOIAIOT UCIOIb30BAThH MOCOONe TaKZKe /IS MPOBEJIeHNUS Ce-
MuHapcKux 3aHaTuil. [lociennnii pasmen comep:KHUT pellleHWe BCeX YIparK-
mennii. Kaxxnag riasa cHaOxkeHa OuOInorpaduIecKuM KOMMEHTAPHEM, M03-
BOJIAIONIAM 3aWHTEPECOBAHHOMY 9UTATEI0 Oojee riiybOKO M3y9YuTh COOTBET-
CTBYIOIIYIO TEMY.

ABTOpBI MpW3HATEIHHBI BCEM KOJIJIEraM MO Kadeape MCCJIeI0BAHNS Ole-
panuii 3a Mo/IepKKy ¥ COBETHI, BO MHOTOM OIIP€/IeJIUBIINAE CTPYKTYPY KHUTH
U CTIIb ee u3noxkeHusi. Mbl Takzke Omaronapusl [lonmmne Bacunoit, EBrenuto
ZKwuryiosy, FOuun Cocunoii, Anekcero Tensoy, Eiene ToiproiimunkoBoit u
Kupunny HoknapoBy 3a moMoIh IpU MOATOTOBKE MOCOOHS.



§1. DBseaenue

Teopueti uep Ha3BIBaETCS MaTeMaTUdecKas TeOpHUs MPUHATHS PelleHns B
koHpuKkTHBIX curyarnugx. [losgcaum 3ro onpenesenne. [Ipocreiime moesin
NPUHATUS PEIIeHNN PacCMAaTPUBAIOTCA B KypcaX MaTeMaTHYeCcKOro aHaJIu-
3a ¥ ONTUMH3ANUA. B 9TUX MOjesX Juio, npuauMaoiiee perrerns (JIIIP),
BLIOUpAeT CBOE JIefiCTBIE M3 HEKOTOPOTO MHOYKECTBA CTpaTeruii (Hampumep,
MHOKECTBO TLIAHOB IPOU3BOJICTBA B 33/1a4e JINHEHHOrO MTPOrpaMMUPOBAHNSA ).
Bazana nesaeBast GyHKIHUs, KOTopas orpazxkaer narepecer JIIIP u 3aBucut or
BBIOpaHHON WM crparternn (Hampumep, DYHKIHsT TPUOBLIN, 3aBUCAIIAS OT
HA3HAYEHHOTO TJIAHA MPOU3BOJCTBA). 3a/lada MPUHATHS PENIeHnii B 3TOi 110-
CTAHOBKE COCTOUT, KaK MPABUJIO, B TOM, YTOOBl HAUTH CTPATETHIO, TOCTABJI-
IOMYI0 MAKCUMYM IIeJIeBON (DYHKITHH.

Orinune KOHMIUKTHONW CATYAIlMHA B TOM, UTO pellleHHe MPUHUMAETCS He
OJTHAM WHJUBUIYYMOM, & HECKOTbKUMH YIACTHUKAME, U (DYHKIUS BBIUTDHI-
& KazkK/i0ro MHJUBUYYMa 3aBUCUAT HE TOJILKO OT €ro CTPaTeruu, HO TaKkKe
U OT pelleHuil APYyruxX y4acTHUKOB. MaremMaTudecKkas MOJETb TAKOTO POoIa
KOH(bIMKTA HA3bIBaETCH U2poti, a YIYaCTHUKNA KOH(MIUKTA — U2POKAMIU.

B pamkax Teopuu UTp CyIIECTBYIOT JIBa OCHOBHBIX HampaB/enusd. Teopus
HEKOONEPAMUBHLT U2p N3ydaeT TPUHATHE PEIIeHUNl B MPEINOJTOKEHIH, YTO
CYIIIEeCTBYET MeXaHW3M, 0OeCTIeTNBAIOINI BBITTOTHEHTE COBMECTHO TPUHATOTO
perterns. [Ipw 3ToM ocHOBHAs mpoOaeMa — YKa3aTh MHOXKECTBO B3aWMOBBI-
IOJIHBIX PELIEHUN ¢ Yy4eTOM MHTEPECOB U CAMOCTOSTE/IbHBIX BO3MOXKHOCTEH
OTJENbHBIX UTPOKOB U K0GAUUUL, TO €CTh T'PYII COBMECTHO JEfICTBYIONINX
UTPOKOB. KM 3TO MHOZXKECTBO BKJIIOYAET HECKOJHKO BAPUAHTOB PEIeHUS,
TO BO3HWKAeT TaKyKe 33Ja49a BBIPAOOTKH KPHTEPUsS ONTHMAJIbHOCTH, KOTO-
pBIil O3BOMTMIT OBl HAWTH €IWHCTBEHHOE, HAWJIyYIlee B HEKOTOPOM CMbBICTE
peuienue. B Hacrosiiem nocobun OCHOBHbIE HOHSATUS U HEKOTOPbIE Pe3yJibTra-
THI TEOPUH KOOTEPATUBHBIX UT'P M3JIOZKEHBI B § 15.

HexkooneparuBuble UI'pbl OTPAZKAOT CUTYAllMM, B KOTOPbIX UI'DOKHU JI€ii-
CTBYIOT CAMOCTOATEIbHO, HE3ABUCUMO JIPYT OT JpyTa, U €C/IU KAKHe-TO COT/ia-
IEHUs 3aKI09aI0TCA, TO OHU HE SBJISAIOTCA 00SA3bIBAIONUME: KayK 1B UT'POK
MOZKeT OTKJIOHUTBHCS OT JOTOBOPEHHOCTHU. TaKUM UTpaM VesseTcsi OCHOBHOe
BHUMAaHUE B JTAHHOM ITOCOOWH.

Ecnn urpokoB JBoe, a WHTepechbl WX NMPOTHBOIOIOXKHBI, TO UT'DA Ha3bI-
BaeTcd anwmazonucmuveckot. TUMUIHBIMI TpUMepaMy aHTArOHUCTHIECKUX
UD SBJISIOTCH IIAXMAThl, HIANIKYK, "KPECTUKU-HOJIMKH', & TaKzKe a3apTHbHIE
urpel Tuna 'opasaku'. Tlpu mpoBeneHNN BOGHHBIX OMEpPAINil HANAIAIOIIAS



§1. Bsemgenne

CTOPOHA OOBIYHO CTPEMUTCSI HAHECTH MPOTUBHUKY MAaKCUMAaJIbHBIH yiepd, a
MPOTUBHUK CTPEMUTCS ITOT yIepd MUHUMU3UPOBATD. [109TOMY B TaKUX CJIy-
JagxX BOCHHYIO OIEPAIMI0 MOYKHO M3y4aTh KAK aHTATOHHCTHIECKYIO UTDY.

B nekotopsix 3a1a4dax nesnesas dpyukius JIIIP 3aBucut or Heonpeaeen-
HOro (bakTopa (HampuMmep, MOTOAHBIX yeioBuil). PaccunteiBas wa "Xymmmii
cayuait", npeamnosaraor, 9T0 3TOT (HAKTOP — CTPATErws IMIPOTHUBHUKA, UMe-
IOIIET0 TPOTUBOTOIOYKHBIE HHTEDPECh. Bo3uukaer urpa npotus "npupomst”,
TaK’Ke OTHOCSINASACS K aHTATOHHCTHYECKUM HrpaM. Takue urpbl paccMaTpu-
BAaIOTCA B MEPBO# IJ1aBe.

Bropast ¥ TpeTbs IIaBbI TOCBSIIEHBI HEGHMAZOHUCTNUYECKUM U2PAM. DKO-
HOMHUKA M COlUaJibHas cdepa JAl0T MHOIOYUC/IEHHBIE PUMEPHI TAKKX HIP.
[Tycrh HECKOIBKO (DUPM KOHKYPHUPYIOT Ha TOBAPHOM PBIHKE U 3aMHTEPECOBa-
HBbI B YBEJMYEHUN CBOUX JIOXOMO0B. [leHa HA TPOIYKIUIO OMpeIeseTcs: Cpo-
COM HA TOBAp U KOJUYECTBOM BBINYIICHHOW NMPOAYKIHH. Teopusi Urp mpe-
muchiBaeT (hbUPMaM-UTDOKAM HA3HAYATH BBHIIYCK MPOJAYKIHH B TAKUX KOJIH-
4eCcTBaX, [IPU KOTOPBIX KayKJIOMY OTJIEJIbHO B3TOMY UI'POKY ObLIO Obl HEBbI-
TOHO OTKJIOHSTHCS OT HpeAnucanHoro oobema. CoorBercTByOmnit HAGOP
cTpaTeruii Ha3BIBAOT pasHosecuem no Hawy. Ipyrum mpumepom siBISIOT-
CA UEPAPTUMECKUE UzPbl, OTPAZKAIOIINE B3aUMOJCHCTBHE MEXKJY BEPXHUM U
HUKHUM 3BEHbSMH yIpaBJIeHUs (HAYAJLHUKOM M MOJYHHEHHBIM, 3aKa3du-
KOM W TPOU3BOIUTEEM TPOAYKIMA U T.II.). 31eCh OOBIYHO HHTEPECYIOTCS He
PABHOBECHEM B HI'DE, & HAUAYHULUM 20PAHMUPOSAHHBIM PE3YALMAMOM, KO-
TOpBIil MOKeT cebe 0becrmednTh UTPOK-TUIEP, TEPBLIM COODIIAININNE CBOIO
CTPATEruio JIPyroMy UIPOKY. SHAYUTEIbHOE BHUMAHKUE B YKA3aHHDLIX IVIABAX
VIEASIETCS TAKAKE PeUWEeHUAM N0 JOMUHUPOBAHUIO.

B uerBeproil riaBe gaeTcsi KpaTKOe BBEJIEHHE B MaTEMATHUECKYIO KO-
HOMUKY M PaCCMaTPUBAIOTCS IIPUJIOKEHHS TEOPUU HEKOOIEPATUBHBIX HI'D K
aHAJM3y AKTyaJbHBIX 3KOHOMHUYeCKuX mpodsem. OaHA W3 HUX — HCCIEI0-
BaHIE SKOHOMUYECKUX PHIHKOB B YCJIOBUSAX HECOBEPIIEHHON KOHKYPEHIIMH 1
OIEHKA OTKJIOHEHUS OKHJIAEMOI0 COCTOSHUS PBIHKA OT KOHKYPEHTHOTO DaB-
HoBecus. M3noxennas B § 18 Teopema 6,1arocOCTOSTHUS I OTHOTIPOLYKTO-
BOIl 9KOHOMUKH MOKA3BIBAET, 4TO COCTOSIHUE KOHKYPEHTHOIO PABHOBECHS $1B-
JISIETCSl ONTUMAJIBHBIM ¢ TOYKH 3PEHUS CyMMAaPHOI'O BBIUTPBIIIA BCEX yUYaCT-
HIKOB. B § 19 paccmarpuBaroTcst MO PHIHOYHOW KOHKYpeHiun 1m0 KypHo
u beprpany, a Takzke ayknuon (byuknmit mpemioxenus. [IpoBoguTcst cpaBme-
HHe paBHOBecHil 110 Hamry u perennii mo JOMUHUPOBAHHUIO ¢ KOHKYPEHTHBIM
PaBHOBECUEM.

B §§20, 21 obcyxnmarorcs mMomenn, CBs3aHHbIE ¢ (DYHKIIMOHHPOBAHUEM



§1. Bsegenne

HaJIOI'OBOM CHUCTEMBI. PaCCManI/IBaIOTCH HpOCTefIIHI/Ie 3aJa491 OINTHUMaJIbBHOI'O
BbIOOpA HAJOTOBBIX CTABOK I (DUHAHCHPOBAHMS OIO/?KETHOI'O CEKTOpa, a
TaK2Ke MOJIeJIM OPraHUu3alui HAJOTOBBIX IIPOBEPOK B YCJIOBHUAX YKJIOHEHUS H

KOPPYTIIHH.



I'NIABA I. AHTATOHUCTUYECKUE UT'PbHI

§2. CepJioBble TOUYKM U AHTArOHUCTUYECKUE UT'DBI

[Tycrs dbyukiust F(x,y) onpenesena Ha JeKapTOBOM TPOU3BEICHUN
X XY, rme X,Y — MHOXKeCTBa IPOU3BOJHLHOI IPUPOILL.

Onpedeaenue. Tapa (z°,4°) € X x Y maswiBaerca cedaocoti mouxot
dbyukuun F(x,y) na X x Y, ecnmn

F(z,y°) < F(a%y°) < F(a®y) Vo € X, VyeY (2.1)
WIN, SKBUBAJIEHTHO,

max F(x,y") = F(2°,y") = min F(2°, y).
zeX yey

[lousitre cemoBO# TOYKM HCIOJIB3YETCd B ONPEJEICHUN PeIleHns aHTa-
TOHUCTHUYECKOUN UIDHI.

OnuiieM aHTaroHUCTUYECKYIO urpy. B Helt npuauMmaor ydactue aBa ur-
poka 1 u 2 (mepsbiii 1 BTOpoii). VIrpok 1 BEIGHPAET CTpATErHuiO T U3 MHOMKE-
cTBa cTparernit X, nrpok 2 BEIOMPAET CTPATErUIO Y U3 MHOZKECTBA CTPATET il
Y. Hopmasibnast (popMa uUrpbl mojpasyMeBaer, YTO KaxKJIbIii UI'POK BbIOMpa-
€T CBOIO CTPaTerHio He3aBHCHMO, He 3Had BbIOOpa MapTHepa. 3ajaHa @yHk-
yua evuzpviwa F(x,y) neporo urpoka, onpenenennast #a X X Y. Bourpsin
F(x,y) nepsoro urpoka siBjistercs npourpsiiiem jjisi Broporo. Lesb nepsoro
HI'POKA COCTOUT B YBEJHYEHHU CBOEro BhIHrphIia F(x,y), a megb Broporo —
B ymenbirenun F(x,y).

Takum 06pa3oM, aHTArOHUCTHYECKAs UI'Pa 3a1aeTcsa HaDOpOM
I = <X, Y, F(x, y)> Tepmunnr "Boiurpeim"u "urpox" CI0KIINCHL UCTO-
PUYECKH, KOIJIa aAHAJIN3UPOBAJIACH MPEHMYIIECTBEHHO a3aPTHBIE UTPBl. JTH
TEePMUHBI He cOBceM Tovnble. Hanpumep, ecan 3uadenue F(z,y) < 0, 1o "Bbi-
UTPHITT TIEPBOTO UTPOKA SABJIAETCsT (PAaKTUIECKH ero MpourpeitneM. Kpomve To-
r0, pACCMAaTPUBAIOT UTPHI, Te F'(x,y) ABIgeTcs He TeHeKHBIM BBIUTDBIIIEM,
a, CKaxKeM, BepOSITHOCTDBIO TTopazKeHus neyu. VIrpok 2 MoxkeT He ObITh HHTEJ-
JIEKTYaAJIbHBIM ITPOTHBHUKOM. JaCcTO PaccMaTpUBAIOT UTPHI HPOTUB "TIPUPO-
nwr".

Bepuemcs K ompegeseHuIo CeIoBOM TOYKH, KOTOPOW MOXKHO TPHUIATH
caeayonuit urposoit cMmpicy. Eciim urpoku BeiOpajin B KadecTBe cTpaTeruit
kommoneHTsl 2, y° ce1/10Boi TOYKH, TO KazKJIOMY U3 HUX HEeBBITOJHO OTKJIO-
HATHCsE OT BbiOpanHo#t crpareruun. [losromy cejuioBas Touka siBjsiercss op-
MaJIn3areil KOHIENIUY PABHOBECHST B UT'Pe.



§ 2. CemyroBble TOYKHM U AHTATOHHCTHYIECKHE UTDBI

Onpedenenue. ToBopaT, 9T0 aHTArOHUCTHYECKas urpa I umeer pewerue,
eciu gyukmus F(x,y) numeer na X X Y cegiobyio Touky. Iycrs (2°,4°) —
ceayoBast Touka dyukuun F(z,y). Torga Tpoiika
(2°,9°, v = F(2°,4°)) naspiBaerca pemenumem urpsr, 20,y — onmumanvroi-
MU CTPATETUAME UTPOKOB, & U — 3HAYEHUEM UTPLL.

[Tokazkem, 4TO 3HAYEHHME MI'PHI HE 3aBUCUT OT BbIOOPA CEJIOBON TOYKH.

Jdemma 2.1. Ecmm (29,4y°), (2*,y*) — ne cemmosbie Toukn pyHKIMM
F(z,y) ma X x Y, 10 F(2°y°) = F(x*,y*).

Jlokasameavcmeo. Hapsaay ¢ (2.1), Belnuimem aHAJOITYHBIE HEPABEHCTBA
JUTsT CeJIoBO# Touky (2%, y*)

Fz,y") < F@"y") < F(@"y) Ve e X, VyeY. (2.2)

Umeem

(2.2) (2.1) (2.1) (2.2)
F(z*,y*) < F(a*,y") < F(2°,y") < F(2°y*) < F(z*,y").

3J1ech BCe HEPABEHCTBA BHIMIOJIHEHBI KaK paBeHcTsa. M
Bazkueiimmit Kj1acc aHTaroHUCTHIECKUX UI'D 00Pa3yIoT MaTPUYHBIE UT'PHI.

Onpedenenue. AHTArOHHCTHYECKAS UTPa || HA3BIBACTCS MAmMpuuHot, ecin
MHOKeCTBa cTpareruit urpokos komeuns: X = {1,...,m}, Y = {1,...n}.
[Tpu sTOM mpuHATO 0003HAYATH CTPATEIHIO MEPBOr0 UTPOKA Hdepe3 i, CTpa-
TEIHI0 BTOPOTO 4depe3 j, a BBIUTPHI mepBoro F(i,j) wepes a;;. Marpuna
A= (aij)mm Ha3bIBaeTcsa MaTpuileir urpol. [lepBoiit urpok BeIOUpaeT B Heit
HOMED CTPOKH %, & BTOPOil — HOMEpP CTOJIONA j.

B obosnauenusx marpuunoit urpel (i, %) — cemjioBas Touka MaTpuIbl
A, ecnu

Q0 § ;040 S Q;04, 1= 1, ...m, j = 1, o, n.

00
Ipumep 2.1. A = (O 4) :

Bmecw (1,1) u (2,1) — aBe ceaIoBBIE TOUKU U 3HAYECHHE UTPHI U PABHO HY-
JIH0. 3aMeTuM, 9To a9 = v, HO (1,2) He ABJeTCs CeTIOBOM TOYKON MATDHIIBL.

Ipumep 2.2. Urpa "opisiaka". [lepBelit NTPpOK 3aK/1aabIBaeT MOHETY Op-
aom (O) num perkoii (P), a Bropoii nbitaercst orragars. Eciin BTopoit urpox
OTTA/IAET, TO TEPBBIH IJIATUT MY €JIHHUILY, €CJIH HE OTTaIaeT, TO — HA0HOOPOT.



I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

O P
O (-1 1
Smecr A = rl 1 _1) Herpyano Bugerh, 910 9Ta MaTpuiia He WMeEeT

CeJI0BOIT TOYKMU.

Bepremcsa k o0miemy ompeseieHHIO CeIJIOBOM TOYKM W AHTATOHUCTUIE-
ckoit urpsl. Bo3uukaior jiBa Bompoca. Korja antaronucrudeckas urpa uMeeT
pemenne, T.e. kKorga dyskmus F(z,y) umeer ceqioByio Touky Ha X X Y7
Kak nckarh ceiyToBbIe TOYKHU, €CIH M3BECTHO, YTO OHU CYIIECTBYIOT?!

Pacemorpum urpy I' ¢ Toukn 3penust nmepBoro urpoka. Ilycrs on BeiOpa
crpareruio r. flCHO, 4TO €ro BbIUI'PbIIL OyJeT HE MeHbIIe, YeM ylg}f/ F(z,y).

Benuuuny in}f/ F(z,y) HazoBem 2apanmuposanHolm Pe3ysbmamonm (Guiuzpol-
yE

wem) 1Jis TepBOro Urpoka. Hamayduimii rapaHTHPOBAHHBIR Pe3YJIbTAT JIJIs

HePBOTO UI'POKA, U = SUp in}f; F(x,y) Ha3bIBACTCA HUNCHUM SHAYEHUEM UTPHIL.
zeX Y€

0

Onpedeaenue. Ctparerns x° mepBOro HTPOKa HABBIBAETCI MAKCUMUHHOU,

inf F(2°,y) = v.
ecait inf (% y)=v

Pacemorpum urpy I' ¢ Touku 3penud Broporo urpoka. Eciau oH BeIOpaJ
CTPATETHIO Y, TO JIJIsI HETO eCTeCTBEHHO CUUTATH FApaHTUPOBAHHBIM PE3Y.JIb-

rarom Bejimunny sup F'(x,y). [Ipourpsimr Broporo urpoka Oyjer ne 60Jblie,
zeX
4yeM 3Ta BesmuuHa. Haumaydmmii rapanTHpPOBAHHDBIA PE3yIbTaT s BTOPOTO

urpoka U = inf sup F'(x,y) HA3HIBAETCS 6EPTHUM 3HAMEHUEM WTDHI.
YEY zeX

Onpedenerue. CrpaTerud y° BTOpOro UIrpoKa Ha3bIBAETCS MUHUMAKCHOT,

ecmm sup F(z,1°) = v.
reX

Jlemma 2.2. B nmoboit antaronuctudeckoit urpe I cnpaBeinBo HepaBeH-
crBo v < .}

okasamesvcmeo. BozbMeM MPOU3BOIBHBIE CTPATETHH UIPOKOB X H Y.
Tormna

inf F(z,y) < F(x,y) <sup F(z,y) = inf F(z,y) < sup F(z,y).
yey zeX yey zeX

JleBag 4acTnb mocjegHero HepaBpeuCcrBa 3aBUCUT OT T, a IIpaBad YaCTb — HET.

19ToMy HEpaBEHCTBY MOYKHO JATH CIIEIYIONLYIO MHTEPIPETAIHIO: Ty HIIe OLITE TIIIOXIM
CpeIn XOPOIIKMX, 9eM XOPOIITUM CPEIN TLIOXUX'.
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§ 2. CemyroBble TOYKHM U AHTATOHHCTHYIECKHE UTDBI

[ToaTromy

sup inf F(z,y) <sup F(z,y) VyeY = v<v.1
reX YeY reX

Teneps copmyaupyem HEOOXOIUMOE M JOCTATOYHOE YCIOBUE CYIIECTBO-
BaHUs CEeJJIOBOI TOYKHU i (PYHKIUU IBYX IIEPEeMEHHBIX.

Teopema 2.1. 1) s toro uroOsl dyukmus F(x,y) vHa X X Y umena
CeJTOBYIO TOUKY, HEOOXOINMO U JTOCTATOTHO, YTOOBI OBLIO BBHIIOJIHEHO PaBeH-
CTBO

max inf F(z,y) = minsup F(z,y). (2.3)
zeX yeY yeY reXx
2) Ilycrs Bemoaneno pasenctso (2.3). Iapa (2% y°) Torma n Toapko Torma
ABJIIeTCd ceIJI0Boi TouKol, Korja 2° — MakcuMuHHAs, a 4 — MUHIMaKcHad
CTpaTeruy UIPOKOB.

Jlokasamenvcmeo. Yreepxiaenust 1) u 2) OyueMm JOKa3bBaTh OJHOBDE-
MEHHO.

HeoGxomumoctn. Ilyers (20, 4°) — cemnosas Touxa dyuxkuun F(z,y). To-
KazkeM, 4TO BBIIOJIHeHo paseHcTBo (2. 3), a 2°,y° — MakcuMuHHAA U MUHH-
MaKCHBIe cTpaTernu. VMeem

7 <sup F(z,y°) = F(2°,94°) =v = inf F(2°,y) <v =7<0.
z€X yey

Ho mepasencTso v < U BepHo B cuiy JjiemMmbl 2.2. [Toatomy ¥ = v u B 1no-
CJAeHUX HEPABEHCTBAX BCIO/LY MOYKHO MOCTAaBUTH 3HAKM paBeHCTB. I3 mosy-
YeHHBIX PAaBEHCTB CIejyeT, 4To x°
CTpaTerud UTPOKOB.

I 2.3 B 00 —

HoctaTtounocthb. llycTh paBencTBO (2.3) BRITOMHEeHO. Bo3bmeM z°,y

MaKCUMUHHYIO U MUHMUMAKCHYIO CTPATErMM U MOKAXKeM, 4TO OHU 0Opa3yior
ceIoByI0 Touky. Mmeem

— MaKCHUMUHHad, a yO — MHHUMaKCHad

F(2°,9°) > inf F(2°,y) = Q(Qig)ﬂ = sup F(x,3°) > F(2°,%°).
yey zeX

Bo Bcex HepaBeHCTBaX MOXKHO IIOCTABUTH 3HAKH PABEHCTB W IOJTYYaeM, 9TO
(2°,9°) — cemnoBag Touka dbynkmun F(z,y). B
Bamenanue. Ecan BHIMOTHEHO PaBEHCTBO (2.3), TO MHOXKECTBO BCEX CEJITI0-

BBIX TOYEK IPAMOYT0/1bHO u coBragaer ¢ X0 x Y e X° u YO — mnoxecrsa
BCEX MAKCHMUHHBIX U MUHUMAKCHbBIX CTPATErnil HIPOKOB.
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

Vnpaosrcnenue 2.1. Jokazxkure, 910 3 X 3-MaTPHUIlA HE MOXKET UMETh POBHO
7 ceJIOBBIX TOYEK.

Ilpumep 2.3. Haiijiem Bce ceUIOBbIE TOYKH MaTPHIBI

7T -1 -4 1
4 2 3 2
A= 2 2 5 2
4 -3 7 =2

31ech (m1n4a”) = (—-4,2,2,-3) u (1H<1a<)§1a,~j) = (7,2,7,2). Orcrioga v =

v=2 X%=1{23}, Y° = {24} Yernipe cepioBble TOUKH 00pa3ymOT
muozkecTBO X0 X YO,

Ipumep 2.4. llycrs X =Y =1[0,1], F(x,y) = 22* — 3zy + 2y°. Haiinem
BesinuuHbl v 1 . [Ipu dukcupopannoM x MuHUMYM 110 y dbyuxkuud F(z,y)
nocruraercss B Touke y(x) = 3x/4 € Y. IosroMmy dpyHKIHS MAHEMyMa —
W(z) = Org;glF(x,y) = 72%/8. Orcriona v = 7/8 u 2 = 1 — maxcumunHasg

crparerus. 3adukcupyeMm y. Makcumym dyuaknuu F(x,y) 00 £ 10CTHrAeTCSI
B KoHIlax oTpeska [0, 1] u paBen

M(y) e max F(z,y) = max[F(0,y), F(1,y)] =

0<x<1

2-3y+2y*, 0<y<2/3
= max[2y°®, 2 — 3y + 2¢°] = 5 y+2y7, 0<y<2/3,
2y°, 2/3<y<1.

Munumywm byukmun M (y) gocruraercs npu y° = 2/3 u v = M(y°) = 8/9 >
v = 7/8. Crenosarensuo, dbynknusa F(z,y) He HMeeT ceII0BONH TOUKH.

Ynpaoscnenue 2.2. HaliquTe MAaKCUMUHHYI0 ¥ MUHHEMAKCHYIO CTpATeIruu,
a TaK:Ke HUYKHee W BepXHee 3HaUeHWs UIPHI [', B KOTOpOit

X =[-2,3], Y =[-1,2], F(z,y) = —2* + 4oy — 5y* + 32 — 2y.

Nuorna B BhIPaKeHUAX

v =sup inf F(z,y), v = inf sup F(z,y)
zeX YEY YeY zex

BHEIITHUE SUp U N f He JOCTUTAIOTCS, HO

sup inf F(x,y) = inf sup F(x,y). (2.4)

reX YEY YeY zeXx
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§ 2. CemyroBble TOYKHM U AHTATOHHCTHYIECKHE UTDBI

Torja MakcuMuHHAS (MJIM MUHHMAKCHAS) CTPATETrHs He CYIIECTBYET W CeJl-
JIOBOiT TOUKM HeT. Bo3aMorken npyroii ciaydail, Korja v < U, HO 9TH BETHYHHDI
Oom3kn. B momoOHBIX cIydasax HCIOJIB3YIOT MOHATHE

£-¢edn060T Mmouku.

Onpedeaenue. Ilycrs 3amano € > 0. [lapa (z°,y°) € X X Y nasviBaerca
e-cey1oBoit Toukoil dbyukuun F(x,y) na X X Y, ecin

F(z,y) —e < F(z2%,y°) < F(z%,y)+e Yz e X, YyeY.

Ynpasternenue 2.3. Ilyers 2°,y° — MakcuMHUHHAA ¥ MHHUMAaKCHas cTpaTe-
rum, a € = v — v > 0. Jokaszats, uto (2°,4°) — e-cemmobag Touka dbynkmun
F(z,y).

Onpedenenue. Ilycts 3amano € > 0. Crparerus mepBoro Urpoka r° Ha-

3BIBACTCHA E-MAKCUMUHHOT, ecau in}f/ F(zf,y) > v — e. Crparerust Broporo
=

UTPOKA Y° HABBIBAETCS E-MuHuMakcHot, eciu sup F(x,y°) < v +e.
zeX
DT crparerun 06eCIeIMBAIOT UI'POKAM MOy YeHIe CBOUX HAWIYUIHX TapaH-

THPOBAHHBIX PE3YJIHTATOB ¢ TOYHOCTHIO 10 £. ChopMmyaInpyeM aHAIOT Teope-
MBI 2.1.

Teopema 2.1'. 1) Tns Toro arobsl npu awobom € > 0 dbyuxmus F(x,y)
Ha X XY mmesa e-ce/JIOBYIO TOYKY, HEOOXOJUMO U JOCTATOYHO, YTOOBI OBLIO
BBITIOJTHEHO PaBeHCTBO (2.4).

2) Iycrb paBercTBo (2.4) BHIMOMHEHO. TOrIA KOMIIOHEHTHI
€-Ce/IJIOBOM TOYKM SBJSIOTCH 26-MaKCUMWHHON W 2e-MUHUMAKCHOM cTpaTte-
rusvMu. OOpaTHO, e-MaKCHMHUHHAS W E-MHHHMAKCHAas CTPATErud 00pa3yIoT
2e-ceJIVIOBYIO TOUKY.

Vnpasenenue 2.4. Joxkaxkure Teopemy 2.17.

[IpejicTaBisgior HHTEPEC YCJIOBHS TOTOJOTMYECKOI'0 XapaKTepa, Ipu KOTO-
PBIX CYIIECTBYIOT MAKCUMUHHBIE 1 MUHUMAKCHBIE CTPATETHH.

Teopema 2.2. Tlycts dynknus F(z,y) HenpepbiBaa Ha X X Y, 11e
X,Y — KOMHaKTHl MeTpHuecKnxX npocTpancTs’. TTomozKm

Y (x) défAI‘gI;éi}l/l F(z,y). Torna

!HenocTaTo9Ho HOATOTOBIEHHDIH IUTATENDb 3[6Ch U Jajlee MOJKET 3aMEeHHTDb BhIpazKe-
Hue "KOMIAKT METPUYEeCKOro MPOCTPAHCTBA''HA BhIparkeHme "3aMKHYTOE OrpaHWYEHHOEe
MHOKECTBO eBKJINI0BA TPOCTPAHCTBA" .
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

1) ®ynkuusa muaumyma W(z) = mi}r/l F(x,y) nenpepbiBaa va X.
ye

2) TIpeanonoKumM JOMOJIHUTENBHO, ITO IPU KazkKJAO0M T € X MHOKECTBO
Y (z) cocrout u3 eguncrBennoro snementa y(x). Torma dynkuuns y(x) Hempe-
pbiBHA Ha X.
Jokasamenvcmeo. 1) BozbMeM IPOM3BOIBLHYIO TIOCTIeI0BaTeIbHOCTD {2F }
sneMenToB u3 X, cxonsamytoca K x°. ITokazkeMm, 4To klim W (z*) cymectryer
— 00

u pasern W (z°). [Ipeanonoxum nporupaoe. Torma HaiijzeTcsa Takas MOMIO-
caegoBarebHOCTh {ki}, 910 llim W (zk) = A # W (2°). Bosbmenm nociieso-
—00

BarebHOCTh {y* € Y (z*)}. B cuny xommakTHOCTH MHOMKECTBA Y MOMKHO
cunTaTh, 4To? lim y* = 0. Ilokazkem, uro y° € Y (2°). [deiicrBurensro, mo

l—00

OIIpEIeICHUIO ykl
W(z't) = F(a™, y") < F(a",y) Yy eY.

[Tepexoast B 9TOM HEPABEHCTBE K NPEJENy IpH [ — 00 W UCNOAL3Ys Herpe-
peiBHOCTEL byHKIMN F(2,Y), moxydanm

Fa’y") < Fay) VyeY = 4’ eY(a").
Hakonen, A = llim F(ak y*) = F(2°,94°) = W(2°) (nporusopeuue).

2) Tokaxkem, uto dyukuus y(x) HenpepsiBaa Ha X . IIpeanonoxum, 4ro
ona paspoiBHa B Hexoropoil Touke ¥ € X. Torma maiimerca Takas MmOCTIe-
nosarenbHoCTh {2¥} smementos w3 X, cxomamasicsa k 2¥, 9TO0 COOTBETCTBY-
forast mocaegosareabrocth {y(zF)} we cxommres x y(2Y). Tlostomy cyme-
ctByeT okpectHocTh U Touku y(z°), BHe KOTODOi#l HaxoguTcs GEeCKOHeuHOe
4HCI0 YIeHOB TocenoBaTeabiocT {y(2%)}. B culy KOMIAKTHOCTH MHOZKe-
crea Y\U u3 310i1 10C/€10BATEJIBHOCTH MOYKHO BbLIEJIUTH [OJIIOC/IEI0BA~
tenbrOCTh {y (%)} C Y\U, cxongmytocs k nekoropomy saementy y' # y(x).
Ho, kak u B uactu 1), nerpy/no gokazarh, ato y' € Y (x°). [oxyuumu nporu-
BOpedHne ¢ TeM, 4To MHOzKecTBo Y (2°) cocToMT U3 eMHCTBEHHOTO S/1eMeHTa.

3amenanue. B mporecce 10Ka3aTeIbCTBA TEOPEMBI MbI TAKZKE YCTAHOBUIII
3aMKHyTOCTH MHOXKecTBa {(7,y) | € X, y € Y(x)}. Ormernm Taksxke, 910
B TeopeMe 2.2 KOMIIAKTHOCTbh MHOYKECTBa Y CYIIECTBEHHA.

23/1ech UCIIOIB30BAHO CJIELYIONIee CBOMCTBO KOMIAKTa METPUYECKOrO MPOCTPAHCTBA:
3 J1000i [OC/IEI0BATE/IbHOCTH JIEMEHTOB KOMIIAKTa Y MOXKHO BBLIEJHUTH IIOIIIOCIEI0-
BATEJIbHOCTh, CXOISIIYIOCS K HEKOTOPOMY 3jieMmeHty u3 Y. CumraeMm, 9To {ykl} W ecTh
COOTBETCTBYIOIIAA BbIJEJIEHHAS TO/INOCIE€0BATETHHOCTD.
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§ 2. CemyroBble TOYKHM U AHTATOHHCTHYIECKHE UTDBI

Ipumep 2.5. Tlycrs

3/1ecb MHOKECTBO Y He ABJISETCS KOMITAKTOM, a (DYHKITHH

Lz, x#0, W(z) = min F(z,y) = 0. =70,

xT) =
y(@) 0, x =0, yey 1, =0,

Pa3pbIBHBI.

Onpedenenue. AuTaronncTudeckad urpa I' HaspIBaeTcs Henpepwvlehoti, ec-
mu X, Y — napasuiesienune/ipl €BKJIMI0BbIX HPOCTPAHCTB, a dbyukuua F(z,y)
nenpepsiBHa Ha X X Y . B wactHOCTH, TIpH
X =a,b], Y = [c,d] 6yaem roBopuTh O HENPEPBIBHOI HIPe HA IPSIMOYTOJIb-
HUKE.

113 Teopemel 2.2 cIeayeT, 9TO B HEIpepbIBHON urpe I’ CyIecTByIOT Mak-
CHMMUHHDIC ¥ MHHUMAKCHBIC CTPATEIMH UIPOKOB.

Tenepnb 3aiiMeMca TOCTATOYHBLIME YCIOBUSAMHU CYHICCTBOBAHUS CeIJIOBOI
TOUKH (PYHKINHU JBYX MepeMeHHbIX. 11X MOKHO ¢pOPMYIHPOBATH B TEDMUHAX
BBLIIYKJIOIO aHaln3a. HaloMHEM HEKOTOpbIE OIpelIeIeHus.

Onpedenerue. MHOXKECTBO Z €BKJIMI0BA MPOCTPAHCTBA HA3BIBAETCS Gbi-
NYKAGLM, eCTH T TIOObIX Todek 2’ # 2" u3 Z u moboro gncia 0 < A < 1
touka Az’ + (1 — \)2” Tak:ke NpUHAIEKAT MHOXKECTBY Z.

Onpedeserue. Oyuxnus h(z), onpeneNeHHas Ha BBIMYKIOM MHOYKECTBe
Z, Ha3bIBAETCA 6biNYKA0T, ecu 11 JTI00bIX ToueK 2’ # 2" u3 Z u moboro
qucsia 0 < A < 1 BBIIOJTHEHO HEPABEHCTBO

R+ (1= N)2") < A(2') + (1 — N)h(Z"). (2.4)

Ecin moc/ieaee HEPaBEHCTBO BHIIOJHEHO Kak ¢Tporoe, To dbyHukiuug h(z) Ha-
3bIBaETCA cmpozo euwnykaot. Ecan Bmecto HepaseHcTBa < B (2.4) durypu-
pyeT HepaBeHCTBO > (>), To dbynknus h(z) HaspiBaercsa ozhymotl (cmpoezo
602HymMot).

m
Ynpasicnenue 2.5. Jlokazkure, 4T0 GYHKIHEL Y 22 CTPOTO BBIIYKJIA.
i=1
Ynpaostcnenue 2.6. Jlokazkute, 9T0 CTPOTO BHITYKJIast HENIpEepbIBHAS (DYHK-
Mg Ha BBIIYKJIOM KOMIAKTe! eBK/INI0Ba MPOCTPAHCTBA, JOCTUTACT MUHHMY-
Ma B €JIMHCTBEHHOU TOYKE.

1BaMKHyTOM OI'PaHUYICHHOM MHOXKECTBE.
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

Teopema 2.3. [Iyctb X C E™ u Y C E™ — BbilIyK/ble KOMIAKThI €B-
KJINJIOBBIX TIPOCTPAHCTB, a dbyHukius F(x,y) venpeprsiBHa #a X X Y. TIpeamno-
JIOZKUM, 9TO TpH Jitobom y € Y dbyukius F(z,y) BOrHYTa O T W OPU JTH060M
x € X ona BoinykJa o y. Torga dyukuus F(z,y) umeer Ha X XY cemioByo
TOYKY.

oxazamesvcmeo. BHavwasie moKazkeM CyIIeCTBOBaAHHE CEIJIOBOM TOUKHU B
caydae, korjga ¢ynakmus F'(z,y) crporo Beimykiaa mo y. Torma mis Beakoro
x € X dyukuus F(z,y) gocruraer MUHUMYMa Ha Y B €JIUHCTBEHHO# TOUYKE
y(x). o Teopeme 2.2 dyukmun W(x) = ryrg}g F(z,y) n y(x) nenpepbIBHbI

Ha X. Bosbmem Touky x*, makcummsupymonryio dyukimuo W(z) ma X, u
JoKazkeM, 9To mapa (z*, y(z*)) asasercs ceamosoii Toukoii byukunu F(z,y).
Host mobeix x u 0 < t < 1 nomoxkum § = y((1—t)z*+tx). B cuny BorayTocTu
o x byukmun F(z,y) mveem

Wiz*) >W((1—t)z" +tx) = F((1 —t)a" +tz,y) >

>(1—t)F(z", )+ tF(x,g9) > (1 —t)W(z") + tF(z, 7).

Orcioma tF(z,y) < tW(z*). CokpaTuB Ha HOJOKHTENbHOE ¢ U YCTPEMUB
t — 0+, mojiyduM HepaBeHCTBA JJISI CeJIOBOI TOYKHU

F(z,y(z")) < W(2") = F(a*,y(z")) < F(z",y) Vze X, VyeY.

Jokazkem Teopemy B obiiem caydae. [Ipu € > 0 dyskIius
d n
F.(z,y) =) F(z,y) +e¢ Zly? HEIPephIBHA, BOTHYTA 10 T U CTPOrO BBHIIYKJIA
J:
o y. [To nokazannomy dyukius F.(z,y) nmeer cemaoByo Touky (z°,y°) Ha
X xXY:

Fox,y*) < F.(2%,y°) < F.(2f,y) Ve e X, VyeY.

BosbmeM mocie0BaTebHOCTD TTOMOKUTEIBHBIX duces {£)}, CXOMSIyocs K
uHysao. 13 komnakTHocTn MHOXKecTB X u Y ciaepyer, 9To 6e3 morepu OOIII-
noctn % — 20, y** — ¢Y. [logarag B MOCJeIHNX HEPABEHCTBAX € = € 1
nepexojist K npejiesty npu k — 00, moay4duM HepaseHcTBa (2.1) u3 ompeeie-
HUA ceaJioBoil Touku. Ml

BaMeTnM, 9TO MepBas JacTh JOKA3aTEIbCTBA TEOPEMbl KOHCTPYKTHBHA:
JUISL OMCKA CeI0BOH Touku dyHkuuu F(x,y), crporo BbILYKJIOH 10 Y, J10-
CTaTOYHO HaUTH MAaKCUMHWHHYIO CTpaTeruio l'* 141 HaHﬂquHI/IIU/I OTBET Ha Hee
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§ 3. CmermanHabie pACHINPEHHS AHTATOHUCTHICCKUX U

y(z*) Broporo urpoka. AHaJOrM4HO, IYCTh B YCJIOBHAX TeopeMbl 2.3 (hyHK-
st F'(z,y) crporo BorayTta mo x, y* — MHUHHMakcHas crparerus, a x(y*) €
Arg max F'(z,y*) — HamwIydmuii oTBeT Ha Hee mepBoro urpoka. Torga

zeX

(x(y*),y*) — cemnoBas Touka Gyukun F(x,y).

13 nepBoii 4acTu JOKA3ATENBCTBA BBITEKAET, UTO JJIsi CYNIECTBOBAHUS
CeJJIOBOI TOYKM BMECTO CTpOroii Beimykaoctn dbyukunu F(z,y) mo nepe-
MEHHOIl I JIOCTATOYHO OTPeGOBATh IpH JIIOO0M & € X eMHCTBEHHOCTH HAU-
JIydIrero orsera y(z) BTOPOro Wrpoka. Ecau mocsienmee yCJoBHe HE BHIMOJ-
HeHO, To mapa (x*,y*), tae y* € Y(2*), moxker He ObITH CEJJIOBO TOYKOI.
Hanpumep, ans byskmun F(z,y) = zy sa X x Y = [0,1] x [0,1] napa
(x*,y*) = (0,1) cennoBoii TOUKOIT HE SIBJISTETCS.

Ilpumep 2.6. X =Y =10,1], F(x,y) = —2*+y>+xy?—4y. 3necs Gyuk-
must F'(z,y) BhIMyKaIa 10 y W ¢Tporo BorayTta 1mo x. OyHKIWs HAWIYUIIEro
oTBeTa mepBoro urpoka — r(y) = y*/2 u

M(y) = max F(z,y) = F(z(y),y) = y'/4+y’ — 4y.
[poussoanas M'(y) = y* + 3y? — 4 obpamaercsa B Hyab B Toukax 1,—2.
Orciona y° = 1 — muanvakcaag crparerust u (y°) = 1/2. CnegosarensHo,
(1/2,1) — cenoas Touka dbyukiwun F(x,y).

§ 3. CwmemaHHBIE pACHIMPEHNS AHTATOHUCTUIECKUX UTP

B npeapiaymem naparpade mpuBOIuICS NpUMep aHTArOHHCTUIECKO nr-
pbl, He nmetomnieit pemenus ("opasaka'). rparh B mogoOHBIe HIPHI BeCbMa
HerpocTo. [IpourpasiieMy UTpoKy KayKIblil pa3 X04eTcss CMEeHUTh CBOIO CTpa-
TEruio, HO OH OyjeT GOAThCs 9TO ¢Iearh (a BAPYD MApTHep J0Tajaerca?).
Teopus urp npejaaraeT UTPoOKaM UCIOIL30BAThH CMEULAHHBLE CTPATETHH.

Onpedenenue. CMeIaHHOl cTpaTerueil mepBoro urpoka B urpe I’ Has3bI-
BaeTCsl BEPOSTHOCTHOE paclpejie/ieHue o Ha MHOXKECTBe cTpaTreruii X.

ZLHH [IE€PBOI'0 UI'POKa IIPUMECHUTH CMEUHIQHHYIO CTPATEIruio ¢ — 39TO BbI-
Opath cTparernio r € X Kak peajan3anuio CIydaiiHOfl BeJWYWHBbI, UMEIOIei
3aKOH pacnpejenenusa . /lamee paccMaTpuBaiTCs TPH BHUJA CMEMIAHHBIX
CTpaTEruid.

1) Iycrs X = {1,...,m}, xaK 910 WMeeT MecTO B MarpudHoii urpe. To-
713 BMECTO (p Jijisi 0003HAYEHUsI CMEIIAHHO cTpareruu Oy/1eM HCIIO/Ib30BATH

"BeposTHOCTHBI"BEKTOD P = (P1, -+, P ), VAOBJAETBOPSIONIMA OrPAHUIEHUAM
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

m
Y pi=1, p; >0, i=1,..,m. Eciu npumensiercst p, To cTpaTerus i BHIOU-
i=1
paercsi ¢ BeposTHOCTBIO p;. Hampumep, B urpe "opisgaka'onbITHBIE HTDOKH

HCTIOIB3YIOT cMemannyto crparernio p? = (1/2,1/2), nonbpaceiBas MoHETY
n Beibupas "open'uwim "pemky'"B 3aBucuMocTH pe3yJbraTa GPOCAHUS.

Boobme, oana w3 BO3MOXKHBIX pPean3aluil CMEIaHHO| cTpaTerud — 3TO
opocanue moneT. C MOMOIIBIO OJHOTO OPOCAHUS OJHON MOHETHI MOXKHO OCY-
MIECTBUTH TOJBKO BEPOITHOCTH 1/2. C MOMOIIBIO JIBYX MOHET WJIH JIBYKPAT-
HOTO OpOCaHus OJHON MOHETHI MOXKHO y Ke Peajn30Barh BeposTHOCTH 1/2)
1/4 u 3/4. fcno, aro GpocaHnem HECKOIbKHX MOHET HJIH MHOTOKPATHBIM GPO-
CaHUeM OJTHOM MOHETBI MOXKHO PEAJA30BATh MIAPOKHUNA CIIEKTP BEPOATHOCTEA.
Jpyroit BO3MOXKHBIH 1 GoJsiee yI00HBIN CIIOCOD peam3alii CMEIIaHHON cTpa-
Termy — UCIOJIB30BATh PYJAeTKY. leluM Kpyr pyJIeTKH Ha CEeKTOpa ¢ ILIOoIa-
JISIMH, TIPOHOPIIMOHAJBHBIMU 33 IAHHBIM BEPOSITHOCTSIM HCIOIb30BAHUS M-
CTHIX CTpaTeruii. 3aTemM BpaliaeM CTPEIKY W UCIOAb3yeM Ty CTPATEruio, B
CEKTOPE KOTOPOIT OHA OCTAHOBUTCH.

2) Mycts X = [a,b], KAK 5T0 UMeeT MECTO B HENPEPHIBHON WI'De HA Mps-
MOYTOJIbHHKE. 37eCh CMeIlaHHas cTpareruss — (bYHKIUS PACIpEIeICHHS (0
Ha oTpe3ke [a, bl.

Ipumep 3.1. llyers X = [0,1], c¢(z) — mey6niBaiomas auddepenim-
pyemast yHKIWs, onpejeseHnas Ha orpeske [1/2,1] u ymosaerBopsiomast
yeaosuam ¢(1/2) = 1/2, ¢(1) = 1. Onpenenum GyHKIMIO pacHpeIe e Husl

0, —o0 <z <0,
1/4, 0<z<1/2,
clz), 1/2<z<1,
1, 1 <z < 4o0.

po(x) =

Uurerpan Crunrbeca ot HenpepbiBHOI dyHKIK h(x) 10 DyHKIHUE pacipe-
Jesienns @o(x) Beraucsiercs mo dhopmysre

1 1

/h(m)dgpo(x) = ih(O) + ih(l/Z) + / h(z)d' (z)dx.

0 1/2

3) [lycre X — BBILYKJIBIH KOMIIAKT €BKJIMIOBA IPOCTPAHCTBA. 3eCh IPH-
MepPOM CMEITaHHOI CTpaTeruu MOXKeT CJAYZKUThb BEPOSTHOCTHAs Mepa, cocpe-
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§ 3. CmermanHabie pACHINPEHHS AHTATOHUCTHICCKUX U

JOTOYCHHAad B KOHCYHOM YHCJIC TOYCK!

SO(:E) = szjm(?)($)ﬂ sz = 17 Di > 07 x(’t) € Xv 1= 1a ceey T,
=1 ;

=1

rae
1, =20,
[x(i) (.”L’) = (4)
0, x#z".
OTmeTnM, 9TO 715t TI060TO bopenescrozo MuOKecTBa B o(B) = Y p;.

iz eB
[Ipu ucnoabp30BaHmn Mephl ¢ crparerus (Y BHIOUPAETCS C BEPOSTHOCTHIO ;.
aTerpan or HenpepbiBHO# (byHKIME A () 0O paccMaTpuBaeMoil Mepe nMeeT
BH/I

/ M(w)dple) = 3 pib(a?),

O603naunM depes3 {p} — MHOXKECTBO BCeX CMEIIAHHBIX CTPATErnii mepBo-
ro urpoka Ha MHozKecTBe X. MoxkHO cuntars, uro X C {p}. HelicTBUTenbHO,
B HOCJEIHEM CAydae CTPATErui0 & MOYKHO OTOXKJIECTBUTH C BEPOATHOCTHOMN
Mepoit [,. Ecain mHOXkecTBO X KOHETHO, TO BBHIOOD ¢ IKBUBAJEHTEH BHIOODPY
evemnmannoit crparernn p = (0,...,0,1,0,...,0), T/1e exnHATA CTOUT HA i-M Me-
cre, anpu X = [a, b] crpareruto x € [a, b] MOKHO OTOXKIECTBUTH ¢ DYHKIIHEH
pacmpeeaeHus, UMeoIei CKadoK 1 B TOUKe T.

MuozxkectBo X OyjieM Ha3bIBATb MHOXKECTBOM YUCMbLT CTPATEIUN IEPBOIO
UIPOKA (B IPOTHBOBEC CMEIIAHHBIM).

aitMeMcs TOCTPOEHHEM CMEUAHH020 PACIIUPEHUA AHTATOHUCTHIECKON UT-
pu I' = <X, Y, F(x, y)> MBI onpejiesnIn MHOXKECTBO {¢} CMeIlaHHbIX
cTpaTeruii mepBoro Urpoka. AHAJOTHYHO, MyCTh {1)} — MHOXKECTBO CMellaH-
HBIX CTpaTeruii BTOPOrO UTPOKA, T.e. BEPOSTHOCTHBIX paclpeieaeHuit | Ha
MHOX)KeCTBe Y ero 4uctbix crparermii. [Ipu 3ajaHubiXx cTrparerusix ¢ u
MaTeMATHIeCKOe OXKIIaHHe BBIUTPHIIIA TEPBOTO UTI'POKA OTpeieisgercs (op-
MYJIOR

Flo,t) = / / P, y)do(a)du(y).

3/1ech MPEIIOIAraeTCsl, 9TO JABOHON HHTErPAJ CYIIECTBYET.

Onpedenenue. AHTArOHUCTUYIECKAST UTPA

T: <{90}> {¢}> F<997¢)>
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

Ha3bIBAETCS CMENIaHHbIM pacimupenuneM urpo [

Onpedenenue. Pemmrerme (00, ¢° v = F(¢° 1)) urpsr [ nassiBaercs pe-
MIeHneM UCXOMHoH urpel I' B cMemannbix crparernsx. [Ipu stom ¢°, 90 na-
3BIBAIOTCS ONMUMANOHUMU CMEULGHHBLMYU CTPATETHSIMA UTPOKOB, & U — 3HA-
yernuem Arpol I

Janee 6yayT DOCTPOEHBI CMEIIAHHBIE PACIIHPEHHS MATPUIHBIX U HeIlpe-
PBIBHBIX UI'D B OyJeT MOKA3aHO, YTO STHU UIPBI BCErIA UMEIOT pellleHhe B
CMEIIAHHBIX CTPATErUsIX.

Hamomunm, 9ro marpuunas urpa I' 3agaerca marpuneit A = (@) mxn-
MHOKeCTBO CMENIaHHBIX CTPATETHil MePBOro HIPOKA —

P:{p:<p177pm) | sz:]-, p'LZOa Z:]-)am}7

i=1

MHOYKECTBO CMEIIaHHBIX CTPATEruii BTOPOTO UT'POKA —

Q:{q: (qlv"'7Q71) | ZQlev q; ZOa jzly"'an}a

J=1

a MaTeMaTU4YeCKOe OKHNJaHU€ BbIUI'DbIlIa II€PBOI'O UI'PDOKA —

Alp.g) =D piaijq;.

i=1 j=1

Taxmwm obpasom, I' = (P, Q, A(p,q)) — cMemanHoe pacIipenne MaTpuIHOI
urpsl I

Teopema 3.1 (OcHoOBHasi TeopemMa MATPUYHBIX UrP). Beskast Mar-
pUYHAd UT'Da UMeeT PellleHhue B CMelTaHHBIX CTPATernsdX.

Jlokazameavcmeo. Joctarouno gokazarh ,4ato dynkmus A(p,q) nmeet
ceyioBy10 TOUKyY Ha P X Q). Muoxkecrsa P, () — MHOIOIPDAHHUKH €BKJIHIOBBIX
npocrpaHcTs, a yHknua A(p, ¢) GununeiiHa 1 M03TOMY HempepbiBHA Ha P X
(), BorHyTA 1O P W BHINyKJIa 10 ¢. [To Teopeme 2.3 dbyukmust A(p, q) nmeer
Ha P X @) cepyoByio Touky. Ml

Ynpaotcnenue 3.1. [lokazkute, 9T0 TpOiTKa
0 0 ) —
— pellleHne B CMEIIAHHBIX CTpaTerusx Urpbl "opiagHaka'.
OrMeruM THIMYHBIE Coy4Yad, KOIJA HPUMEHSIOTCS CMENIAHHBbIE CTpaTe-
IUH.
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§ 3. CmermanHabie pACHINPEHHS AHTATOHUCTHICCKUX U

1) Urpa mosropsiercst MHOTO pa3. B sTom ciydae 3a GOJIbIIOE YHCIO MO~
BTOpPEHUil UTPHI CPEJIHUIT BBIUTPHII [I€PBOI0 UT'POKA, UCIIOIB3YOIIEro ONTH-
MaJIbHYIO CMEIIAHHYIO CTPaTeruio, Oyaer OJU30K K 3HAYEHUIO UTPbI WK Oy-
JIET TPEBBIMIATH €ro.

2) CmenranHas cTparerus peaausyercs B Buje " busndeckoit cMecn" aueThix
crpareruii. UTo 3T0 03HAYAET, MOSICHUM HA MPUMEPAX.

IIpumep 3.2. Virpa nporus npupoasi. Pepmep (urpok 1 ) umeer yqacTok
3eMJIH, KOTOPBI MOXKHO 3aCesTh TPeMs CeJTbCKOXO3SHCTBEHHBIMU KYJIBTYpa-
mu. [0 MOXKeT GBITH HOPMAJBHBIM, 3aCYNLIABBIM U JOXKJIUBBIM (3TO TpU
crparernn urpoka 2 — upupoast). Ilycts H = (h;j)3x3 — Marpuia ypoxaii-
HOCTH, & b; — IleHa 3a euHAIy TpoayKuuu i-ro Buga. Torna A = (b;hij)sxs —
MATPHIIA UTPHI, I7Ie BBIATPHIIT hepMepa — CTOUMOCTH IMPOU3BEJICHHON MPO-
aykmuu. Ilyers p° = (1/2,1/4,1/4) — onTuMmanbHAg CMEIIAHHAA CTPATETUSA
MepBOro Urpoka. Peann3oBaTh ee MOXKHO, 3aCesB MOJOBHHY YIaCTKA MEPBOi
KyJbTYPO#, & OCTaBIINECd ABE 4eTBePTU — BTOPOl U Tperbeil KyJIbTypaMu.

IIpumep 3.3. Hekoropast cTpata (HTpoK 1) HCMOIB3yeT Tpu THIA HCTPeOu-
Tesiedi 7ist G0pBOBI ¢ camosieTaMu TpoTuBHUKA (Urpoka 2). Eciu uctpeburenn
THIIA ¢ MEPBOTO HUI'POKA BCTPEUYAETCS C CAMOJETOM THIIA j BTOPOIO HI'POKA,
TO OH TOOeKJaeT MPOTHBHUKA C BEPOATHOCTBIO a;;. CMeIIaHHad CTpaTerus
p° = (1/2,1/4,1/4) nepsoro urpoka MozeT GhIThH peajn30BaHa B BUJE NapKa
ucrpedbureseit ¢ nponopuusamMu Tumnos 2:1:1.

3) CMelaHHbIe CTPATErMH MOXKHO TPUMEHSTD U IIPU OJJHOKPATHOM MOBTO-
PeHUU UI'PBI, KOIJIa UTPOK JIEeHCTBYET B yCIOBUAX pucka. [Ipm aTrom HeobXo-
JIMMO BBIMTPBIIIH 3aMeHUTh Ha uX 'moesHocTu", yauThIBAIOIUe OTHOIIEHNE
HUTPOKA K PHCKY.

Hpumep 3.4. llycTb UTPOK BBIHYZKJIEH OJWH Pa3 ChITPATh B UTPY € MATPH-

10 0
0 5
JleJIIM TIOJIE3HOCTD BBIUTPHIIA 5. [lycTh B HeKoTOpPOIT JloTepee BHIUTpHIIT 10
oxuaercda ¢ BepoaTHOCThIO (0 < a < 1. [lepoMy UTrpoky mpejjaraeTcs BbI-
OpaTh TaKoe 3HAUEHUE @, MPU KOTOPOM HTPOK COTJIACEH KYMUTDH JOTEepeiHbIi
ouner no nene 5. Beibpannoe 3naveHue a U O6yJeT MOJE3HOCTHIO BHIUTPHIIIA
5. Eciin @ = 1/2, 10 oTHOIIEHNE UTPOKa K PUCKY HefiTpaabHOe, ecan a > 1/2
TO UTPOK OCTOPOKEH, a eciin a < 1/2, To UIPOK a3apTeH.

et A = . Bemurpermam 10 u 0 npunmmiem mosiesaoctu 1 u (. Ompe-

DJIeMeHTBI TEOPUH MOJE3HOCTH CM. B KOHIIE JAHHOTO Imaparpada.

3aiimMeMcs CMeITaHHBIM paciupenneM HenpepbiBHON urpsr ['. Orpanm-
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

auMcest urpoit Ha npsMoyroipauke X X Y = [a,b] X [c,d]. Ipu 3amannbix
cTparerusax ¢ m Y — (pyHKIUAX pacrpejesenusd Ha orpe3kax X u Y — oxKu-
JaeMblil BBIUTBIIT F'(, 1)) mepBoro urpoka paBeH

m%w://F@wwmw@»

34ech ABOIHON mHTErpajs OrT HenpepbiBHONl dyukiuu F(r,y) cyuecrsyer.
Bosee Toro, no reopeme @ydOuHN OH paBeH MOBTOPHOMY

:/bF(x, /deydw

d b

ﬂ%wz/F@wwthMMZ/FWMWW)

c a

rjae

ITak, MocTPOEHO CMEMIAaHHOe paciinpenne || = <{ap}, {v}, F(p, w)> Herpe-
pbiBHOH urpbl [ Ha npamoyroibHuke. Hama Giauzkaiimasg nejib — J10Ka3aTh
CYIIeCTBOBAHME PENIeHHs UIPHI L.

Ham norpebyercst u3BecTHbIN pe3yJibTar.

Teopema 3.2. MHO)KecTBO cMelanHbIX cTpareruii {p} Ha orpeske [a, b
SIBJISIETCs CJIA0BIM KOMIIAKTOM. DTO O3HAYAET, UTO U3 JI00OH MOCIe10BATE /b
HOCTH CMeIIaHHBIX cTpareruii {oF} MOXKHO BBHIIEINTH HOAMOCIETOBATEDb-
HoCTh {PF}, cnabo cxosIIytocs K HeKOTOpoit cTparernu ¢ T.e. TaKyt0, 9TO
J1s1 JII00O# HempepbIBHOI Ha oTpeske [a, b] dyHKImn h(x) BHITOTHEHO

b b

i [ et () = [ hla)de(o)

a a

Jlemma 3.1. B HenpepwiBHON urpe ' Ha NpPAMOYTOTBHUKE CYIIECTBYIOT
MaKCUMUHHAsI ¥ MUHUMAKCHAs CMENIaHHbIe CTPATEernd UIPOKOB.
Joxazameavcmeo. PaccmMoTpuM BbIpazKeHHs

v= sup inf F , v= inf sup F
v=sup inf () Jnf, sup (0, )
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§ 3. CmermanHabie pACHINPEHHS AHTATOHUCTHICCKUX U

U JOKazKeM, uTo BHemHue sup u inf B Hux gocruratorca. [1o onpejesenuto
BEpXHEii rpaHn ¥ HalJeTcsa Takas NOCIEJI0BATELHOCTh CMEIIAHHBIX CTPa-
termit {p*}, aro

wlergﬁ} F(o", ) > v — e, e — 0+,
I
/F(x,@b)dgpk(a:) >v—¢ep Ve {v}, k=1,2,... (3.1)

X

Boigeaum u3 {*} noanocienoparensnocts {0k}, ciabo cxonguyrocs K
cMenranHoit crpaterun ¢°. 3aMeTuM, 4To Opu (PUKCHPOBAHHOI CTpaTeruu 1)
dbyukuus F(x,1)) nenpepsiBaa no . Ilepexonst B (3.1) Kk mpemesny mo moj-
nocteoBarebuocT {k;}, nonyuaum mepasencreo F (00 1) > v Vi € {v}.
Otcrona

inf F >v = inf F =
ot (¢ 0) > v ot (" v) =0

n ¥ — MaKCHMIHHAd CMeIIaHHasg CTpaTerns MepBOrO UTPoKa. AHATOTHIHO
JIOKa3bIBAETCSI CYIIECTBOBAHNE MUHUMAKCHON cMeraHHo# ctpaTernu. H

Jlemma 3.2. PaccMOTpuM JiBe aHTArOHUCTUYIECKUE UTPHI
I'=(X,Y, F(z,y)), T =(X, Y, Fl(z,9)),

B KOTOpbIX byukiun F(x,y) u F'(z,y) orpannvens Ha X X Y u npu € > 0
BBITIOJTHEHO YCIOBHE

|F(z,y) — F'(x,y)| <e V(z,y) € X X Y.

Torma [v — /| <e, [v-7|<e.
Zoxazamesvcmeo. [Ing Beakoro x € X cmpaBeITUBH HEPABEHCTBA

. e o - ..
;gif/F(fv,y) ;g;F(x,y)_l}Q,f/(F(m,y) F'(z,y)) > —¢

MOKHO TTOJIyINTH AHAJOTMYHBIE HEPABEHCTBA, MEHAST MECTaMU (DYHKIUN
F(z,y) u F'(x,y). B pe3ynbrare HAX0AUM, 94TO

inf F — inf F’ < X.
| inf F2,y) — inf F(z,y)] <e V€

Hautee,

sup inf F(z,y) — sup inf F'(z,y) < sup(mf F(z,y) — in}f/ F'(z,y)) <e.
ye

reX YEY reX YEY reX YEY
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

Kaxk u Bbimme, Haxogum, 910 |[v — V| < €. AHAJOrHYHO JOKa3bIBAETCSl HEpa-
BeHCTBO [0 — 0| < e. W

Teopema 3.3 (OcHOBHas TeopeMa HEHPEPHIBHBIX WIP). Beskas
HempepbiBHAs urpa [ Ha OpPAMOYToJbHUKE HMEeT pellleHHe B CMEIIAHHBIX
CTpATErusiX.

Joxazameavcmeo. 1lo Teopeme 2.1 10cTaTOYHO 0KA3ATH PABEHCTBO Be-

auand v = max inf F(p,Y) m v = min sup F(p, ).
pe{p} de{y} (o) Pe{¥} pefp) (o)

3aMeTHM, YTO JOCTH;KMMOCTD 3/eCh BHENIHUX MAKCHMYMOB M MHHHMY-
MOB BbITeKaeT u3 jieMMbl 3.1. Bo3bmem mpoussosibioe € > (. VI3 nenpepbis-
Hoctu dyHKuu F(x,y) ciepyer cylecTBOBAaHIEe TAKOrO pa3bHeHus OTpe3Ka
X = [a, b] Ha Hemepecekarouwecst MPOMEKYTKE (OTPE30K U MOJYUHTEPBATHI )
X% 4 =1,..,m u Takoro pasbuenusa orpeska Y = [c,d] Ha aHAJOTHIHbIC
npoMexyTku Y7, j = 1,....n, uto

|F(x,y) — F(2',y)| < e V(z,y),(@,y) € X' x Y, Vij (3.2)
Jlns mobbix i, j BosbMeM Touxu 2t € X', 9/ € Y/ u onmpemesuM cryneHda-
TYI0 PYHKIINIO
Fi(z,y) = F(2',y) V(z,y) €X' xY?, i=1,...m, j=1,..,n.
Torma u3 (3.2) caemyer, 4ro

|F(z,y) — Fi(z,y)] <e V(r,y) € X xY. (3.3)

Urak, byukuus Fi(x,y) annpokcumupyet dyakmmo F(x,y) ¢ TOTHOCTHIO 10
€ > 0. HenpepbiBaag urpa I' dpakrudeckn npubsivkena urpoit ¢ marpuiei
A= (aij)mxn = (F(.’L‘Z,yj))an.

Besikoii cMemmanHO# ¢cTpaTeru ¢ NOCTaBUM B COOTBETCTBHE BEKTOD

p= (p17"‘7p'rTL> P = /dQO(ZE), 1= ]., e, m,
X

i€ p; — BEPOSITHOCTD TTONATAHUST PeaTn3allii CMEMTaHHON CTPATErnl B MHO-
xkectBo X' (Mepa MHO)KecTBa X' ). OUeBHIHO, YTO P ABIAETCA CMEITAHHOIMN
CTpaTerueil mepBOro Urpoka B MaTpudHOil mrpe, T.e. p € P. IlocTpoennoe
orobpaxenune P : {¢p} — P sapasercs orobpaxenuem na P. [efictBuress-
HO, 11 J1I060i crparerun p € P (yHKIUG pacupeeeHusd ¢ cO CKadyKaMu
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§ 3. CmermanHabie pACHINPEHHS AHTATOHUCTHICCKUX U

p; B TOUKax o' gBjsgercs mpoobpa3oM p npu oTobpaxkenun P. Amaaormaxo
onpenessierca orobpaxkenne Q : {1} — @, re () — MHOXKECTBO CMEITAHHBIX
cTpaTeruii BTOporo Urpoka MaTpU4HOR urpel. /lasee, 1is j1r00bIX cTpaTernii
¢, ¥ u coorBercTBYIONMX cTpareruit p = P(p), ¢ = Q(¢) cupasemiusa
dopmyia

F1(<Pa¢) =

//F1 v, y)dp(x)di(y) =Y > piF (2’ ¢))g; = Alp, q). (3.4)

=1 j5=1

Kpowme Toro, ucnonb3ys (3.3), nosyanm

Fle.0) = Fe o) =| [ [(FGa.w) - Reo)dp)vty)| <

//lFa:y Fy(z, y)ldsp()di(y //é?dso ) (y

a

[Tocaennee nepaBeHcTBO O3HAYaeT, 4ro i byukuuit F(p, 1), Fi(p, 1) Bbl-
OJIHEHBI YCJIOBUA JIEMMBbI 32 I/I3 Hee BBITCKalOT HEPpaBCHCTBaA

max inf F — max min Fi(p, <e, 3.5
|¢e{¢}we{w} ( 1/}) we{p} ve{v} 1( ¢)| ( )
min sup F ©, — min max F} ©, <e. 3.6
|¢€{¢} we{g} ( @b) ey} pe{e} 1( w)| ( )

I3 (3.4) u OCHOBHOI T€OPEMBI MATPUYHBIX UI'D CJIEYET, 4TO

max min F max min A(p, q
mme goin, F1(e.¥) = maxmin Alp.g) =

= min max A = min max I}
qeQ peP (p Q) ve{v} pe{p} ((,0 w)

Orciona n 3 nepasencTs (3.5),(3.6) crenyer |[v — T| < 2e. B cuny npous-
BosbHOCTH £ > 0 momydaem v = v. A

DJIeMeHThI TEeopuu IMOJIE€3HOCTI

HpaBOMepHOCTb HCIIOJIb30BaHUAd MaTE€MaTUYICCKOI'O OzKHJIaHWA BbIUI'PbI-
1a B CMEIIaHHOM PaCIIUPEHUN HUI'DblI BbBI3bIBA€T COMHCHH. KOFZL& HUTI'POKHU
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

NPUMEHSIIOT 33/ [AHHBIE CMEITaHHbIe CTPATEI M, TO BEIUTPHINT KAYKI0TO STBJIsI-
ercsd Cay4aiitHON BeJIMYMHON C 3aJaHHBIM 3aKOHOM pacipejesienus. B reopun
[OJIE3HOCTH TaKyI0 BEJIMUNHY HA3BIBAIOT somepeeti. DopMaabHO OHA 3a/1aeT-
cst HabopoMm nmapametpos (Ay, ..., Ag; 1, ..., x1), TJe BBIATPBINT A; BOSHHKAET

k
¢ BeposaTHOCTBIO 2, [ = 1,.. k,u Y x; = 1.
i=1
Ynpaostcnenue 3.2. YKazaTh napameTpbl JJOTEpPer, KOTopas COOTBETCTBYET
mape CMeINaHHbIX cTparernii (p, q) B MATPUIHON UTpe.

Onenka uexoaa 000 UIPHl M0 MATEMATHYECKOMY OXKUJAHUIO IIPEIIO-
naraer, aro jgorepeu (0;1), ($5000,% — 5000;1/2,1/2) u
(—1py6.,10000 py6.;10000/10001,1/10001) sKBUBATIEHTHI JJIsI HHAXBHLYYMA.
MOXKHO NpeAIONIOKNATEL, 9TO /I MHOTHX 9UTaTes el 310 ne Tak. Jlanexo me
BCE MOI'YT cebe MO3BOIUTh CHIIPATh BO BTOPYIO JIOTEPEIO, TazKe eCIH HeCKOJIb-
KO YBEJHMYUTH pa3Mep BHIUIPHIIIA. B TO ke BpeMs 3HAUUTEIbHAs YacTh HACe-
JICHUS y9aCTBYET B JIOTE€PEsX, NOJ00HBIX TPEThEH, JazKe IPU OTPUIATEIbHOM
CPeIHEM BBIATPBIIIE: MHOTHE TOTOBLI PUCKHYTH MAJICHLKON CyMMO B pacde-
Te Ha CYACTIMBLIA caydaii. Boobme, oTHOMEeHRe JIIoeill K PUCKY JTOCTATOYHO
CJIOKHO M He J0 KOHIA HCCIeJ0BaHO. Ero m3ydeHmeM 3aHMMAETCsl TEOPUs
nosesrocmu (B SKOHOMHKe (DYHKIUM BBIMIPHIINIA OOGBIYHO HA3BIBAIOT (DYHK-
IUSIMU TIOJIE3HOCTH ).

OnuH U3 BasKHEHIINX Pe3yJbTATOB 3TOH TEOPUU COCTOUT B CJIELYIOIIEM.
[TpeanosnoKumM, 4T0 y HHAMBULY YMa €CTh OTHOIIEHKUE HPEAIIOYTeHU HA MHO-
JKeCTBe BCEBO3MOXKHBIX JioTepeil, T.e. JJis JTI00bIX ABYX JoTepeit Ly, Ly 0H MO-
JKeT yKa3aTh, KAKOe W3 COOTHOIICHUH ( MpHYeM TOIBKO OJTHO) BBHIIOIHIETCS:
Ly = Ly (L npegnoururenbueii Ly), Ly > Ly wmu Ly ~ Ly (0Tepen sKBuBa-
JeHTHBI). [IyCTh 9TH COOTHONIEHUsI YIAOBJIETBOPSIOT CJEAYIOMUM (JOBOJIBHO
eCTECTBEHHBIM ) AKCHOMAM:

I. Ecmu Ly > Lou Ly > L3, T0 L1 > Ls.

II. Ecan L1 ~ L2 u L2 ~ Lg, TO L1 ~ L3.

II1. Ecau L1 ~ LQ n L2 >~ L3, TO L1 >~ L3.

1V. Ecan L1 -~ L2 n LQ ~ Lg, TO Ll -~ Lg.

V. Jlorepen, KOTOPBIM COOTBETCTBYET OJMHAKOBOC PACIPEICICHUE BEpO-
ATHOCTEH, ABIAIOTCH SKBUBAJCHTHBIMH.

IIycts Ly, Ly — ase jmorepen, 0 < r < 1. O6o3HavuM depes
rLi + (1 — 7) Ly jlorepero, B KOTOPO#i ¢ BEPOSTHOCTBIO I PA3BIIPLIBACTCS JIO-
Tepesi L1, a ¢ BeposTHOCTHIO 1 — r — jorepesa L.
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§ 3. CmermanHabie pACHINPEHHS AHTATOHUCTHICCKUX U

N3 akcuombl V' BbITEKaeT, 4TO Jjis JIIOObIX jorepeit Ly, Lo, Lg n BeposiT-
HOCTEH 7, § CIIPaBEJIUBbl COOTHOITECHUSA

rLy+ (1 —7r)Ly~ (1 —7r)Ly+ 1Ly,

rLy+ (1 —7r)(Lo+ (1 —8)L3) ~rLy + (1 —7r)Ly+ (1 —7)(1 — s)Ls.

VI. Ecnu Ly ~ Ly (Ly = Ly), T0 pyist siio6oii torepen Lz u j1i060ii Bepo-
saTHOCTH 7 > () BBIIOJIHEHO COOTHOIIEHHE
TLl + (1 — T)Lg ~ T'LQ + (1 — T')Lg (T'Ll + (1 — T)Lg - T'LQ + (1 — T)Lg).

VII. Eciu Ly > Lo > L3, T0O HafieTcsa Takas BEPOATHOCTD T, 4TO L1 +
(1 - T’)L3 ~ L2.

Axkcuoma V' II moxoyka Ha TEOpEMY O MPOMEKYTOUYHOM 3HAUEHWH JIJIs
HEIPEepBIBHOM (GYHKINKA Ha OTpe3Ke W O3HAYAET, 9TO OTHOIIEHHE IpeIo-
YTeHHs HENPEPhIBHO B HEKOTOPOM CMBICIe. IlycTh, HaKOHEI, CIpaBeInBa
AKCHOMA

VIII. Ecim A; > Ap, 1o (A5 1) = (Ap; 1).

Jlemma 3.3. IlycTh HA MHOXKECTBe JIOTepel MpeIIodTeHne NHINBULYyMa
yaoBaeTBopsier akcuomam I — VIIT u Ly = Ly. Torna ajis Jio0bIX BEpOAT-
Hocreii § < « Bpinosineno coornottenne aly + (1 —a)Ly = Ly + (1 — 3) Lo.

HHoxazarenbctBo. Ilo akcuome VI mpu Ly = Ly mmomydaeM
aly + (1 — )Ly > Ls. Tlpeacrasum (3 B Bujie 3 = ya, tae v € [0,1). Torna
no akcuomam VI u V

alq + (1 — CY)LQ - ’Y(OéLl + (1 — Oé)LQ) + (1 — ’}/)LQ ~

~yaly +[y(1—a)+1—=9]Ly~BL1+ (1 —5)Lo. A

Teopema 3.4. [Ipu BeinonHennn yka3anabix akcuoMm I —V I cymecTBy-
er dyukius moresnoctu u(L), onpepeseHnas Ha MHOXKECTBE JOTepeil BIIa
(Aq, ..., Ag; 1, ..., Tx) ¥ TaKasl, ITO BHIMOJHEHBI CAEIYIONITE CBONCTBA:

1) dna mobwbix gorepeii Ly, Ly u(Ly) > u(Ly) < Ly > Lo.

k
2) dost moboit morepen L = (Aq, ..., Ag; x1, .o xr) w(L) = xu(A4).
i=1

3) @ynknus u(A; 1) MOHOTOHHO BO3pacTaeT mo A.

Bosee Toro, sta (HpyHKIUs € IMHCTBEHHA ¢ TOYHOCTHIO 10 JUHEHHOTO IIpe-
obpasoBanus: eciu japyrag pynkius v(L) yjaoBiaeTBopseT TeM x)e CBOHcTBaM
1)—3), 10 cymecTByIOT Takue KOHCTaHTHI ¢ > 0 u b, uro mg g06oii orepen

L v(L) = cu(L) + b.

YTBepKJACHHE TEOPEMbI 03HAYALT, YTO JJIsi KazK/J0r0 MHAUBUAYYyMa (1pu
BeIostHeHu akcuoM [ — VIIT) cymecTByer MOHOTOHHOE HMpeoGpasoBaHie
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

(GYHKIIMN BBIUTPHIIIA, KOTOPOE MO3BOJISET ONEHUBATDH JIIOOYIO JIOTEPEIO, UC-
XOJId U3 MATEeMaTHYECKOTO OXKUJIAHUs BLIUTPHIIIA. B 4aCTHOCTH, €C/IM B MaT-
PUYHON UIPe B34Th IPeoOpPa30BAaHHYI0 (DYHKIMIO BBIATPHIIIA U(;j), TO CIIy-

HalHbIA MCXOJ ITPU HCIOJBb30BAHWM CMEIIAHHBIX CTPATETHU p W @ MOXKHO
m n

OLEHUBATH [0 MATEMATHIECKOMY OKHUIAHUIO » | > p;u(a;;)q;. OTMernM, 9To
i=1j=1

bynkims nonesnocT u(L) — ¢BOs TS KaXK/0TO HHAUBHIYYMA, ITO3TOMY HI-

pa ¢ Ipeodpa30BaHHBIMU MaTpULamMu Beiurpbiieit (ug(a;;)) u (uz(a;;)) Booaue

MOZKET OKA3aThCsl HEAHTATOHUCTHICCKOI.

Ynpaostcnenue 3.3. lokaxure Teopemy 3.4.

Yxasanue. Bes morepu oOIHOCTH MOXKHO CUMTATh, 9TO Ay = Ay = ... >
A Homoxum u(Ay) =1y =1, u(Ag) = rp = 0, a Beamaunnl u(A;) =1y, [ =
2, ...,k — 1 onpenenum n3 coornomenuii (A1) + (1 —r)A; ~ A, 0 <1 < 1,
ncnonap3yd akcuomy VII. C noMomnipio JeMMbI 3.3 MOKaxKuTe, 9T0 (PyHKIUS

k
U(L) = U(Al, ...7Ak;$17 ’,I‘k,) = l_le'lrl

VJIOBJIETBOPAET BCEM YTBEPKICHUIM TEOPEMBI.

§4. CsoiicTBa perneHunii B CMeIaHHBIX CTPATErusix

B namnom maparpade paccMaTpuBaloTCs CBOHCTBa peleHuil B cMelraH-
HbIX CTPaTerusx MaTPUYHbIX UI'D U HEIPEPbIBHbIX UI'D HA HPSIMOYI'OJIbHUKE.
DTHU CBONCTBA B YACTHBIX CIYYasiX MO3BOISIIOT HAXOAUTH ONTHMAJIBHBIE CMe-
ITaHHBIE CTPATErNH.

Teopema 4.1. Jlnsa rtoro uto6n Tpoiika (Y, 1% v) Gblta permenuem B
CMEIIAHHbIX CTPATerudAX HelpPepbIBHONW Urpel ', HEOOXOAUMO U JIOCTATOYHO,
9TOOBI OBLIO BBIIIOJHEHO YCJIOBUE

Fz,°) <v< F(¢’y) Yz X, VyeY. ()

Joxasamenvcmeo. Heobxoqumocrs. Iycrs (¢, 40, v) — pemenne nenpe-
pBIBHOII UTPHI B cMemnanubix crparerusx. Torga v = F (% ¢°) u no onpese-
JEHUIO CeAJIOBOI TOYKN

Fp, ") < F(°9°) =v < F(9) Yo e{ep}, Ve {y}.

Bosbmem B 1oC/I€IHUX HEPABEHCTBAX BMECTO © W 1) YHUCTHIE CTPATErUU T U
y. B pesynbrare nomyunm ycaosue ().
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§ 4. CpoiicTBa penieHnii B CMEHIAHHBIX CTPATETHSIX

Tocrarounocts. ITycrs s rpoiiku (¢°, 40, v) Beinonneno yciosue (x).
[TponnTerpupyeM nmeppoe HEPaBEHCTBO TOTO YCJIOBHUS 110 JII000i cTpareruun
, @ BTOPOe — II0 JTII000i CTpaTeruu 1 u Moy YIuM

F(p,0°) <v < F(9) Vo e{p}, Ve {4}

[loncrasngsa, B yactocry, ¢ = ¢° u 1 = ¢°, naxomum, uro F (0%, %) = v u
mapa (¢, %) — cemnobasa Touka bynkmun F(p, 1) na {¢} x {¢}. W
OTMeTnM, 9TO TeopeMa 4.1 cIpaBeIHBa A1 TPOM3BOILHEIX CMEITARHBIX
paCIIMPEHUIT AHTATOHUCTHYECKHUX HTP.
CdopmympyeM aHAJOTHIHYIO TEOPEMY JIJIsi MATPUIHBIX UTD.

Teopema 4.1’. Jlna Toro urobe rpoiika (p°,¢",v) Gbuia perenuem B
CMEIAHHBIX CTPATErwsaxX UIPbl ¢ Marpuneil A, HEOOXOJAMMO ¥ JIOCTATOYHO,
4TOOBI OBLJIO BBIIIOJIHEHO YCJIOBUE

A(i,qo) <v< A(po,j), i=1,.m, 7=1,..,m. (%)

Vnpasenenue 4.1. Joxkaxkure Teopemy 4.1,

Ormerum, 4TO IPOBEPKA BbIIOJHEHUs yCaoBus (*) Teopembl 4.17 cBoaut-
¢ K MOACYeTy CKaJsgpHBIX IPom3BeAeHnii BekTopa p° Ha CTOIONBI, a TaKKe
BexTOpa ¢ Ha CTPOKH MATPHUIB A U CPABHEHUIO UX ¢ YHCIOM 0.

Hpumep 4.1. Ilyctb MaTpuiia Urpbl — NUKJINYECKAST:

cit Co ... Cnp
Ao [0 e
Co o Cp O
n
Mokaxem, uro p° = ¢ = (1/n,...,1/n), v = Y. cx/n — peutenne urpsl

k=1
B CMEIIAHHBIX CTpaTerusax. /leficTBUTEIBHO, YCIOBHE (%) 3/1eCh BBINOJHEHO,

MMOCKOJIBKY BCe HEPAaBEHCTBA B HEM BBLITIOJHEHBI KaK paBeHCTBa. B kadecTBe
KOHKPETHOI'O IPUMEPA PACCMOTPHUM UIPY "MEIIoK, KaMeHb, HOZKHUIbI' ¢ MaT-
puneit
M K H
M/ 0O 1 -1
A= K| -1 0 1
H 1 -1 0
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

MoxkHO JaTh CAeAyIONyI0 HHTEPHPETAINIo 310l urpbl. /IBoe BoiOUpaior
O/IMH U3 TPeX MPEeJIMETOB: MEIIOK, KaMeHb WJIM HOXKHUIbI. KazxK it npeamer
OPOTUB caMOro ceOs HUKAKOTO BBIUTDHINIA HE AT, MOITOMY Ha JIHArOHAJIH
crodaT (. HoxKHUIBI TYIATCS O KaMeHb, TI09TOMY OHHU ITPOUT'PBIBAIOT KAMHIO 1,
a TOT B CBOIO OvYepeb BHIUIPBIBaeT y HOXKHUI, 1. KaMenb MOXKHO MOMECTUTD
B MEIIIOK, II09TOMY MEIIOK BBIMI'DbIBAET Y KaMHs 1, & KAMEHb HPOUI'DPbIBAET
Merky 1. HoXKHUITBI peykyT MeIIoK, MO3TOMY OHH BBIMIDBIBAIOT y Menika 1,
a MEIOK TTPOUTPHhIBAET HOKHHUIIAM 1.

Vnpasrcnenue 4.2. Illyctys B — marpuiia, moaydeHHas npubaBieHneM KOH-
CTAaHTHI ¢ KO BceM 3yeMeHTaM Marpunbl A. [lokasarh, 9T0 3HAUYEHHS COOT-
BETCTBYIOIIUX MATPUYHBIX UTP CBsI3aHbl cooTHomenneM v(B) = v(A) + ¢, a
ONTUMAJbHBIE CMEIIAHHbIE CTPATErHH UTPOKOB COBIIAIAIOT.

Hpumep 4.2. [lpogasen BbICTaBJISIeT HA IIPOJAKY TPH IIPEIMeTa, He Ipel-
CTABJIAIONIYE JIJIS HEro 0cobOoi TeHHOCTH (CTapbie TeaeBU30phl U T.11.). OH To-
TOB UX MPOJATH JazkKe 3a HE3HAUUTEIbHYIO TeHy. IMerorcs jaBa mokymare s
(nrpoka), pacrnojararpoiye oanHaKoBsIME cymMmMamu JgeHer A. Irpok craHo-
BUTCS OOJIajiaTesieM IpeaMeTa, ecau IpejaraeT 3a Hero cymmy, O00JbIIyIo,
geM maprHep. Llesb mepBOro Mrpoka COCTOUT B IOKYIIKE JABYX KAKHX-JTHOO
opeaMeToB 13 TpexX. Lleab BToporo urpoka — BOCHPENSITCTBOBATH ITOMY.

3
[Iycte ¢ = (v1,29,23) € X = {z | Do, = A, x1,29,23 > 0} —
=1

CTpaTerus MepBOTO UTPOKA, COCTOAIIAs B MPEJIOKEHUN CYMMBI T; 3a 9-bIif
npeaMer. AHATOTHYHYIO cTpareruio y = (yi,Y2,y3) € Y = X wucnonn3yer
BTOPO#l UI'DOK.

Bynem nucars z > vy, ecin Kakne-Tub0 JBe KOMIIOHEHTHI BEKTOpa & O0Ib-
IIe COOTBETCTBYIONIUX KOMIIOHEHT BeKTOpa Y. OnpeneauM (OyHKIUIO BBIUTPHI-
& MepBOTO UTPOKA

Flag)=40 7%
0, B IPOTUBHOM CJIydYae.
3aMeTuM, 4TO
Vee XdyeY : —(x=y)=v=0;
VyeYdoeeX: x>-y=v=1
Orcrosa cieyer, 9To UTPa He UMeeT PEIeHNs B YNCThIX cTparernsx. Haiimem
ee pellleHre B CMEIIAHHBIX CTPATerusx.

MuozkectBo crpareruit X (copmagaromiee ¢ Y) u306pasuM Ha MJIOCKO-
CTH B BHJI€ PABHOCTOPOHHErO Tpeyrojabuuka BeicoTbl A. Touka y umeer 6a-
PUUEHMPUYECKUE KOOPIAUHATHL Y1, Y2, Y3, ONPEJCILIONINE €€ PACCTOAHUSA OT
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§ 4. CpoiicTBa penieHnii B CMEHIAHHBIX CTPATETHSIX

Tpex cTopoH Tpeyroibuuka. Ha puc. 4.1 u3o0pazkenbl JIUHUU T = Y1, To =
Y2, T3 = Y3.
(4,0,0)

=Y T2 = Y2

(0,0, A) (0,4,0)
Puc. 4.1

MmuozxkecTBO cTpareruii BHe 3TUX JIMHUI pa300beM Ha JIBa MOJIMHOXKECTBA
Xiy)={reX|z-y}, Xo(y)={reX|y>uz}

Bamernm, uro X (y) saBasierca o0beuHEHIEM TPeX TpeyroabHuKoB. Hanpu-
Mep, HUKHHI TPeyroJibHUK Ha puc. 4.1 cOCTOUT U3 TaKUX BEKTOPOB X, IS
KOTOPBIX T > Y2,T3 > Y3.
MmuoxkecTBO
C={reX|0<z <2A4/3, i=1,2,3}
npecTaBageT co00il IPABIIBHLII IMECTHYTOALHIK ¢ IeHTpoM 1°, coBIagaio-
UM C TIEHTPOM TpeyroibHuKa X (puc. 4.2).

Puc. 4.2

[Iycts ¢ — pasHoMepHoe pacupenenerne na C. JIokaskeM, 9TO TPOHKa
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

(¢Y, % 1/2) — peurenue urpbl B cMemanubix crparerusax. /s 3moro jgocra-
TOYHO TIPOBEPUTH ycoBue (k) Teopembr 4.1.
O6o3uaunm depes mes(S) mwromans burypst S C X. Torma

F(e°y) = mesff;((yg)m ) ey

Herpyano nokazars, uro mes(Xi(y) N C) = 0.5mes(C) miasa Beex y € C.
JleficTBATE/ILHO, [ EHTPa MeCcTUyTroabHIKa §” 3T0 yTBepKIeHHe OYeBH,I-
no. ITycts y # y°. Oupenennm Bextop y' € C :

yi =y, Yo =ys = A/3, y3 = 2A/3 — 1.

Cpasnusas urypsr X;(y) N C, X;(y') N C u X;(y°) N C, ybexmaemes,
uro ux miomaau pastbl. Ciegosarensno, upu y € C F(0°, y) = 1/2. Mero-
JIOM CPaBHEHHS IIOMAIel MOKHO TakzKe nokasarb, 4ro mes(Xi(y) N C) >
0.5mes(C), ecrm y ¢ C. Urak, gokazano, aro F(p° y) > 1/2 Vy € Y. Tlo-
CKOJIBKY
mes(Xa(x) NC)

mes(C)

JUls JloKazaresibersa nepasencrsa F(z, %) < 1/2 Vo € X jocrarouno same-
TUTDH, 9TO

F(z,0") = Vz € X,

mes(X1(z) NC) + mes(Xa(x) NC) =mes(C)Vz € X. A

[Iycts I' — cmemmanHoe pacimupenue NpOW3BOILHON aHTATOHUCTHIECKON
urpsbi I'.

Onpedenerue. CMemannasg crpaterus 1)° BTOPOTo NTPOKA HA3BIBACTCS 6bi-
pasnusarouseti, eciu F(x,¢°) = const na muoxkecrse X,
AHaﬂOFI/I‘{HO onnpeaeadeTCd BbIpaBHUBAIOIAaA CTpaTerud InepBoro urpoka.

Ymeeporcoenue 4.1. Ecmu B urpe ' y 000uX UTPOKOB CyIIECTBYIOT BhIPAB-
rupatomue crparermn ¢, 1" To OHE ONTHMATLHEL.
Joxasamenvemeo. JleficTBUTEIBHO, TIO OIPEIEICHIIO

F(' y)=c YyeY, F(z,¢°) =c, Vo € X.

Unrerpupys stu pasenctsa 110 ¢° u ° coorsercTienno, noayunm F(p°, %) =
c1 = cy. lIpn v = F(©° ") mepasencrsa u3 ycaosus () teopembr 4.1 nis
rpoitku (¢, 1%, v) BeinoaHenb Kak pasencrsa. W

JIokazaHHoe yTBEPKIACHUE MOKHO YCUJIUTD.
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§ 4. CpoiicTBa penieHnii B CMEHIAHHBIX CTPATETHSIX

Ynpaoenenue 4.3. Tyers B urpe I' ¢ — BuipaBHEBaOmas cTpaTerns
BTOPOIr'o UTPOKa U HaﬁﬂeTCH TaKad CMellaHHad CTpaTerund QDO nepBoro urpo-

Ka, uto F(° %) = min F(¢° ). Jokaxure, uro ¢°,1° — onrumanbHble
pe{y}
CMeIlIaHHbIe CTPATETUN UTPOKOB.
Ynpaosicrenue 4.4. IlpuBeguTe npuMep UI'PHl ¢ MATpHIEH pa3MepoB 2 X
3, B KOTOPOIl BTOPOHl UTPOK MMeeT BBIPABHUBAIONIYIO, HO HEe ONTUMAJIHHYIO
CMENTaHHYI0 CTPATErnIo.

Ilpumep 4.3. TlepBblii UT'POK BejeT CTPEJBOY MO IEJH, KOTOpasi MOXKeT
HAXOAUThCS B OJHON M3 Tpex Touek: Jub0 B KOHIaX orpeska [B,C| nanubl
2, ubo B ero cepenune D. IlepBorit urpok BbiOMpaer Touky npurena B, C
win D. Ilycts d — paccrosnue oT TOYKH HPHUIEIA JIO HOJOXKEHHS LEJH, a
BEPOSITHOCTH ee TopazkeHusi paBHbI 1,a,0 a1sa paccrosuuit d = 0,1,2 coot-
BETCTBEHHO. BBIMIPHINI MEPBOIO0 HIPOKA — BEPOSATHOCTH HMOPAYKEHUS IEJIH.
Tpebyercst onpeeinTh ONTUMAJBHYIO CTPATETNIO CTPEIHObI B 3aBUCHMOCTH
ot 3nadennda napamerpa a € (0, 1).

B C D

B/f1 a O

Cocrapum matpuny urppt A= C| a 1 «a
D\0O a 1

Mycrs ¢° = (¢9,¢9,¢%) — BBIpaBEWBaOmAsA cTpaTerhst BTOPOTO UTPOKA.
Marpuua A cuMMeTpu4HA B cMellaHHad crpaTerusd p' = ¢ mepBoro urpo-
Ka TaKzKe daBJdeTcs BhIpaBHHBalomeil. 113 yTeep:kaenus 4.1 BbITeKaeT, 4To
crparerun p° u ¢° onrumanbun. Haitnem ¢°. B cumy cuMMeTpun KOHIOB OT-
peska [B, C] no orHouenuto K ero cepejaune D MOXKHO CUHTATh, 9TO ¢ = .
CretoBare/ibHO,

0 0 __ 0 0 _ 0 0 __
20 + g2 =1, ¢ +ag =0, 2aq; + ¢ =v.
Breimumiem perierue moy4eHHoit cucTeMbl ypaBHEHU

1—a 1—2a _1—2a2

0_— —_— .
T3 VT 3

I3 ycoBus HEOTPHIATENBHOCTH ¢Y,q) Haxomum, aro a < 1/2. llpm a >
1/2 mokazkute, uto tpoiika (p°,¢°,v) = ((0,1,0),(1/2,0,1/2),a) — pemenne
UI'DblI B CMEUIaHHbIX CTpaTerudx.

Vnpasncrnenue 4.5. Vlcrionb3ys BbIpABHUBAIOIINE CTPATEIUH, PEITATE aHa-
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

JIOTUYHYIO ATPY ¢ MaTpunei

, O<a< 1.

o O Q
O = Q
Q =9 O
—Q OO

Teopema 4.2. /I;1g HenpepbIBHOM Urpsbl [ cipaBe I TUBBI CIEYIONINE /IBA
YTBEPKICHUS:

1) inf F(p,v)=minF(p,y) V ¢ € ;
) ot Fle,v) =minFle,y) ¥V ¢ € {¢}
2) sup F(p,¢) =max F(x,9) V ¢ € {4}
ee{p} zeX
Jlokasameavcmeo. Jokaxem 1). BozbMmeM JHOOYIO CTpaTEruioo ¢. 3ame-

THM, 9TO mi}r/l F(p,y) nocturaercst, nockoabKy dyuknusa F (@, y) HempepbiBHA
ye

o y. lanee,

inf F(p,¢) < min F(p, 4.1
St Fle, ) < min F(e,y) (4.1)

u g oboro ¢ € {1}

Fle.t) = [ Flow)dv() = [ min Flo,)du(y) = min Fle.y).

Y

Orcrona

inf F > min F . 4.2
ot (so,w)_lyglg (¢, y) (4.2)

13 (4.1) u (4.2) cieayer mepBoe yTBEP:KIEHHE TEOPEMBI. YTBEpKIeHHe 2)
JIoKa3biBaeTcd aHa/iorndyHo. M

Caedemeue. 3Havenne v HeIpepPbIBHOM Urpbl [T MoxKeT OBITH IpeIcTaBIe-
HO B BU/JIE CJIEAYIOMIUX JIBYX (DOPMYJIL:

v = max min F'(y,y) = min max F'(x, ).
we{p} yeY (<p y) pe{y} zeX ( ¢)

Zoxazameavcmeo. 11lo Teopemam 2.1,3.2 u 4.2 nonydaem

v=max inf F(p,y)= v = max inf F(p,y).
pelp} velv} (,9) pE (o} yEY (¥.v)

Bropast ¢popmysia BBIBOAUTCSI aHATOTHIHO.
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§ 4. CpoiicTBa penieHnii B CMEHIAHHBIX CTPATETHSIX

VYnpasncruenue 4.6. Jlokaxkure, 9410 3HaYeHNEe ¥ HEIPEPbIBHON urpwl I y10-
BJIETBOpdeT HEpaBEeHCTBaAM

v =maxmin F(z,y) < v < minmax F(z,y) = 7.
zeX yeY yeY zeX

Teopema 4.2’. /I urpsl ¢ Mmarpuneit A cupaBeIuBbl CICAYIONINAE 1B,
YTBEPZKJICHUA:

1) minA(p,q) = min A(p,j) ¥V p € F;

1<y

2 A = Al .
) maxA(p,q) = max Ai,q) V ¢€Q
JokaxXnuTe caMOCTOSTEJIbHO.

Caedcmeue. 3HadeHne v UTPHI ¢ MATpHUIeil A MoKeT OBITH IIPeICTABICHO
B BHJIE CJIEAVIONIUX IBYX (hOPMY.JI:

v =max min A(p,j) = min max A(i,q).
pEP 1<j<n geQ 1<i<m

Temepb 0OCYIMM TaK Ha3BIBAEMOE CBOHCTBO 00noAnAowet Hescecmro-
cmu. Onpegeanm MHOXKeCTBO Sp(¢) C X — CHEKTp CMeMIaHHOH CTpaTernu
©, 3aJlaHH0#t Ha oTpe3ke X.

Onpedeserue. Bynem rooputh, ato Touka ' € X = |a, b] npuHaaiexRuT
CIIEKTPY CTPATETUN , eCIU s BCAKOrO € > () CyIecTByeT Takoil OTpe3oK
[a’, V'], conepxamuit ', aro b/ —a’ < e p(b') — p(a’) > 0. MHO)KECTBO Beex
TOYEK CIEeKTpa 0003HAINM depe3 Sp(p).

Ynpaostcnernue 4.7. JJokaxKuTe, 9T0 TOUKH CKAYKa (DYHKIUH paclpeiee-
HUA @ U TOYKHU, € €€ IIPDOU3BO/JHasA CylHeCTBYEeT U IMOJ02KUTE/IbHA, IPDUHA/I-
Jexar cuekrpy Sp(yp).

Teopema 4.3 (CpoiicTBo gomonHsmoIel HexkecTrkocTn). [Iycrn
(0%, 1% v) — pemenue B cMelIaHHBIX CTpaTerusx HenpepbiBHOi urpsbt I'. To-
ria

1) @€ Sp(¢") = Fla,v°) = v;

2) y € Sp(y°) = F(¢y) =v.

Jlokasameavcmeo. JlokazxkeMm yreepxkiaenue 1). [IpeamosoKuM MpOTHB-
HOe, T.e. Hafijgerca takas Touka ' € Sp(p°), uro F(a,¢°) # v. Torma no
cpoiicrBy (%) Teopembl 4.1 Gyjer Bbionneno nepasencrso F(x',¢°%) < v. Us
nenpepbiBHocTH Qyukmun F(x,¢°) u onpenesnenns crnekrpa crpareruu (°
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

BBITEKAET, 4TO JJist BCsiKoro € > 0 Haifigercs takoit orpesok [a/, 0], conepzxa-
muii Touky ', u Takoe uncao v’ < v, 910 JuIsi Beex x € [a, V]

F(z, ) <v' <wv, V—d<e O0)—¢"d)>0.

Tenepnb
P, 0) = / Pz, 4*)de’(z) =
X
- / Pz, 0°)de’(z) + / Flz, 0")dg"(z) < / oA () +
(a,b'] X\(a/,b'] (a’,']
+ / wdg(z) < (V) — ())o + / vd () = v,
X\(a’,V] X\(a',V]

YTO MPOTUBOPEUHUT ONpeIeJIeHAIO 3HaUeHUs UIPBI. Y TBeP:KIeHHE 2) JTOKa3bI-
BaeTcd aHaJIorn4vHO. M

Caedemeue. ITyers (¢°, 1% v) — pelenne B CMEITAHHBIX CTPATErHX HEMpe-
peiBHOM urper I'. Torma

1) F(z,9°) <v =z ¢ Sp(¢’);

2) F(¢%y) >v=y¢ Sp().

Cdhopmyanpyem aHATOTHIHYIO TEOPEMY st MATPUUHBIX UTD.

Teopema 4.3’ (CsoiicTBo momosHsoIIel HexkecTKocTu). [lycro
(po,qo,v) — pereHne B CMEIAHHBIX cTparerusx urpbl ¢ marpuneit A. To-
ria

1) p > 0= A(i,q") = v;

2) ¢ >0= A(p°,j) =v.

Vnpaostenenue 4.8. Jokazkure Teopemy 4.37.

Cnedemeue. Ilyers (p°, ¢°, v) — permenue B CMEITAHHBIX CTPATETUAX UIPHI
¢ marpuneir A. Torma

1) A(i,q°) <v=p] =0

2) AP°,j) >v=¢}=0.

ITostcanM BBIpazkeHue " TOMOMHAOIAS HEYKECTKOCTR ", 3aMMCTBOBAHHOE U3
meopuu dsoticmeennocmu TUHERHOrO IporpaMmupoBanus. [loctaBuM B co-
orercTBEe HepaseHcTBY A(i,¢°) < v (A(p°, 7) > v) 3 yenosus (%) HepaBen-
crBo p) > 0 (g > 0) ¢ rem e nomepom. Torma ecim 0aHO U3 ITHX HEpa-
BEHCTB BbIOTHEHO cTporo ("HexkecTko"), T0 o Teopeme 4.3 u ee ceJCTBHIO

36



§5. Meronpl permenust MATPHIHBIX HID

COOTBETCTBYIOIIEe HEPABEHCTBO BHINIOJTHEHO Kak paBeHCTBO ("kecTko"). Bee
3TO MOZKHO 3allicaTh B ciaeyomeil kparkoit gpopme: s pemrenust (p°, ¢°, v)
B CMEIIAHHBIX CTPATErusiX UIPhI ¢ MAaTpuieil A cupaBeIuBbl PABEHCTBA

P (v— A(i,q")) = q?(A(pO,j) —0v)=0, i=1,..m, j=1,..n.

Ipumep 4.4. Pemnm urpy ¢ amaroHaJbHOR Marpuieir A, B KOTOpoil aua-
roHaJbHBIE d71eMeHTH a; > (. [IpenmomokumM, 9ToO Bce KOMIIOHEHTHI ONTH-
MaJBLHBIX cMeMaHHbIX crpareruii p°, ¢ momoxuTenpHbl. Torga 1mo Teopeme
4.3’

A(Zaqo) = azqzo =, 7 = 17 N, Zq? =1.
=1

Pemrass 31y cucreMy OTHOCHTENBLHO N + 1 HEM3BECTHBIX q?, 1 =1,...,n, v,
n

nonyuum ¢f =v/a;, 1=1,..,n,rmev=1/Y"
k=1

L.
ay

Anajornuno MoxHo Haitth, ato p° = ¢°.

[TpuBeseM OHY HHTEPIPETAINHIO 3TOW Urpbl. IlycTh MuUIMOHED (mep-
BBIIl UI'POK) MINET IPECTYIHUKA (BTOPOro UrpoKa) B OAHOM u3 n 6apos. Ecim
MUJTHIHOHED IPUXOAUT B Oap ¢, Tie HAXOAUTCS MPECTYIHUK, TO BEPOITHOCTH
ero 3ajepyKannus papHa a;. OuTuMaabHble CMENIAHHbIE CTPATErTH TTPEITTACHI-
BAlOT UI'POKAM WJITH ¢ GOJIbIIell BEPOSTHOCTBIO B TOT 0ap, Ije BEPOATHOCTH
3ajlepxKaHus MeHbIne. [109ToMy onTuMa/IbHas CTpaTerus IPeCTYITHUKA ecTe-
CTBEeHHA, a MEJUIMOHEPa — Mapagokcaabaa. OTMeTHM Tak:Ke, 9TO Mbl OJHO-
BPEMEHHO PENIMJIN CJIEYIONLYIO 33/1a9y NOUCKA MAKCUMHHA!

v = max min A(p,i) = max min a;p;.
peP 1<i<n peP 1<i<n

§5. MeToapl penieHus MATPUYIHBIX UTP

B srom naparpade u3jiokeHbl HEKOTOPbIE METO/bl PEIeHUs MATPUIHbBIX
UT'D B CMENIAHHBIX cTparerugx. [Ilpu 3TroMm Hala 1meab 0y/1eT COCTOATH B IO-
UCKe XOTs ObI OJHOTO PEIeHUs UTPhI.

I. /lomunuposarue cmpok u cmosbyo8.

Eciu ameMenTsl HEKOTOPOI CTPOKH i1 MATPUIIBI A MEHBITe COOTBETCTBY-
IOIUIX 3JIEMEHTOB JIPYIO#f CTPOKH iy, TO MHTYHTHBHO SICHO, 9TO CTPOKY 71
IIEPBOMY HUI'POKY MOXKHO He HCIOIb30BaTh. ChOpMyIHpYeM YCIOBUSA TOMHU-
HUPOBaHUS CTPOK U CTOJIOIOB MaTPUIbl UI'Pbl, O3BOJISIONUE YMEHbIIUTD €e
pasMepsl.
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

Onpedenerue. Bygem roBopurs, 410 BeKTOp @ = (ay, ..., a;) cAabo domu-
nupyem Bektop b = (by,...,b;), ecnm a; > b;, ¢ = 1,...,1. Bygem roBoputh 0
CMpo2om JOMUHUPOBAHUY, eCTH BCe HECTPOrne HEPABEHCTBA, ~> 3aMeHeHbl Ha
cTporHe >. 3aMeTHM, 9TO ¢1aboe TOMHHUPOBAHIE BO3MOXKHO JaxKe B CIydae
pPaBEHCTBA BEKTOPOB a 1 b.

Onpedeaerue. s Bektopos a', i = 1, ..., m, eBKJIHIOBA IPOCTPAHCTBA,

m m
wouamcen p; > 0, 4 = 1,...m, Y. p; = 1, muneiinag kombunamus > p;al?

=1 =1
HA3BIBACTCS 8uinykA0T Kombunayuet BekTopos ) ¢ koaddumnenTamu p;.

Teopema 5.1 (O noMmuHMpOBaHUM CTPOK ). [IycTh HEKOTOpas CTPOKa
MaTpHuIbl A ¢1abo JOMIHIPYETCs BBIIYKJION KOMOMHAIIEH OCTATLHBIX CTPOK.
Torma ra cTpoKa BXOAUT C HYJIE€BOIT BEPOSITHOCTHIO B HEKOMOPYH) OTTUMAIb-
HYIO CMEITaHHYI0 CTPATErHI0 MePBOT0O NTPOKa. Kc/in yKazanHOe JOMHUHUPOBA-
HHUE CTPOTOe, TO TA CTPOKA BXOJIUT C HYJIE€BOIl BEPOATHOCTHIO B 4100y ONTHU-
MaJIbHYIO CMEIIAaHHYIO CTPATEruio MEePBOTO UIPOKa. JLOMHHHpPYeMbIe CTPOKH
MOKHO BBIYEPKHYTH M3 MATPHUIBI UTPHI.

Jokasameavemeo. Ilyctb crpoka marpuiiel A ¢ HOMEpOM i1 cIabo 10-
MUHUPYETCS BBIMYKJIOH KOMOMHAIEH OCTAJBLHBIX CTPOK ¢ KOdppurimenramu

pi>0, 040
(lilj S ZPZCLU7 ] = 1’ ey N, Zpl = 1. (51)
1741 iy

Pacemorpum maTpuiry /1, MOJIYUEHHYIO U3 A BbIYEDKUBAHHEM (HCKJIIOUEHU-
eM) i1-0it cTpoku. ITyets (P, ¢°,v) — pemenne urps ¢ MaTpuneii A. Tlomoxum
pO = (ﬁla "'7151'1—17 Oaﬁi1+1a 7]5m) U JOKazKeM, 4TO TPOHKa (p(]’ q(]’ U) — peiie-
Hue urpsol ¢ marpuneit A. Tem cambiM OyaeT T0Ka3aHO BTOPOE YTBEPKICHUE
TeopeMbl 1 0OOCHOBAHO BhIYePKUBaHUE 11-0# cTpoKu. [eiicTBUTE/IHLHO, perast
Urpy ¢ MaTpHIiei /1, MBI HaXOJIUM peIIeHHe UCXOMHON UI'PHI, JT00ABJIAd B P
HYJIEBYIO 11-YIO KOMIIOHEHTY.

I[Tpoepum yenosue (x) paa Tpoiiku (pY, ¢, v) B urpe ¢ MaTpuueit A. Vme-
em

AQ"4) = A 5) Z v, j = 1,ums Al ¢°) = A(i,¢") v Vi # i
[Tycrb ¢ = 41. Torpa, nonarast p’ = (p;, 1 # i1), noayIUM
A(ir,¢") = Zamq] < Z > aypi)d) = A, ¢°) <
j=1 i#iy
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§5. Meronpl permenust MATPHIHBIX HID

OCKOJIBKY cTparerus ¢° BTOPOro HrpoKa ONTHMAIbHA B HIPe ¢ MaTpuiei A.
Nrak, (p°,¢° v) — pemenue urpst ¢ marpuneii A.

[peamonoxkum, uro HepasencrBa B (5.1) crporme. Torga B mocsieHux
BBIK/JIAJIKAX MEePBOE HEPaBEeHCTBO Takxke crporoe n A(iy, ¢°) < v. Ilyets p* —
NPOM3BOJIbHASA ONTUMAILHAS CMEINAHHAs CTPATerus NepBoro urpoka. Torna
(p*,q°,v) — peutenne urpn ¢ marpuneit A. VI3 nociesuero HepaBeHcTBa Mo
CBOHCTBY Jononugdiomei nezkecTkocTr nomydaem p;, = 0. l

OTMeTnM, 9TO IPU UCKJIIOUYEHUH CTPOTO JJOMUHUPYEMBIX CTPOK OIITHMAJb-
HBbIE CMEIIaHHbIe CTPATErnH II€PBOr0 UTPOKA COXpaHAIOTcd. [Ipu ciabom mo-
MUHUPOBAHUM ONTHMAJbHBIE CTPATErHN MOTYT TePAThCs. B KauecTse npume-
pa JOCTATOYHO PACCMOTPETh MATPHUILY MI'PHI ¢ PABHBIMHU 3JIEMEHTAMH.

Ciie 1y 101y 10 TeOpeMy JIOKAXKUTE CAMOCTOSTEIbHO.

Teopema 5.1" (O momumumpoBaHum ctosib61oB). [lycrs HEKOTODHII
croabern MaTpunbl A cabo JOMUHEPYET BBIMTYKJIYI0 KOMOMHAIINIO OCTAJIbHBIX
cTo61OB 3TOi MaTpumpl. Torga 3TOT cTONIOEN BXOAUT ¢ HYJIEBOH BEPOATHO-
CTBIO B HEKOMOPYH ONTUMAIBHYIO CMENIAHHYIO CTPATErHI0 BTOPOIO MI'POKA.
Ecnu ykasaHHOe JOMMHUPOBAHHE CTPOrOE, TO 3TOT CTOJIOEI] BXOIUT ¢ HyJe-
BOI BEPOATHOCTHIO B A106Y10 ONTUMAJIBHYIO CMEIIAHHYI0 CTPATErnIO0 BTOPOrO
urpoka. Jlomunupymoiime cToadibl MOXKHO BHIYEPKHYTH U3 MATPUILBI UT'DHI.

Ipumep 5.1. Pemuth urpy ¢ marpurneit

e

I
DO = W
SCRJCRS.
— o o

3/1ech TOMYCyMMa TIePBBIX JIBYX CTPOK €J1ab0 JOMUHUPYET TPEThIO CTPOKY U
ee MOZKHO BBIUEPKHYTD. B mostyaennoii MaTpuie Tpetuii cronber ciabo 1oMu-
HEpyeT BTOpoit. [locsie ero BIYepKUBAHUS MOIYIUM IHKIHICCKYIO MATPHUILY
A 31 AR

A= | ) ¢ pemenmen (p,q,v) = ((1/2,1/2),(1/2,1/2),2). [Tosromy uc-
XO/iHasl UTpa UMEET PeIleHue

(r°,¢",v) = ((1/2,1/2,0),(1/2,1/2,0),2).

Ynpaorcrnenue 5.1. Illycts maTpuma A umeer ceyioByio ToUKy. [lokazarn,
YTO MOCJe UCKJIIOUYeHHd cJ1ab0 JOMUHUPYEMBIX CTPOK U ¢1a00 JTOMUHHUPYIO-
mUX CcTO01OB 0€3 UCIOJIL30BAHMS BbIITYKJIbIX KOMOMHAIMI Pely IuPOBaHHAS
MAaTPUIA UMEeT CeII0BYI0 TOUKY MaTpuiibl A.
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Ynpasicnenue 5.2. Tlonkosnuky Bjorro! (nmepsomy urpoky) mocrasiie-
Ha 3aJa4a OPOPHIBA TPeMsl IIOJKAMH depe3 JBa FOPHBIX HepeBasa, OXpaHsd-
eMBbIX JIByMsl MOJIKAMH MPOTHBHUKa (BTOporo mrpoka). Crparerus Biorto
(k1,ke) € X = {(3,0),(2,1),(1,2),(0,3)} cocrour B TOM, 9TO ki MOIKOB
HAIIPABJSIOTCS Ha MepBblii mepesas, a ky — Ha BTopoii. IIpoTHBHUK paciiona-
raer anasjoruaneivMu crparerusmu Iy, 1) € Y = {(2,0),(1,1),(0,2)}. [onku
BJIOTTO U IIPOTUBHUKA, BCTPETUBIIUCH Ha IE€peBaJie, BSAUMHO YHHYTO2KalOT
JApyr jpyra. Beiurpsimem BiaoTTo sBisieTcs obliee 4ucIo ero moJIKOB, Mpo-
PBaBIIMXCS Yepes JIBa epeBasia, T.e. Beaudnna max|ky —ly, 0]+ max[ko—1o, 0].
PemuTh MATPHYHYIO UIDY U HANTH ONTUMAJbHYIO cTparernio Baorro.

II. I'pagpuneckuti memod pewenus uzp ¢ MAMPUYAMY PA3MEPOS 2 X 1. U
m X 2.

Paccvorpum urpy ¢ 2 x n-marpureit A. Cvermannas cTpaTerus mepBoro
urpoka p = (p1, 1 — pp) onpegensiercs Benuunoii p; € [0, 1]. 3nauenune urpsr,
COTJIACHO CJIEJICTBUIO TeopeMbl 4.2, MpecTaBUMO B BHJIE

v = max 1r£j1£nA(p,]) = max, 1%1%1”[0,”])1 + ag;(1 — 1)l

Jly1s1 HAXOKJIeHUsT 3HAYEHUsI UTPHl ¥ ONTHMAJIBHON CMEITaHHOW CTpaTeruu
IIEPBOTO UT'POKA JIOCTATOUHO Ha oTpeske [0,1] mocTpouts rpaduru cemeiicTsa
muueitnerx Gyuxuunit [;(p1) = ay;p1 + ag;(1 — p1) ¢ yraossivu koaddunmen-
tamu kj = aij — agj, j = 1,...,n, u HafiTn TouKy MaxcnmyMma p) GyHKIEER

oin lj(p1) — HumKHelt orubaromeil cemeiictsa (puc. 5.1).

b1

Puc. 5.1

TonxorrNK BJOTTO — aHEKTOTHYECKHI TIEPCOHAXK, JEHCTBYIONIee U0 MHOTHUX HJI-
JIIOCTPATUBHBIX MPUMEPOB U3 00JIACTH AHTATOHUCTHIECKUX WUTP.
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Haiizem ontuMa bHYIO0 CMEIIAHHYIO CTPATErnio BTOPOrO UTpoKa. Pazbe-
peM CJeyIonue BO3MOXKHOCTH.

a) 0 < pf <1

DToT ciaydail mpeacTasien nHa puc. 5.1. BoseMmem ape mpawmsie U u lj,,
npoxoggmme 1epes Touky (pY, v) n nmeromme yraossie koabdbunments kj, >
0, kj, <0. Paccmorpum ypasnenne

kjlq* + ka(l - (]*) =0. (52)
Owno umeer pemenne ¢, npuragiexaimiee orpesky [0,1]. 3 (5.2) crenyer,

9TO yraoBoit Koabdument npsmoii [ (p1)g* + 1, (p1)(1 — ¢*) pasen my.o.
CwmerranHasi cTpaTerusi BTOPOro HIPOKa

q*v j:jla
¢ =1—q, j=j.
07 j#jlvj%

ONTHMAJTBHA, MOCKOJIbKY TIpH Beex py € [0, 1]
0y * *\ __
Alp,q°) = L (p)g" + 1, (p) (1 = ¢7) = v.
0_

6) pi = 0.

B sToM ciaydae dncras cTparerus 2 IepBoro HIPOKa SABJIAeTCs ONTUMAb-
Hoii. [Tokazkem, 4T0 y Broporo urpoka Takzke UMeeTcs 4ucrasi OUTUMAJIbHAS
crparerus. [eficTBuTenbno, Haiinercs npsamasi [;, , IPOXOALINA I€Pe3 TOUKY
(0,v) m umeromas yrioBoii koaddunnent k; < 0. Berbupas uncryio crpa-
TET’IO ji, BTOPO# UIPOK HE MO3BOJIUT IIEPBOMY BBIMI'PATh OOJbIIe, YeM v,
nockoiIbKy A(p,j1) = 1, (p1) < v upm Beex p; € [0, 1]. WTtak, Marpuna urpsl
IMeeT CeIOBYI0 TOUKY (2, j1).

0_

B) p = L.

B sTOM ciiyuae, aHAJIOTMIHOM 06), MATPHIA UTPHI TAKIKE UMEET CeJTIOBYIO
TOYKY.

Ipumep 5.2. Pettum urpy ¢ marpuneit A = (_21 _j :1))) .

[Tocrpous Tpu npsimbie (puc. 5.2)

Li(p1) = (=1)p1 +2(1 — p1) =2 = 3ps,

la(p1) = (=2)p1 +4(1 — p1) = 4 — Op,

l3(p1) = 3p1 + 1(1 = p1) = 1 4 2py,
Halijlem, 4To MaKCUMyM HuzKHel orubatouieil jocruraercs B pd = 1/5 — touke
nepecedeHns NpAMbIX [ u [3.
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Puc. 5.2

Bnavenme urpsl v = l(pd) = 7/5 u p® = (1/5,4/5). Bnecn j; = 3, ks =
2, jo =1, ky = —3. U3 ypasuenus 2¢* + (—3)(1 — ¢*) = 0 mHaxomum ¢* =
3/5. Orcroma ¢° = (2/5,0,3/5) — onTUMAIbHAS CTPATErH BTOPOTO UTPOKA.
Caesnaiite nposepky yciaoBust (k) reopembl 4.17 jjisi HaliJJIGHHOIO pelleHust
" q°,0).

Ynpaostcnenue 5.3. Haliiure Bce onTuMaIbHbIe CTPATEIUN UTPOKOB B HTPE
¢ Marpuneil A = (3 ! O) )

01 3

Teneps paccMmorpum urpy ¢ m X 2-marputieit A. CMenmanHas crpaTerus
q = (q1,1 — ¢1) BTOPOrO UrpOKa onpeensercs seanantoi ¢ € [0, 1]. uaqe-
HHE MIPBI, COTIACHO CICIACTBUIO TeOpeMbl 4.2, IpeacTaBuMO B BHJE

v = I(]Iélél 121@;;}; A, q) = 02;121 11%&5(”[@1(11 + ap(l—q1)]-

[TosTomy HEOOXOAUMO TMOCTPOUTL BEPXHIOW orubaronryo max [;(q;) cemeii-
1<i<m

crBa npaMbiX [;(q1) = apnq1+ai(1—q1), i = 1,...,m, n naiitu Ha orpeske [0,1]
Touky ¢¥ ee Mmunumyma. Ona GyjIeT COOTBeTCTBOBATH ONTUMAJLHON CMelIaH-
HOIl cTparerwym BTOpOro urpoka. ONTHMaIbHAsl CTPATErusl MepBOTO UTPOKA
CTPOUTCS € UCTIOTH30BAHUEM YDABHEHHUsI, AaHAJIOTHIHOTO (5.2).

III. Ceedenue pewenus mampuunoti uepvl % nape 080UCcMEEHHLLT 30004
AUHETIH020 NPOPAMMUPOBAHUA.

Ceenenne pelnreHdss MaTPUYHON UIPHI K 3aJadaM JUHEHHOrO IIPOrpaM-
MUpOBaHus — Haubojiee 3PMEKTUBHBII TPUEM, TTO3BOJILIONINT UCIIO/IB30BATD
AJITOPUTM CUMNAEKC-MEMOOGA.
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be3 norepu obmnocTu OyjaeM mnpejoaararb, 9T0 3HAYEHUE MaTPUIHON
UIPBL U N0J0KHTEeAbH0. CortacHo CaeacTBuio Teopembl 4.2, 0HO TpeacTaBu-
MO B BHJIE

v = max min A max min a;
peP 1<j<n (p,7) = peP 1<j<n sz i

Bresiem BecromoraTeIbHYIO TEPEMEHHYIO U U 3anmue1v[ 3aJ1a9y HAXOXKJIe-
HAA MaKCHMUHA KaK 33Ja9y JUHEHHOr0 MPOrpaMMHUPOBAHUSA
v = max u, IJe

(u,p)€B

B={(u,p) | Ypiaij >u, j=1,.. anl—l pi>0,i=1,...,m}.
=1

i=1

JeiictBuTebHO, TpU (PUKCHPOBAHHOM p € P MakcuMa/bHOe 3HAYEHUe U [TPHU
orpanndennsx (u,p) € B pasno min A(p 7).
1<5<
[Tockoabky v > 0, MOXKHO CYHTATh, YTO ¥ NPUHUMAET IOJOKHUTEJIbHbIE

suadenus. CJesiaemM 3aMeHy HepeMeHHbIX 2; = p;/u, 2z = (21, ..., Zy). Toraa,
yUIUTHIBas orpanudenus (u,p) € B, noxydnm

m m

Zzizl/u, ZaijziZL j=1,...,n, z>0,1=1,

i=1 =1

Otcrona
1
v = max u = ,
(w,p)eB N 0
> %
—

re 2° — onTUMATBbHOE peleHne 331491 THHEHHOTO MPOTPAMMEPOBAHHS
m
Z Z; — min
i=1
m
Y am>1j=1,..n 2%>0i=1..m (I)
i=1
TTo 2° naxoaum 3HaUEHHE UTDPBI U ONTHMAJILHYIO CMENIAHHYIO CTPATETHIO TTep-
m
Boro mrpoka: v =1/ 29 p¥ =020,
Anasiornuno MO}IzElO IOJIY YU Th, 4TO

1
v =min max A(i,q) = ——
qeQ 1<i<m Z ’U)O

=1
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rae w’ — ONTHMAJLHOE pelleHne 3aJa4i JTHHEHOr0 IPOrpaMMHPOBAHTS

n
E U)j — max
=1

n
E &ijwjgl, izl,...,m, wjzo, jzl,,n ([[)
Jj=1

B,ZLGCB qo = U’wo — ONTHUMaJIbHad CMEIIaHHadA CTPATEerud BTOPOI'O HI'POKa.

Banaun (I) u (I1) nBOfCTBEHHDI OHA 110 OTHOIIEHHIO K JPYTOIL.
OrMeruM CBOCTBO JOMOMHSIONIEH HEKECTKOCTH JIJIsl ONTHMAJIBHBIX pe-
wennii 2% u w® zagau (I) u (I71) :

n
H2)>0 = Zlal-jw? =1;
‘7:

2) w) >0 = ;aijzle.

OHO HENOCPEICTBEeHHO BHITEKACT U3 YTBEPKICHUA TeopeMbl 4.3 mocie 3aMe-

upl repemenubx p’ = v2°, ¢° = v,

0 3 4
2 1 -3
crparerus p = (1/2,1/2) obecmeunBaeT mepBOMY UTPOKY MOJOKUTEIbHBIN
BuIrpoim. 1losToMy v > 0. Beinumewm 3amadu JTUHEHHOTO IIPOrpaMMHUPOBa-
HUA

Hpumep 5.3. Pertuts urpy ¢ marpurneit A = ( > . Or™meTnm, 9TO

Z1+ 29 — min
220 > 1, 321 + 290 > 1, 421 — 329 > 1, (I)
z1, 29 2 0;
w1 + woe + w3 — max
3wy + 4wz < 1, 2wy + wy — 3wz < 1, (I11)
wy, Wy, w3 > 0.

Ucnomb3ys rpadudeckne mOCTpOCHUsS Ha IIOCKOCTH, HETPY/IHO HAiiTH, 9TO
2% =(5/8,1/2) — onrnmanbroe pemenne 3agaun (I). Orcrona

v=1/(z) +29) =8/9, p’=0vz"=(5/9,4/9).
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Haiinem onrumanbhoe pemenne w’ sagaun (I7). Tlockombky 20,20 > 0 u
320 4+ 29 > 1, no ceoiicrBy JonoaHsAIONEH HEKECTKOCTH

3wy + 4wh = 1, 2w) +w) — 3w) =1, w) = 0.

[ostomy w® = (7/8,0,1/4), ¢° = vw® = (7/9,0,2/9).

IV. Heobxodumuvie ycaosus 0ia Kpatinur onmumasbhoLs CMEUAHHBLE CINPa-
meaui.

3/1ech paccMaTpuUBaETCss KOMOMHATOPHOTO THUMA AJTOPUTM PEITeHUsT UT-
PbI, OCHOBaHHBIA Ha Iepebope MOAMATPHUI] MATPHIIHL A.

Onpedenenue. 1lycth Z — BBINYKI0E MHOYKECTBO €BKJINIOBA MPOCTPaH-
crBa. Touxa 2° € Z maswiBaerca wpatineti mowkoli MHOXKeCTBa Z, eClIn He
CYIIeCTBYeT TakuxX Tovek z' # 2’ € Z m takoro uymciaa 0 < A < 1, uro
2=+ (1-)N)z2".

JIpyrumu cjioBaMu, KpaiiHgs TOYKa BBIIYKJIOI'O MHOZXKECTBA Z He SBJIAeT-
cd BHYTPEHHEH TOYKON HUKAKOTO OTPE3Ka, COEJUHSIONIEro JBe TOYKHU ITOrO
MHOYXKeCTBa. HeTpyaHo BUIETH, 4TO KpaiiHds TOYKA HE MOYKET ObITh BHY-
TpeHHeit Touko# MuoxKectBa Z. OJHAKO He BCsKasd IPAHUYHAS TOYKA MHOYKE-
CTBa / sBJIsdeTCd KpaifHell ToUKo# 3Toro MHOXKecTBa. Hampumep, vy KBajpara
KpaIU/IHI/IMI/I TOYKaMU ABJIAIOTCHA TOJILKO €I'0 BEPpUIWHBL.

Ynpaostcnenue 5.4. Ilycts Z — BBIMYKJIBIH KOMIIAKT €BKJINIOBA ITPOCTPAH-
crBa n 2° €Argmax |z|%. Tokaxwure, uto 2° — KpaiiHga TOUYKa MHOXKECTBA
z€Z

Z.

Ynpasrenenue 5.5. Ilyers h(z) — nuneiinas GbyHKIWMS, onpeeIeHHas HA
BBIIIYKJIOM KOMIIaKTe Z €BKJINA0Ba npoctpancrsa. Jokaxkure, ato h(z) mo-
CTHTAET MAKCUMyMa B HEKOTOPOIl KpaiiHeil TOUKe MHOXKECTBA Z.

Eciiu MHOXKeCTBO Z — MHOI'OI'DAHHUK, TO €r0 KpallHue TOYKU HA3bIBAIOTCS
sepuiunamu. Bepremcs kK urpe ¢ marpureii A m paccMOTPUM MHOXKECTBO
OIITUMAJIBHBIX CMENITaHHBIX CTpaTeFI/Iﬁ IMepBOT'O UTPOKa

P'={p" e P| > play; >v, j=1,..,n},
i=1

rae v — 3HadeHHe MaTpudaHoil urpnl. Herpymamo suaern, uro PP — mHOTrO-
TPAaHHUK €BKJINJI0BA MPOCTPAHCTBA.

Onpedenenue. Kpatined ontumayibHON CMeNIaHHON crparerueil mepBoro
Urpoka OyleM Ha3LIBATL BepHIMHY MHOrorpamnuka PO,
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MHO)KGCTBO OIITUMAJIBHBIX CMEIIIaHHBIX CTpaTeFI/IfI BTOPOI'O UT'PDOKa
n
0_ 1,0 0 .
Q" ={"€Q| X aiqg <v, i=1,...,m}
j=1

TaK2Ke ABJIAeTCAd MHOIOIpaHHUKOM M €TI0 BEPIINHDLI — KpaﬁHI/Ie OIlITUMaJIbHBbIE
CMCIIaHHbIE CTPATEIrnuu.

Teopema 5.2. Ilycts B urpe ¢ Marpuneit A = (a;;)mx, 3HaTeHHE U # 0.
Torga aaa mo6oit maper p°, ¢° KpailHEX ONTHMAILHBIX CMEIIAHHBIX CTpPaTe-
Uit UTPOKOB HAMIETCS TaKas HEBBIPOJKIEHHAS MOIMATpuma A = (@ije)kxk
MaTpulbl A, 9TO BBIIIOJHEHDBI YCIOBUS

k k
Zp?laiu-t =, t= 1, ...7l€, Zp?l — 1’ (53)
I=1 I=1

k

k
Zailjtq?t =, | = 1, ...,kf, Zq;)f = 1. (54)
t=1

t=1
Hoxazamesvcmeo. Oupegesum cjieyIonine MHOKECTBA YUCTHIX CTpaTe-
Uil UIPOKOB:

h= G100 h= ] Sl = o).
j=1

Ji=1{j| Q? >0}, Jo={j| ;p?azj = v}.

U3 cBoifcTBa ponosHsomel HexecTkocTH (Teopema 4.37) ciaeyer, aro
I, C I, J, C J,. Be3 nmorepu oOIIHOCTH OYIEM CUUTATD, UTO

Lo={1,.r}, Li={1,...d}, Ji={1,.,s}, Jo=1{1,.. 0}

rae r < dwu s < h. 9Toro Bcerga MOKHO JOOUTHCS MOAXOISIIEl TepecTaHOB-
KOIf CTPOK M ¢TOJIOIOB MaTpuibl A.

Pacemorpum noamarpuity A= (@;j)axn Marpumpt A. JlokazkeM, 4TO mep-
Bble I' CTPOK MaTpulpl A JuHeRHO He3aBUCHMBL. [Ipeamoso:kuM mpoTUBHOE.
Torma HAlIyTCS TaKWe 9UCIA vy, © = 1,...,r, He BCe paBHBIE HYJIIO, YTO

ZO&Z‘CLZ‘]‘ == 0, j = 1, ,h (55)
=1

[Tokazkem, 4TO IpU 3TOM
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HeiictBurenbro, u3 (5.5) u u3 onpejeneHus: MHOKecTBa [y cie/yer, 4To

T T

h h r
0= Z(Z aiaij)q? = Z ai(z aijq?) =0 Z Q.
=1 i j=1 i=1

]:1 =1 =1

[MockoabKy v # 0, orcrioga caeayer (5.6). YToGbl TPUATH K TPOTUBOPEUHIO,
paccMOTPUM HeHyJIeBOi BeKTOop o = (av, ..., ., 0,...,0) € E™ u npu £ # 0
onpenenum sekrop p° = p° + ea. U3 (5.6) ciaepyer, 9To cymMMa KOMIOHEHT
BEeKTOpa p° paBHA GJUHUIEC U IOPH JOCTATOYHO MAJOM & 9TH KOMIIOHEHTDI
MOZKHO CIEJATh HeOTPUIATEIbHBIMA. TakuM 06pa3oM, IpU MAJIOM € BEKTOP
p° ABIETCd CMEIIAHHONW CTpaTerweil mepBoro urpoka. [lokazkem, 4To mpm
JIOCTATOYHO MAJIOM € cTparerus p° onTuMaJjbHa. elicrBuTe/IbHO, HCIIOIb3Y S
(5.5) u onpeseeHe MHOKECTBA Jo, TIPH MAJIOM € MOJIYYUM

L o= = d =, j=1,..h,
A(p®,7) = E S = E Yai; + e E ;i
- i=1 et i=1 fr i=1 "l ish

CraegosaTebHO, CMETTaHHAS CTPATETWs p° TPU MAJIBIX € onTuMabHa. Hako-
wer, p° = (p° + p~°)/2, 9TO NPOTUBOPEUUT ONpPEIeTeHuIo cTpaTerun pP.

AHAJIOTHYHO JOKA3BIBACTCSI, UTO IEPBBIE S CTONONOB MaTpuibl A nmneiino
nezapucuMbl. OO03HAYNM depe3 k paHr MaTPHILbI A. I3 10Ka3aHHOTO BbITE-
kaer, 9To k > max|[r, s|. Be3 norepu o0IHOCTH MOXKHO CUNTATH GA3UCHBIMI
nepBbie k CTPOK U TIepBbie k CTOIOIOB MaTPHUIIBI A. Ha ux repecevYeHn CTOUT
HEBBIPOJKIeHHAS ToaMarpuna A = (@) kxk- /s 9TON HOAMATPUIEL CIIPABEI-
JINBBI PABEHCTBA

k k
Zp?afij =, j = 17 "'7k7 Zp? = 17
i=1 =1
k k
Zaiquzv, 1=1,..k, Zq?zl,

Jj=1 1

J
KOTODPBIE TIPEJCTABIAIOT coboit cucrembl (5.3) u (5.4), ecim BEPHYTHCS K HC-

XOJIHOM HyMepaluu CTPoK u c1o/o1os. ll

Ynpaorenenue 5.6. Jokazkure, ato yeaosus (5.3) u (5.4) moctaTodHsl 1
TOro, 4Tobbl ONTUMa/bHbIe cMemanible crparerud p° u ¢° Gblin Kpaiinumu
ONTUMAJLHBIMA.
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[Mokazkem, uro cucrema k + 1 nuHeitnbix ypaBHeruii (5.3) OTHOCHTEIBLHO
k + 1 HEeU3BECTHBIX p?l, [=1,..,k, v aubo He uMeeT pereHnuss, JU0O0 NMeeT
eJMHCTBEeHHOe pelleHne. /leificTBUTe/IbHO, pACIINPeHHAsd MaTPHUIA CHCTEMbI
(5.3) mmeeT BHI

ailjl s a’ikjd -1 | 0
Ce -1 | 0
Wirgy, 0 Qi —1 | 0
r -1 0 1

Herpyano BUzEeTh, 9T0 ee paHr pased k + 1. Ecau cucrema (5.3) umeer pe-
menne, 7o o reopeme Kpenekepa-Kanemin panr MaTpuipl CHCTEMbI TaKZKe
paBeH k + 1 m ona — HeBbIpOkAeHHas. OTCIOAA CJeLyeT eJMHCTBEHHOCTh
pemternust cucreMst (5.3).

Beinuimem B nocieaaem ciaydae pemternsi cucrem (5.3) u (5.4) B siBHOM
Bue. J1jist 5TOro BBEEM BEKTODHI

p=(, l=1,...k),q=(q. t=1,...k), e=(1,..,1) € E*

1 3anumeM cucremy (5.3) B MATPHIHBIX 0003HATCHUIX

pA = ve, <T9,e> =1

VMHOKag HepBoe paBeHCTBO chpapa Ha Marpuily (A)~!, Bolpasum BekTop D
qepes v : p = ve(A)L. Tloacrapngs 9TO BhIpaskeHHE B YPABHEHHE
<]_), e> = 1, mosyanm

D= —< e(4) V= v

e(A)~1,e)’ (e(A)~1e)
Anasornuno u3 cucreMmsr (5.4) HAXOTHTCH

__ (A
@)
Ynpasicnenue 5.7. Tlpuseaure npumep 2 X 2-marpuupsl A, /st KOTOpPOt
cucrema (5.3) He UMeeT pereHwusl.

PaccmorpuMm Teneppb ajropurMm peirenusi Marpudnoit urpel. I[lepedbupaem
BCe HEBBIPOXKIeHHBIE k X k-mommarpuisr A marpunsr A, Haunnas ¢ k = 2.
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s xaxnoit mogmarpuibt A perraem cucremst ypasuenuii (5.3) u (5.4). Ecau
pelenns He CyIEeCTBYeT UM HEKOTOPhIE KOMITOHEHTHI

p?l, l=1,..,k, q?t, t=1,...k

OTPHUIIATEIBHBI, TO IePeXoauM K ciaeayiomieit nonmarpuie A. Ilycrs ykazan-
Hble KOMIIOHEHTHI PeleHnii HeoTpuIaTeabHbl. Tor1a onpepeuM cMenTaHHbIe
CTpaTeTrun

pO . p0: pgl7 L =1, 0 . qoz qz']ta J=1Jt
Z 0, t#u ’ 0, J#Je

Teneps s Tpoiiku (p°, ¢°,v) HeobGxomumo nposepuTh yciosue () Teope-
Mbl 4.17. Ecin ono Bwimosneno, to uckomoe pemrenue (p°, ¢°,v) maiineno. B
IIPOTUBHOM CJIydae MepexXoauM K CIeAyrolneir mogmarpuie A.

IIpumep 5.4. PaccmoTpuM MaTpuily BUIa

1 0

OO ==
o o
i = )

0 1
1 0
0 1
3aech Her ¢1a00 JOMUHHDPYEMBIX CTPOK (J1a’Ke HUKAKUME BBITYKJIBIMI KOM-

GunaruamMu — JokaxkuTe!) u ¢1abo JOMHHUPYOMUX CcTOAGHOB . Ecan npume-
HUTHh YKA3aHHBIHA BBHIIIE aJITOPUTM, TO HOIMATPHUIA

A= ()= )
JaCT pelieHrne B CMEIIaHHBbIX CTpaTerudx
p° =(1/2,0,0,1/2), ¢° = (1/2,0,0,0,1/2), v =1/2.
V. Memood BpayHa.

B srom nmaparpade Mbl paccCMOTPUM HTE€PAIMOHHBINA MeTO/I ITPUO/INKEeH-
HOTO pemrenust urpwl ¢ marpureit A. [lycts 3amano unciao € > 0. Tpebyercs
HafiTH 3HAYEHNE UTPHI C TOYHOCTBIO JI0 BEJIMUUHBI €, & TAK)KE E-MAKCUMUHHY IO
7 E-MUHAMAKCHYIO CMeIllaHHbIe CTpATeruu UTPOKOB.

Metox Bpayna coctouT B MHOTOKPATHOM (PHKTUBHOM pa3bIIPHIBAHUN MaT-
PUYHON UIPbI, IPU KOTOPOM MI'POKHU 110 OILPEJICJIEHHBIM [IPaBUJIaM BblOUpa-
I0T CBOM 4YuCThIe cTpareruu. 1lycTh 3a k£ noBTopenuii urpbl NepBblil UTPOK T;
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pa3 BpIOpaJs cTpareruio ¢, ¢ = 1,...,m, a BTopoit [; pa3 BHIOpaa crpaTeruio
7, j =1, ...,n. Bekropbl 4acToT BHIOOpA YUCTHIX CTPATErnii

p(k) = (%%) (k) = (%%)

ABJAIOTCA CMENTIaHHBIMHA CTPATETUAMH UTPOKOB.
Omnpegenum urepanuoHueiii mpornecc bpayna.

[ar 1. Urpoku BBIOMpAIOT NPOU3BOJIBLHO CTPATEIUN 1 U Jy.

[IycTs 3a k nmoBTOpeHUit UTPHI HEPBBIA UI'POK BBHIOPAJ CTPATETHH 11, ..., I,
a BTOpOIl — cTpaTeruu ji, ..., jx. lpu stom p(k) u q(k) — coorBercrBytomue
BEKTOPBI JaCTOT.

[MTar k£ + 1. Urpoku BLIOMPAIOT CTPATETUH If 1 W jpi1 U3 YCJIOBUIL

A(irsr, q(k)) = max A(i, q(k)) = vi(k),

1<i<m

A(p(k), jir1) = min A(p(k), j) = va(k).

1<j<n

Kazkplit urpox BbIOMpPaAET CBOIO YHUCTYIO CTPATErWI0 KaK HAWIYYIUil OTBET
HAa COOTBETCTBYIONINII BEKTOp YAaCTOT MapTHepa. Ecanm HamIydmmnx OTBETOB
HECKOJIBKO, TO BBIOUpaeTcs JIio0oi U3 HUX.

[TokazkeM, uro vy (k) 1 vy(k) — OlEHKH J1JIst 3HAYEHUSI U MATPUIHON UI'PHIL:

ve(k) <v<w(k), k=12 .. (5.7)
JlefcTBATEBHO, UCTIOMB3Ys CIeACTBHIE TeopeMbl 4.2 momyanm

ve(k) = min A(p(k),7) < max min A(p,j) =v =

1<j<n peP 1<j<n

= min max A(i,q) < max A(z,q(k)) = vi(k).

min max A(i,q) < max Ali,a(k) = v (k)
st nokazaresberBa cxogumoctn nociegoBareabroctei {vi(k)}, {va(k)}

K 3HAYEHHUIO UTPBI U HAM MOTpedyeTcsd 0OOOIEHHBIH NTepalMOHHbINA ITPOIIECC.
Ilycts ¢(0) € E™, d(0) € E™ — nBa BeKTOPA, yI0BICTBOPSIONIHE YCIOBUIO

max ¢;(0) = min d;(0). Bossmenm
1<i<m 1<j<n

i1 € Arg Jmax ¢i(0), j1 € Arg Zin d;(0).
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[IycTh onpejiesieHbl CTPATETHH &1, ..., Uk, J1,---, Jk 1 BEKTOPbI

c(0), ¢(1), ..., e(k), d(0),d(1),...,d(k). Bospaen

ikt1 € Arg max ci(k), Jip1 € Arg mm d;(k)

<j<n

7 TMOJOKUM Jid Bcex ¢ = 1,...m, j=1,...,n
Cl<k + 1) = Cl(k) + Qg s d](k + 1) = dj<k) + Q-

Takum ob6pazom, Bekrop c(k + 1) ectb cymma Bekropa ¢(0) u croabuos Mar-
puriel A ¢ HOMepamu Ji, ..., jx. Anamormuno, Bektop d(k + 1) ecthb cymma
BekTopa d(0) u cTpok Marpuibl A ¢ HOMEPAMH i1, ..., 1. HeTPYIHO BUIETH,
970

cilk) = ci(0) + ) ay, = ci(0) + Z aijl; )+ kA, q(k)),

t=1

d;(k) = d;(0) + kA(p(k), 5)-

[Ipu mynessix BekTopax ¢(0) u d(0) mMOCTPOCHHBIH UTEPAIMOHHDIH IIPOIECC

coBMaIaeT ¢ mporeccoM bpayna. [IocKoTbKY MHOXKeCTBa

Arg max ci(k) u Arg mln d;(k) moryr comeparh 6ojiee OIHOTO JIEMEHTA,
’m

[0C/IE J0BATE IBHOCTIL {c( )} {d(k)} ompenengdiorcss B X0/Ae HTEPAITOHHOTO
IPOIecca He OJHO3HAUHO.
Onpeje/inm, Kak U paHee, M0C/Ie10BaTeIbHOCTH BeJININH
ci(k) . d;(K)

vi(k) = e == (k) = min

L k=1,2,...

Hanee Gyaer qoKa3aHa WX CXOIMMOCTD K 3HAYCHHUIO UTPHI U TSl JTIOOBIX BEK-
topos ¢(0), d(0).
13 HepaBeHCTB (CM. J0Ka3aTeNbCTBO HepaBeHcTBa (5.7))

max A(i,q(k)) > v > min A(p(k),j), k=1,2,..,

1<i<m 1<j<n

CTeIyeT, 9TO

k—o0 k—oo

lim vy (k) = lim max [ .k:
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> im0, [ g PAREL)] = b
Orcrona
lim (vq (k) — va(k)) > 0. (5.8)
k—o0
[Tokazkem, 4TO
klim (v1(k) —wva(k)) <O0. (5.9)

Bynem ucnonb3zoBaTh 0003HaYCHTE

A(k) = max ¢;(k) — min d;(k).

1<i<m 1<j<n

C momomipio Hero ycaosne max ¢;(0) = min d;(0) MOKHO 3anucaTh B BHjE
1<i<m

1<5<n
A(0) = 0.

o

Onpedeserue. Byaem roBoputh, uro i-ast cTpoka (j-it cronbern) marpu-
bl A cymiecTBeHHa (CyIIECTBEHEH) Ha OTpe3Ke IMAaroB [s, s + t|, ecaw st
Hexoroporo mara t' € [s,s +t] iy =1 (jy = J).

Jlemma 5.1. Tlycth Bee ¢Tpokn B CTOIOIB MATpUIbl A CylniecTBeHHBI Ha
oTpeske maros [s, s + t]. Torma

max ¢;(s+t) — min d;(s +t) < 4at, (5.10)

1<i<m 1<j<n

e @ = max max |a;;l.
1<i<m 1<5<n

ﬂonaaameﬂbcmso. ITokazkem CHa4vaJla, 9YTO B YCJOBHAX JIEMMbI CIIpaBe€/l-
JIUBBI HEPpaBCHCTBa

max ci(s+1) min ¢i(s+1t) < 2at, (5.11)
max di(s+1t) — Jnin di(s +1t) < 2at. (5.12)

Hokazkem (5.11). TTycrb mst [0 CTPOKHM BBITIOTHEHO PABEHCTBO

min ¢;(s+t) = ¢(s+t). I3 ycnoBust ieMMbl BBITEKAET, 94TO HaWIeTCs TaKOi
1<i<m

Homep mara t' € [s, s + t], aro max ci(t') = ¢(t'). Torpa

max ¢;(s+t) — min ¢(s+1t) =
1<i<m 1<i<m
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= max ¢;(s+t) — max ¢;(t') + ") —a(s+1t) <

1<i<m 1<i<m

< max (ci(s+1) —c;(t)) + at) —als+t) < 2at,

MOCKOJIBKY BCe MOCTIETHIE PA3HOCTH Ha mpeBocxoadar at. Hepapercrso (5.12)

JOKA3bIBaCTCA aHaAJIOTIMYIHO. TTokazkem TaKzKe, 4TO CIIpaBeIJIMBO HEPABEHCTBO

min ¢;(s+t) — max d; di(s+1t) <O0. (5.13)

1<i<m

[Iyctn v? — 3navenme urpel ¢ marpuneit A7, Tpancnonnposannoii k A. Torna
< — T
2, Al s+ 1) < e, Al g =v
= < ).
= min max A(p,j) < max A(p(s +1), )
Orcrona
| a(0) ¢i(0)
i + A(i, q(s + 1)) ggag;wH + min Ali,q(s +1)) <
d;(0) . d;(0) 4
< <
min =7 p—— +1I§ja<>§lA( p(s+1),7)) < max | + A(p(s +1),7))

Jomuozkast 910 HepaBencTBo Ha S + ¢, BeiBoguM (5.13). Hepasencrso (5.10)
oy vaeTcs croxkenueM Hepasencts (5.11)—(5.13). W

Jemma 5.2. Insg npomsBoabHO Marpunbl A u mpomsBoabHOro € > 0
HaiieTcs Takoil HoMep miara kg, 9TO JJIsI JTI0OBIX TOC/Ie 0BATEILHOCTEH
c(k),d(k), k=0,1,... ureparmonnoro nponecca A(k) < ek npu k > k.

Jlokazamesvcmeo. Y TBep:KIeHEe JIEeMMbl BEpHO it 1 X 1-marpur A, no-
ckonbky Torma c(k) = d(k) naa Beex k > 1. [lpumem, 910 JieMMa BepHa, 115t
BCEX TOAMATPUIL MATPUIIBI A U JTOKaykeM, 9TO OHa BepHa u aasg A. Beibepem
k1 TakuM 0Opa30oM, 9TOOBI JIJIsI JOOBIX IOCJIed0BaTEILHOCTEH
ct(k),d (k), k = 0,1,... ”TEPaAMOHHOTO TPOLECCA, COOTBETCTBYIONIETO TOJI-
marpune A' = (a;j)icrjes, MONYIeHHOR U3 A BBIYEPKHBAHUEM CTPOKH WA
cTosib1a, ObIJIO0 BHIIIOJTHEHO HEPABEHCTBO

. 1
A'(k)E max el (k) — mind} (k) < Seky k= k.

i€l jeJ
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Jokazkem, 4aro ecan st Marpuiibl A HeKOTOpast CTpoka (cTosder) Hecy-
MIeCTBeHHA (HECYIIeCTBeHeH) Ha OTpe3Ke [s,s + ki, TO cnpaBemInBo Hepa-
BEHCTBO

A(s+ky) < A(s) + %gkl. (5.14)

[IpemonoKuM, HAIpUMED, 9To TToAMaTpuia A' mosyuaercs BpraepKuBanmeM
u3 A HecymecrBennoit [-it crpoku. [omoxkum [ = {1, ....m}\{l},

dj(0) = d;(s) + A(s), j=1,...,n, ¢(0)=ci(s), i €I

[TockoabKy l-ag crpoka marpunbl A necymecrsenna, A'(0) = 0 u B uTepany-
OHHOM TIPOIECCE MOXKHO B3ATH 1}, = igik, Ji = Jeik, k = 1,..., k1. Crenosa-
renbno, di(k) = dj(s+ k) +A(s), j=1,....n, (k) = (ci(s+k),i €1), k=
1, ..., k. Urepammonnerii mponece ansa Marpunsl Al MoxKHO mpogosmkarh u
npu k > k.

Ha ocmosanum Beiopa ky  A'(ky) < %5/{:1. [TosTomy

Als + E1) = ALk + Als) < Als) + %gkl

1 HepasencTso (5.14) mokaszamo.

Mbl MOZKEM Tenepb HOKa3aTh, YTO JJsl JIOOBIX IIOCIEI0BATEILHOCTE
c(k),d(k), k=0,1, ..., urepanmonnoro npouecca A(k) < ek npu k > 8ak,/e.

Paccmorpum tienoe k > ki u npegcrasuM ero B Buge k = (0 + t)k;, rue
0<6f<1,at>0— uenoe (fk; — ocrarok or jenenus k Ha k).

Caywadi 1. Haiinercs takoe 1esoe moyioKuTeIbHOe ducao h < t, 91o Bce
CTpoKW U cTostonel MaTpuisl A ma otpeske [(6 + h — 1)k, (0 + h)ki] cyme-
cTBeHHbI. Beps naubosbinee u3 Takux h, umeem

A(k) < A((6 + h)ky) + %5(15 )y (5.15)

DT0 HEPABEHCTBO MOJYYEHO MOBTOPHBIM TpUMeHeHneM HepaBencTBa (5.14),
IOCKOJIBKY Ha KaKJIOM U3 OTPEe3KOB

[(0+7r— 1Dk, (@+7)ki], r=h+1,..,t,

HEKOTOPasi CTPOKA MJIU CTOJI0e MAaTPUIlbl A HECYIIECTBEHHBI.
N3 nemmbr 5.1 na ocnoBanum BbIOOpa h umeem

A((0+ h)ky) < 4dak,. (5.16)
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3 (5.15) u (5.16) nosmyuaem
1 1
A(k) < daky + 58(15 — h)ky < (4a + §€t)/€1.

Cayuad 2. B xaxaom orpeske [(6 +h — 1)k, (0 + h)k1], h = 1,..,t,
HEKOTOPasi CTPOKa WJN CTo0er HecyinecTBeHHbl. Cle0BaTeIbHO, KaK U IIPH
BeBozie (5.15),

1 1

B oboux ciyuagx, ucnoiab3ys HepaBeHCTBO thy < k, mojydaum
A(k) < (4a + set)ky < daky + 3ek < ek upn k > 8ak, /. A

113 siemmbt 5.2 BbITeKaeT HepaBeHCTBO (5.9) U CXOAUMOCTD HOCIET0BATE b
uocreit vy (k),vo(k), k= 0,1,..., K 3HAYECHUIO UTPHI V.

Bepuemcs k meroy Bpayna. Cdopmynmupyem npasuio octanoBku. [lycTs
3ajano qucio € > 0. Byjgem ocranapimBaThes Ha 1miare kg, KOTJ/Ia BIEPBBIE
BBITIOJTHEHO HEPABEHCTBO

U1<]€0) - Ug(l{?()) <e. (517)

N3 (5.7) u (5.17) crenyer, uro Besmauunl vy (kg), ve(ky) npubimzxaoT 3Ha-
YeHHEe U MATPHIHON HIPBI ¢ TOUHOCTBIO 70 €. [lokaxkem, uro p(ky) — &-
MaKCHMUHHAZ CTPATErHs MePBOrO UrpoKa. JlelicTBATENBHO,

min A(p(ko),j) = va(ko) > v —e.

1<j<n
Awnanornuno, q(ko) —
£-MHHUMAKCHAsS CTPATETHsi BTOPOTO UTPOKA.

Teopema 5.3. B merosne Bpayna klim v1(k) = klim ve(k) = v, a m06BIE

o0

npegeabnbie Toukn p°, ¢ nocaesosarenvuocreit {p(k)}, {q(k)} apaorca on-
THMAJBHBIME CMEIIAHHBIMEH CTPATETUSIME HIDOKOB.

Jorasamenvcmeo. CxogumocTh nocaeaoBaTeasuoctei {vq(k)} u {ve(k)}
K 3HAYEHUIO UTPHI U BBITeKaeT u3 jJemMMbl 5.2. Ilycts p° — mobas nmpenemnb-
Hag Touka mocaegosareabroctn {p(k)}. Tloxkaxem, uro p° — onrumanbHas
CMeNIaHHasi CTPATerus IePBOro Urpoka. /lefCcTBUTEIBHO, MOCKOIBKY MOCTe-
nosarenbHocth {p(k)} npusamiexkur kommakTy P, 6e3 morepu OOGHIHOCTH
(BBIIEISIST COOTBETCTBYIOIIYIO MOANOCIEIOBATEIBHOCTD) MOKHO CIUTATH, UTO
ona cxoqurea K p°. Torma

min A(p(k),j) >v—¢p, k=1,2,..,

1<j<m
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rae €, — 0+ . Tlepexong B 3TMX HEpaBeHCTBAX K IpeJesy npu k — 00, Mo-
ayuum Hepasenctso min A(p°, j) > v, uTo 03HAUYAET ONTUMATHLHOCTD CTPa-
1<j<m

ternn p° . AHAJIOTUIHO JOKA3BIBAETCSA ONTHMAIBHOCTD JJIsi BTOPOIO HTPOKA
moboii npeaeabnoit Toukn ¢° nocaenosarenasuoctu {g(k)}. W

Onennm cKOpocTh cxopumoctn nociegoBatensrocteir {vi(k)} u {ve(k)}
K 3HAYEHUIO UI'PbI V.

[Tycts A', | > 0 — moamaTpuIa, MOTyYeHHAS 3 MATPUILl A BHIUEpPKH-
BaHMeM Kakux-am60 [ crpok uam crobmuos, a {vh(k)}, {vh(k)} — mocremona-
TeJIbHOCTH 0DOOIIEHHOIO HTEPAIMOHHOTO HPOIECCA, COOTBETCTBYOIIETO MO/I-
marpuie A'. O6o3HadmM Yepes k; U0 TOBTOPEHHH UTPHI, IPH KOTOPOM TS
m060it nogmarpunbt Al n 06bix Hauanbabx BekTOpos ¢ (0), d'(0) BHIIOTHE-
ro nepasenctso v (k) — vh(k) < 27le Vk > k. Tlpocmarpubast 1oKa3aTesb-
CTBO JIeMMHI 5.2, 3aMedaeM, 9T0 Kp,in_1 = 1 1 ko > S8ake~!. Anasormanniv
HEpaBeHCTBOM cBa3anbl k; M ki1 : k> 2'8ak;i1e7', 1 =0,1,....m+n — 2.

Otcrona
3

8a 8a 8a
ko> —ki > | — | 2k > | — | 2-2%ky > ...
g 3 g
8 m+n—1 N m+n—1
a a (m+n—2)(m+n—1)
2 ? 21+2+...+m+n72km+n71 — - 27— 2

Taxum obpazom, npu J0doMm k > ky BbINOJIHEHbI HEPABEHCTBA

1
€ m+n— 1 min—t
v1(k) —ve(k) < et om=tg, %

Wrax, moaydeHHas OlleHKA CKOPOCTH CXOIMMOCTD Ipomecca bpayna masioad-
derTHBHA IpH OONBIIUX pasMepax Marpuibl A. [IpakTnuecku HabI01aeMasA
CKOPOCTH CXOJIMMOCTH CYIIECTBEHHO BBIIIIE.

B zakodyenne paccMOTpuM MOJTUMUKAINIO MPAaBUJIa OCTAHOBKH MO METO-
ny bpayna. [Tosoxkum

Ul(k) = 1]23;1]67}1@)7 U2(k) = 121%)%”2@)7 k= 1727

13 mepasencts (5.7) cremyer, 9410

vy (k) <v<ovi(k), k=1,2,... (5.18)
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Takum obpazom, v;(k),vi(k) — Hawmgydmime ONEHKH CHU3Y W CBEPXY ISl
3HaYeHUSA UTPHI v 3a k ee mosropenwuii. [Ipu 3ajmannom ¢ > 0 Gyaem ocra-
HABJMBATH IPOLECC Ha Iiare kg, KOIJAa BIEPBble BBIIOJHEHO HEPABEHCTBO
vi(ko) — vi(ko) < e. Ilpu srom Besmumunt v;(ko), vs (ko) npubiauzKaor 3Ha-
YeHre UIPBl ¥ ¢ TOYHOCTBIO 10 €. Ilyets vi(ko) = vi(t1), vi(ko) = va(ta).
[Mokazkem, uro p(ts) — e-MaKCUMUHHASI CTPATErUs IepBOro urpoka. leficru-
TeJIbHO, UCHONB3Ys HepaBeHCTBO (5.18) mpu k = ko, nonyanm
min A(p(t2), j) = va(t2) = v3(ko) = v —e.

1<j<n
Awnanoruuno, q(t;) — e-MHHUMAKCHAsI CTPATErHsT BTOPOTO UTPOKA.
IIpumep 5.5. Ilycrs € = 1/5, a MaTpuna urpsl —

1 0
0o 3
3 =3

A:

—_ DN DO

OTMGTI/IM7 9TO penienue Urpbl B CMEHIaHHBIX CTPpAaTErndx nmMeeT BU

P’ =¢°=1(0,2/3,1/3), v =1.

[Ipumensas meton Bpayna, Hafinem npuOankeHHOe 3HAUYEHUE UTPHI, & TAKKe
€-MaKCUMUHHYIO W E-MIHUMAKCHYIO CMeITIaHHbIe CTPATerni UTPOKOB. Boramc-
JIeHusT yA00HO NMpou3BoAuTh B ¢opme tabjuibl. B kaxmoit ee k-oii cTpoke
HOIYEePKHYTHI HanbobInne 3Hadennst Bennand ¢;(k), i = 1,2,3 u HanMeHb-
mue 3Havenns sesqudans d;(k), j =1,2,3.

Taba. 5.1
E g | c1() | cat) | e3() | 1) | gk | di() | da() | d3() | va()
1 1] 2 2 | -1 2 [ 1] 2 1 0 0
2111 2 5 | -4 |5/2|3]| 4 2 0 0
312 2 8 | -7 |83 ]3| 6 2 3 12/3
4 12| 3 8 | 4 2 | 2] 8 2 6 | 1/2
512 4 8 | -1 |85 2| 10| 2 9 |2/5
6|2 5 8 2 [ 4/3 2] 12| 2 | 12 |1/3
7121 6 8 5 1 8/7 12| 14| 2 |15 |2/7
8|2 7 8 8 1 | 2|16 | 2 | 18 |1/4
9 3| 8 8 | 11 [11/9| 2| 15 | 5 | 15 |5/9
1003 9 8 | 14 | 7/5 | 2| 14 | 8 | 12 | 4/5
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v (10) =1, v3(10) =4/5, t; =8, ty = 10,
p(10) = (1/5,3/5,1/5), q(8) = (1/8,5/8,1/4).
Ynpasrcnernue 5.8. Tlposepurh 1/5-00TUMaNbLHOCTD MOy YEHHBIX CTPATE-
ruii. Caearh erre 8 IMAroB Mo aArOpUTMY H YIyYIIATh TOYHOCTH 10 € = 1/18.

§ 6. UrpsI c BOorHyTOIl (PYHKINEN BBHIUTPLIIIA

Onpedenenue. AuTaronucrudeckas urpa [’ = <X Y, F(x, y)> Ha3BIBAETCS
urpoii ¢ soenymoti pyrryued sviuepviwa, ecin X C B, Y C E" — BbIIyK-
JIble KOMIIAKTHI eBKJIM/I0BBIX MPOCTPAHCTB, hyHKIusa F'(z,y) HenpepbIBHA Ha
X XY u npu q060M y € Y oHa BOTHYTA IO T.

Urpa I' HasbiBaeTcst Urpoii ¢ sunykaoti gynruued svuepoiuwa, ecin (BMe-
cro TpeboBanus BoruyTocTn) npu aobom x € X dyukuusa F(x,y) BHIIyKIa
1o .

Teopema 6.1 (Xesnu). B eBkingoBoM mpoctpanctse E™ umeercs ce-

meiictBo Dy, « € {a} BBIIYKIBIX KOMIAKTOB, 00JIAJAIONIEE CJIELyIONIUM
m+1
CBOMCTBOM: JIUISA JIOOBIX V1, ...y Q1 [ ) D, # (). Torma

Jj=1
N Do #0.
ac{a}
HoxkazaresbcTBO Teopembl cM. B [Ipunoxkernun 112.

Ynpaostcnenue 6.1. Jlokazxkure Teopemy npu m = 1.

Teopema 6.2. /Iig urpsi I' ¢ BoruyToit pyHKmeid BoIMIPBIIIA CHPABE/I-
JINBO PABEHCTBO

v=maxmin F(z,y) = min max min F(z,y’).
zeX yeY yey rzeX 1<j<m+1
G=1,...,m+1

Hoxasamesvecmeo. OBO3HATNM TTOC/IEIHIO BeinanHy depe3 w. Jlas jro-
obix y',...,y™ " € Y cnpaBe mmBo HepaBeHCTBO

max min  F(x,y’) > maxmin F(z,y) = v.
zeX 1<j<m+1 zeX yey

CuaenoBarennno, w > v. Jlokaxkem nepasencTeo w < v. ITo onpejesnenuo w
g moowix yl, ..yttt e Y

max min F(z,y’) > w =
zeX 1<j<m+1
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=3JrecX: Flz,y)>w, j=1,...,m+1.

Beegem muoxkectBa D, = {z € X | F(z,y) > w}, y € Y, upeacrasisiomie

€000t BBINYKJIble KOMIIAaKThl B £, VI3 ocieinux HepaBeHCTB BHITEKAET, 9TO
m+1
N Dy, # 0 npu mobeix y', ...,y € Y. CireoBaTe/IbHO, BBIIOTHEHBI yCI0-
Jj=1
Bust Teopemst 6.1 u () D, # 0, re.

yey

Jx e ﬂDij(x,y)Zw VyeY = minF(z,y) > w.
yey yey

Orcromav>w=v=w. M

m+1
[Homoxum Q = {ge E™ | > ¢;=1,¢>0, j=1,...,m+1}.
Jj=1
Teopema 6.3. rpa I' ¢ Bornyroit pyHkIueil BoIMIPBIIIA UMEeT PelieHue
B cMernanubix crparerusx suja (29,10 v), tie 2° — Makcumunuag crparerus
MEePBOr0 UTPOKA,

m+1

¢0 - Z q;')Igja qo = (q(1)7 "'7qgn+1) € Qa
7j=1

g.i=1 .. m-+1 Ar min max min F(z,¢’
@i =1,...,m+1) € Arg min max min A (z,97),
G=1,...,m+1

a q0 — MHUHHMaKCHad CTpaTerud B 3a/Ja4e

m+1
Iqlélcgl Igle%? (x7Q)a ($7Q) ]Zl (ZE,y )qj

Joxazameavcmeo. Ilo Teopeme 6.2 u 10 BbIOOPY

y.,i=1 .. m+1 v=w=max min F(z, 7).
Y, d =1, , v max min (z,7)

Oyuknusa $(z,q) nenpepoiBaa, IuHelHa 0 ¢ U BorayTa 1o x. CiemoBaresib-
HO, IO TeopeMe 2.3 oHa UMeeT ce0BYI0 TOUKy. [loaTomy

v=max min F(z,7’)= maxmin®(z,q) =
zeX 1<j<m+1 zeX q€Q

min max (z,9) = max &(z,q")
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m+1

— e Y Plo,)e} = max [ Fla,y)diC(y) = max Fa, o).
Jj=1 Y

Otciona cl1eayioT paBeHCTBA

F 0 — — : F 0
max F(z,¢%) = v min (2", y)

u 1o Teopeme 4.1 Tpoiika (2%, v) — peluenne Urpel B CMENIAHHBIX CTpaTe-
rugax.

Sameuarue. B mokazareabcrsax TeopeM 5.2 n 5.3 BBIMYK/IOCTH MHOYKECTBA
Y HE€ HNCIIOJIH30BaJIACh. Y MOXKHO 6bIJIO CYUTATh KOMIIaAKTOM METPpHYECKOTO
HPOCTPAHCTBA.

AHATOTHYIHO TOKA3BIBACTCS CJIEYIONIee YTBEPKICHHE.

n+1
Monowum P={pe E" | S p;=1,p; >0, i=1,..,n+1}.
i=1

Teopewma 5.4. Urpa [ ¢ BoinykJ10it (pyHKIIMEH BEIUTPBIIIA ©MEET PEIeHne
B cMernanubix crparerusx Buja (00, 40, ), re y° — MunuMakcHas crparerus
NepBOTO UTPOKA,

n+1
W= pL, P’ =) i=1..n+1)€eP

i=1

(Z;, 1=1,...,n+1) € Arg max min max F(z' y),
ziex  yeY 1<i<n+1
1=1

a pO — MaKCHMHUHHad CTpaTerud B 3aJa4de
n+1

max min Cbl(p, ), q)l(ﬂ y) = ZpiF(fi, Y).
i=1

peEP yeY

Ilpumep 6.1. Tlycrs X =Y =[0,1], F(x,y) =1 — (z — y)> — urpa c
BOTHYTOI (pyHKIHE{l BRIUTDHITIA. 371eCh

1
— — 1 —_ — 2 e 0 — 0 = 0 — 0 —
v=u= max Oglylgl[l (x —y)7] Y = v =aly el

A+ =1¢8¢>0 0<7 <F <1
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§ 6. Urper ¢ BorayTO# (pyHKIHEH BBIUTPHITIA

Haitnem Bestmunmny

. . : 1 2
w = Ogyrlnglil2S1 Lax, min[F(z,y"), F(x,y)].

[Ipu pukrcupoBaHHBIX y', y?

2

1\2 212 Z/l—ZJQ
Orggéclmln[l—(x—y),1—(x—y)}:1— B
Orcrona
2
1 2

. y -y 3 —o
= 11— — ] =-, =0, =1.

YT opisya 2 Y Y

Haiigem reneps ¢Y, ¢9, pemas 3anaqy

min  max ®(z,¢) = min max [(1 —2%)q + (1 — (z — 1)*)qa).

0<q1<10<z<1 0<¢q1<10<z<1
Nmeem @' (z,q) = —2xq; — 2(x — 1)ga = 0. Orcrioga crpareruss T = @o
makcumusupyet yuknuio @ (x,q) no nepemennoii x. CienoBaTesbHO,
max ®(z,¢) =1-q(l—q) = ¢ = 0—1:>¢0—1]_|_l[
o2 q) = 51 41 Q1—C]2—2 = 5loT i

OTMernM, 9TO MOy YeHHOE PEIIeHne UI'PHI MOZKHO OBbIIO TPeayTraiaTh 1 Mpo-
BEPUTH JIHIIb YCIOBHE ().

Ynpaotcnenue 6.2. Pemure urpy ¢ BOrayTo# (pyHKIMEH BHIMIPBIIIIA

X:{($1,$2)|0§$Z§17 121,2}, Y:X,

F($17$27y1;y2) =1- (351 - y1)2 - (xz - 92)2-

[[Iupoxuit KJacc Urp ¢ BBIMYKJIBIMEA (YHKIHSIMH BBIMTPHIIIA 00Pa3yioT
cmamucmudeckue uepou. Jaaum HeoOXoauMbie Olpe/1e/IeHus.

CraTtucTUK HAOJII0/IaeT Peau3alun 2; He3aBUCHUMBIX, OJIMHAKOBO pacipe-
JTeJIEHHBIX CIyIafiHbIX BeIuduH Z;, ¢ = 1, ..., n, IMEeIOIIIX IJIOTHOCTH PacIIpe-

jesienust §(z;|T), 3aBUCSIYI0 OT BEKTOPA HEM3BECTHBIX IapaMerpoB T € X.
3mecb X — BBIMYKJI0€ MHOYKECTBO €BKJIMIOBA NpPOCTpaHcTBa. llycts Z =
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(Zy,...,Z,) — BexTOpHasi cjaydaiiHasi BeJUYNHA, NPUHUMAIOIIAS 3HAYCHUS
z =

n
(21, .., 2n) € Z w nMeroOIas WIOTHOCTE pactpenenenns g(z|z) = [[ g(zi|z).
i=1

CTaTHCTHK OIEHMBAECT BEKTOP I, HCIOIL3YS Pewarouyto Gyrnkuuio y
Z — A = X. Beqnuuna a = y(z) Ha3bIBaeTCa 0UeHK0l BEKTOPA T U3 MHO-
»kecTBa oneHok A. OmubKa B OnpeeieHId BeKTOpa T 33a0aeTCA ¢ MOMOIIBIO
Pynryuu nomepv L(x,a). Maremarndeckoe oxumanue 31oii QyHKIHA

Fla.) 2 BlLGy(@)) = [ Lo y(2)g(elo)dz

HA3bIBAETCSA (PyHKyuet pucKa.

CrarucTuk (BTOpOil HTPOK) UCHOJIB3YeT PEIIAoliee NPABUIO (CTPATETHIO)
Y U3 HEKOTOPOT'O MHOXKECTBA Y U CTPEMHUTCS MHHHMU3UPOBATH (DYHKIIHIO
pucka. [Ipuposa (nepBbiit HTPOK) CTPEMUTCSI €€ MAKCUMU3HPOBATH, BHIOUDast
x € X. TlocrpoenHas aHTArOHUCTUIECKAS UTPA
= <X, Y, F(z, y)> HA3BIBAETCS CTATUCTUIECKOI.

[IycThb omeHmBaeMbIil BEKTOp ABJsSETCS CIy9allHON Besmdmnoil X, mpu-
HUMalomel 3Hadenus r € X W uMelomeil mIoTHOCThL pacnpeaenenus f. C
UI'POBOM TOUYKH 3PEHUsI ITO O3HAYAELT, 4TO HPUPOJA UCIIOJIB3YET CMEIIAHHbIE
crparernu f € {f}.

OOBIYHO MCIOAB3YETCS CJIEAYIOMINI METO I PEIeHns] CTATUCTUIECKON nr-
pbl. CHadaa CTPOUTCS YypaBHUBAIONIAsS PHUCK periaioniasd (pYHKIUS CTATH-
cruka y° : F(z,3°) = const ma X. 3areMm mogdupaercs CTpaTerus IpH-
pPOIBl — ILIOTHOCTH pacipejeneHns f0, 0OTHOCHTEILHO KOTOPOI pemraiomast
dbyuxmua y° asagercs batiecosckot, T.e. MUHNIMHI3HPYIONIEH (DYHKITHIO PHCKA!
F(f%,4%) = Iyrélél F(f°,y). Torna B cOOTBETCTBUN C PE3Y/JIBTATOM YIIPAsKHEHHUS

4.3 f9 9" — onTuMasbHBIE CTpATErHH MPUPOIH W CTATHCTHKA. [[TOTHOCTD
pacnpeeenns fC Ha3bIBACTCH ANPUOPHOT.

ITokazkeM, 4TO JJid ILIOTHOCTH pachpejeieHus f° mpum KBaJpaTHUHOI
dbynkmun noreps L(z,a) = |z — al® Gaitecockaga pematomasa dbynkmus y°
onpeaessercsa oanoznadno. Oupegeaum anocmepuopHyio NJIOTHOCTb PaCIpe-
aenenna f(z]z) = g(z|2) f°(x)/p(2), rae

M@I/EM@P@Mw

X

Ymeeporcoerue 6.1. Ilycrs y° — GaitecoBekas pemaomas (pyHKIMs OTHO-
CHTEIBbHO IIOTHOCTH pacupenenenus fO. Torna Ipu KBaapaTHaHo byHKIHINT
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OTePH

y°(2) = E[X| ]def/xfo(a:]z)dx V zeZ (6.1)

Joxazamensvemeo. ITockojibKy MHOZKECTBO X BBIIYKJ10, MOYKHO IMOKa3aTh,
aro y'(z) € A= X V z € Z. Jlns upoussonbuoii pematonieii pyukinun y € Y

/ / (v, y(2))7(zl2)d= (@) da =
/ / o = () (el dalp(a)d

[Ipu dpukcupoBanHOM 2 € Z BHYTPEHHUN MHTEIPAJ ABJIAETCA KBAJIAPATUIHON
dbynknueit or a = y(z). llosromy ero munumym jgocturaercsa npu a’ = y°(z)
3 (6.1). W

B nanbreituiem 6yaem cautarh, 9ro GYHKIUS PACIpe/IeTeHus ¢ KayKI0M
CTydaifHON BeJMIMHbI Z; 3aBUCAT TOJBKO OT OJIHOTO HEH3BECTHOIO MapaMeT-
pa — MATeMaTHYECKOTO OXKHUAAHUA . Jlucmepcuio cryIaiiHoil Bequdaunb Z;
obozraunm 4depe3 D(x). s MareMaTndeckoro 0KuJaHusT 9acTO UCIOIb3Y-

n
eTCsT HECMEUWEHHAA OTIEHKA Z = Y z;/n. CBOWICTBO HECMEIIEHHOCTH O3HAYAET,

=1
qTO0

B Ezz

FZ=-—"""" —g.
n

HOSTOMy €CTECTBEHHO pacCMOTPETh MHOXKECTBO peIlaloInuX IIpaBUJI BHIA
V={ylylz) =cz+c, c,c=0}

OYHKIMIO TOTeph GyIeM MpenonaraTh KbapaTadHoil:
L(z,a) = (x — a)?. Tlonoxum ¢ = (cy,cz). Torma dpynkus pucka

de

F(x,c) ZfF(x,y) =E@x—aZ—c)= clEZ +2¢1(co —2)EZ+ (1 — c3)* =

=c? <% + CE2> +2¢1(ca — )2+ (T — )% = ch(x)

n

+ (1 — 7 + ¢p)?

BBIITYKJIa 110 C.
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PaCCMOTpI/IM KOHKpeTHBIC IIpPUMEPbl CTATUCTUYECCKUX UI'D.

Hpumep 6.2. IlycTh ciydaiinble BEIUUNHBI Z; IMEIOT OUHOMUGADHOE PAC-
npejesieHue:
T, Zp = 17
9(zilz) =
11—z, 2z =0;

D(z)=2(l—-x), x € X =[0,1].
[Mosmoxkum k = > z; = nz. Torna

i=1
glzlz) = 2*(1 — )" 7F,

F(z,c) = C1< 2U20) 4 22 ) — 26122 + 201001 4 22 — 2097 + B =

-1 2
= (nn c§—2cl+1>x2+ <%+20102—202>x+c§.

Haiijiem Boipasrusaontyio pemaioityio dbyuxuuio y°(z2) = z+c). g sroro
pelmmM CUCTeMY ypaBHEeHUN

2

1
D22 9 41=0, %+20102—202:O (6.2)

1 IIOJIy1UM
0 _ vn O — 1
Vo1 7 2(n+ 1)

Vo1
V=17 2(y/n—1)

Bropoe pemrenue
Cc1 =

OTOPOCHM.
Pacemorpum va otpeske X = [0, 1] 6ema-pacnpedenenue ¢ IIOTHOCTHIO

P71 — )7t

Fa) = Biog)

rie B(p,q fxl (1 — xy)%  dzy — bema-dpynryus, a mapaMerpsl p u q

HO.HO)KI/ITe.HbeI NuTerpupysd 1mo 4acTgaM, HETPYHO BBIBECTH, YTO

EX = /:cfo
P+q
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[Tokazkem, 4TO IPU MOAXOJISAIIEM BbHIOOPE MapaMeTpoB P U ¢ PelIaroIas
dbyuxmua y° asisgerca 6aiiecOBCKOH OTHOCHTEIBHO GeTa-pacipeaeaeHus fo.

Haiinem
1

ma:/émwﬂwux:

0

B(p.q) o B(p,q)

Orcroga ycIoBHAsT TIOTHOCTD

Gef) @) _ at i1 =y

p(2) - Blk+pn+q—k)

1
_1/ﬂu—mw*ﬂ40—w%w Blk+p,n+q— k)

0

f(lz) =

3aJIaeT OeTa-paclipeiesieHne ¢ mapaMerpamMu p* = k+pu ¢* =n +q — k.
BaitecoBckasi periatoias pyHKims

* k —_
mmaz/Qﬁmwm: r___"*p _ TP
p* + qg* n+p+q n+p+gq
X

COBIIaJaeT ¢ BhIpaBHUBalomeil dynkunueit y° npu p = q = ‘/75

Nrak, joka3zaHo, 4T0 Jijis OUEHKU [apaMeTpa OMHOMUAJIBHOIO pacipe/ie-
JIEHTA

0\ VnZ+05
y(2) = —F=—7
Vvn+1
— MUHUMAKCHAas pemrarorias GyHKus.
nTepecHo cpaBHUTH 3HaueHud (PYHKIUH PUCKA OPU MUHUMAKCHOH y° u
KJIaccu4eckoil Z pemaionux pyuknusax. Umeem
1 (1l —x)

F(x,yo)zﬁzm, F(z,z) = -

Hepasencrso F(x,y°) < F(z,Z) BblIIoJIHEHO JIULIb NPU

1 < def\/1+2\/ﬁ
rT— | <e=t—Ttr.
5 21+ v/n)

Eciu n Besiuko, 10 MUHMMAKCHas OLUEHKA JIydlle KJAACCUYeCKOH Jiuiib npu
SHAYEHUsIX T, IPUHAIEKAINX Maaoil e-okpectHocTH Touku 1/2. OnHako,
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IIpHU MaJIbIX T HHTEPBaJI 3HaYEHU T, rge MUHUMaKCHasd OOCHKa JIy4dIle, 3Ha-
YUTEJIbHO YBEJINYUBACTCA.

Bo muormx 3ajiauax He CyIecTBYeT BblpaBHHBAIONIEH periaoiiei QyHk-
MU ¥ YKa3aHHBI BHIIIE METO/I, PEIIEHUS CTATHCTUYECKON UTPBI UCTIO/IH30BATh
HesTb3d. B TakuX cIydadx MHHEMAKCHYIO CTPATErHI0 CTATHCTHKA y° MOMKHO
HaliTH, pemniag HEMOCPEJICTBEHHO 3a/1a9y

7 = minmax F(z,y) = max F(z,y°).
yeY zeX zeX

Ipumep 6.3. CTpaxoBasi KOMIAHUS OCYIIECTBIAET CTPAXOBAHNE TPAK TAH-
CKO# OTBETCTBEHHOCTH aBTOMOOMJIMCTOB. Bognreim 0O6b1aHO pa3duBaTCsa Ha
IPYIIBI 0 HECKOJNBKUM TpU3HAKaM (mpodeccus, cTazxK BOXKICHHUs U T.IL.).
PacemorpuM HeKOTOpYIO I'PyIIy, COCTOAIYIO U3 1 Boauteseit. Tpebyercs
OLIEHUTDH CPEJ/IHEee YUCI0 T JIOPOZXKHBIX IPOUCHIECTBUII B pacuere Ha OJHOI'O
BOJIUTEJIs, KOTOPbIE IIPOM30HIYyT B TeueHue OJUKAMIIEro rojia, MCXOAd W3
nHGOPMAINY O TTPOUCIIIECTBUSIX TPOIIEIIEro roja. 3aaqy MOXKHO CBECTH K
PEITeHnIo CTATUCTUYECKONR UTPHI.

[IyeTh 9nceso TOPOXKHBIX MPOUCIIECTBUN ¢ BOJUTEEM ¢ ABIAETCS CIyJaii-
HOIl BeJTMIUHON Z;, pacnpeaenenHoi mo aaxony Ilyaccona

Zi ,—X
g(zi|z) = %, z€Z=H{0,1,2,.... }.
Zis
Bnecy EZ; = x, VarZ; = D(z) =z, x € X = [0,2%], tne x* — BepxHss
rpaHb BO3MOXKHBIX 3HaUYeHU mapaMeTrpa x. MMeem

- o D(v)

T
F(x,c) = ¢f . +(01x—x+02)2:cfﬁ+(01x—x+02)2.

HerpyiHo npoBepuTh, 4TO HE CYIIECTBYET BbIpaBHUBAIOIIEH peraionieil hyHK
IUH.

O6oznaunm M (c) = sup F(z,c) n naiizem
0<x<zx*
7= min M(c) = M(c").
c1,c220

[Mockombky F(x,c¢) seimykaa o z, M (c) = max[F(0,c), F(z*, c)].
Vmeepoicdenue 6.2. Jlna vummvaxcnoit crparernu y°(2) = ¢Z + ¢ sor-
nosueno yeaosue F(0,°) = F(z*, ") umm
o _ w(@)?+(d —1)%"
? 2(1—¢Y)

@
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Joxasameavcmeo. Tonycrum, uro F(z*, %) > F(0,c°). Ecin ¢ > 0, To
npu Majaom € > 0

= oy _ ()% 0 0 ST 0 9
F(a' &) == —+(qz" + o —a") > F@a"q —e e +er’) =
0 _ )2, _
- % + (Adz* + & —a*)? > F(0,d) —e, ) +ex*) = () + ex)?

u M() — e, + ex*) < M(P) (mpormsopeune).
Ecmm ¢ = 0, To

F(x*, ") = (& — 2%)? > F(0,) = ().

Orciona creayer, uro ¢§ < x*/2. Veemnunsag ¢§ na manoe £ > 0, npugem x
nporusopeunto. Cayuait F(z*,c?) < F(0, ") pasbupaerca anasorudno. W

N3 noka3aHHOTO yTBEPXKIECHUS BBITEKAET, 4TO

1 2 2%

~(c1)" + (c1 — 1)°x
min M(c) = min nl@) tla—1)
c1,c2>0 0<c1<1 2(1 — Cl)

[Tocneanuit MUHEMYM JOCTUTAETCS TTPU

r'n+1—+vrn+1 L0 vrn+1-—1
Cg=—""—".

r*n +1 n

8=

Takum obpazom, pu oreHKe napamerpa pacupejaesenust [lTyaccona

x*n—l—l—\/a:’*n—i—l__i_ vrnm+1-—1
= Z
n

rn +1

y'(2)

— MUHUMAKCHAS CTPATErHs CTATHCTUKA. B 9acTHOM Cydae mpu
n =30, * = 0.5, Z = 0.2 nonyqaem onenky y°(z) = 0.16.
Vnpasncrenue 6.3. IlycTh Bce ciydaiiHbie BeJTUINHBI Z; UMEIOT HOPMAAb-

Hoe paclipegesjenne € IIJIOTHOCTBIO

1 _(z—2)? 1
g(zilz) = N e e 22, z el
o

rae JUuciiepcud 0'2 CTaTUCTUKY HU3BECTHa, a MaTeMaTH4Y€CKOe OKHJaHue T —

mer: v € X = EL.
[Tokazarb, 4T0 KJlaccuyeckas pelnaiomas (QyHKIUs Z sBJILeTCHS BbIPaB-
HUBAIOLIEeH 1 MUHUMAKCHOHR cTparerueil crarucruka.
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§ 7. UccaemoBanme UrpoBbIX MoeJieit

Modeav "nanaderue-obopora”.

Nmeercsa n obopoHsSIEMBIX TMYHKTOB C HOMepaM# ¢ = 1, ..., BO3MOYKHOTO
IpOpBIBa cpejicTB HanajeHus. [lycte A m B — KojmdecTBa CpeCcTB Hala-
JleHust 1 0OOOPOHBI. DTHU CPEJCTBA IPE/IIOIaranTcs 0eCKOHEeYHO- e INMbIMH.
Crparerusi nepBoro Urpoka (HAIAJIEHUsI) COCTOMT B PACIPEIEJEHUN CBOUX
CPEeJCTB 10 IMyHKTAM B COOTBETCTBHH ¢ BEKTOPOM

n
x=(x1,..,2,) € X ={z| Z:{:Z =A z;>20,i=1,...n}.
i=1
Bropoit urpok (060poHa) UCIOIB3YET AHAJOTHIHYIO CTPATETHIO

y= (Y1, yn) €Y ={y| Zyi:B, y; >0, i=1,..,n}.

=1

[IycTh p; — KOJIUYECTBO CPEJICTB HAIAIEHHUS, KOTOPOE MOYKET yHUUYTOXKUTD
OJTHA €JMHWIIA CPEeJCTB ODOPOHBI Ha i-OoM nyHKTe. Ecam x; > u;y;, 70 qepes
i-#f MyHKT IPOPBIBACTCS X; — [4;Y; CPEJCTB Hamagenud. Ecmm x; < ;1y;, TO de-
pe3 9TOT NMYHKT HamlajeHue He mpopBercd. O0beaunss 0da ciydast, HaX0duM
dopMysy IS KOJIMYECTBA CPEICTB HAIAIeHUsl, NPOPBABIIErocsa depe3 i-ii
IyHKT: max[z; — i;y;, 0]. Onpegesnm GyHKIUIO BBIUTPHIIIA IEPBONO UIPOKA

F(x,y) = ZmaX[xi — 1133, 0]

i=1
— 00IIIee KOJIMYECTBO CPEJICTB HAITAIeHUs, IIPOPBABIIEECH Yepe3 BCE MyHKTHI.
Bamernm, ato dbyHkims F(z,y) Beinykia 1o y. [To reopeme 6.4 3Hauenune
UI'PHL ¥ = U M MEHUMAKCHag cTparerus i’ o00pOHBI OITHMAIbHA. 3aiiMeMces
UCCJ/IeIOBAHUEM TON UI'Pbl B YUCTHIX U CMEIIaHHbIX crparerusx. bes norepu
OOIITHOCTHU TPEIOJI0XKUM, 9T0 KOIDDUIueHTsor 3hPeKTUBHOCTH 000POHBI [i;
YHOOPSJIOUEHDI: [i1 > [lg > ... > b, U N-fl TyHKT 0DOPOHBI SABJSETCS caadeii-
TITAM.
a) [okaxkem, 4To
v = maxmin F(z,y) = max[A — u,B, 0], ™ =(0,...,0, A)
zeX yeYy
— MAKCHUMUHHASI CTPATErWs HAIAICHUs, COCTOSIIAs B HAHECEHUH ''KOHIICH-
TpupoBaHHOro' yaapa mo ciaabeiinemMy myHKTY.
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Jl1st 110001 cTpaTernu HallIeHUs X ONPeJesIIM BCIOMOTaTeIbHYIO CTPa-
Ternto 0OOPOHBI Y :

Torna

. < 27) — J— - .
min F(z,y) < F(2,7) = ) max[z; — (17, 0]

Eciu B > ,;1%’ TO Y, > i/ 1, i =1,...,n = F(z,7)=0.
B uporusuom ciayuae y;, < x;/p;, i =1,...,n, m

n

F(e,9) =) (@ —nig) <A—pn Y ¥, =A— B

i=1 =1

Takum obpazom, Jist J11000i cTpaTeruu x

min F(z,y) < max[A — up B, 0] = min max|A — pnyn, 0] = min F(z™, y)

n x(n) — MaKCUMHHHad CTpaTerud HallaJeHud.
6) [okazkem, 4TO

n

U = min max F(z,y) = max[A — B(Z i>_1,O],

yeY zeX P [

n

1\-1
yoy?:B<MZZ_> aizly'“ana

oy Mk

— MHUHWMAKCHas CTpaTerusi 00OPOHHI.
CuHavaJja J0KaxKeM PaBeHCTBO

F = F(z® Y, 1
max F(z,y) = max F(z*,y) Vy €Y, (7.1)
re 9 = (0,..., A ,0,...,0) — crparerus HanaJIeHns, COCTOSIIAS B HAHECE-

HUW KOHIIEHTPUPOBAHHOTO y/Iapa MO ¢-My IYHKTY.
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n
[IpeacraBum cTpaTeruio = B BUIAE T = Y %x(z). ITo onpenenennio BHITTYK-

Jioft pyHKIMK
F(z,y) <) %F(ﬂf(i),y) < max F(z, y).
i=1 -

CrenoBaresbHO,

max F(z,y) < max F(z®,y) < max F(z,y)

zeX 1<i<n zeX

u (7.1) nokazamno. Jamee nmeem

7 = min max F(z,y) = min max F(z®, y) =
yey zeX yeyY 1<i<n

= min max max[A — u;y;, 0] = minmax[A — min py;, 0] =
yeY 1<i<n yey 1<i<n

= max[A — Bmax min pu,;y;/B,0] = [3ameHa nepemMeHHBIX
yeY 1<i<n

i=1

= max[A — B max min ;p;, 0] =

n -1
=| em. npumep 4.4] = max[A — B(k;1 i) ,0].
[Ipu sTom

n

1 —1
oy Mk

Korma B urpe cyiiecTByeT pelieHne B YUCTBIX CTPATEIUsX !
n

Ecmu B > A #—1]6, o v =0 > v > 0 u, cregoBaresbuo, v = v = 0.
k=1
JLns nanajgenud Jjiiodas cTparerus onTuMajbaa. B 3rom ciaydae 06opoHa Tak

MOZKET PACHPEIeUTh CBOU CHJIBI, 9TOOBI He TIO3BOJINTH HANAICHUIO, UCTIONb-
3YIOIEMY KOHIEHTPUPOBAHHBIH yIap, IPOPBAaThCs Ha KAKOM-JU00 MyHKTE.
n
Ecm B< A /%k’ to dyukuus F(z,y) cemnoBoii rouku He umeer. Jleii-
CTBUTEIBHO, Bl

n

@:A—B(Zi)_l >A—B(i)_1 — A~ u,B.

k=1 Mk Mn
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Bamernm, aro v > 0 . [Mosromy © > max[A — u, B, 0] = v.

B) [TokazeM, 4TO B UT'pe CYIIECTBYET DelleHre B CMEIIaHHbIX CTpaTeri-
ax suga (%, 4%, 0), rae y° — umcrag MUHEMaKCHas cTpaTerus OGODOHBI, a
ONTHMaJbHAA CMeIIAHHAA CTPaTerud /g HalaJeHdsd HMeeT BUJL

0= ip?fxm, P = <mii>_l, =10
i=1

g Mk

[Mockosbky dyukiust F'(x, y) BeIIYKIA 0O Y, JOCTATOYHO IPOBEPUTH YCI0-
BHE (%) 1y cMemmannoi crparerun ¢°

F(e%y) >1 Yy eY.

Umeem

P = [ Flan)de (@) Zp?F ) =
X

= Y max[A — puy;, 0] = Y max[p)A — piply;, 0] >
i=1 =1

n

> max[Z(p?A — 1ipYy:), 0] = max[A — Zy,(z )1,0] =
i=1 =1 1 Hk

n

= max[A — B(Z i)l,()] =7.
k=1

3,ZL€CB MbI BOCIIOJIb30BaJIUCh JIEMEHTAPHBIM HEPaBEHCTBOM

z": max|a;, b;| > max[zn: a;, zn: bil,
=1 i=1 =1

CIIpaBeJINBOM JJIs JIIOOBIX BEIECTBEHHBIX Yucel a;, b;, i = 1,...,n.
Modeav dysau.

B nysam npuHAMAOT ydacTue aBa AydasHTA ( TEePBBIi 1 BTOPO UTPOKH).
B Hava/ibHBIE MOMEHT BPEMEHH JYISHTHI HAXOAATCS Ha PACCTOSHUU dy 1
0 KOMAaH/le HAUYMHAIOT COMMKATHCA. B pacmops:keHUN KaxKJaoro Iy3IsSHTA
AMEETCS OJIUH BBICTPEJI, KOTOPBIH OH MOXKET NPOU3BECTH B NPOTUBHHUKA C
JIIOOOr0 paccTosiiusi (KOHEYHO, IPU yCJIOBUM, YTO JIyJISIHT KUB), OH JazxKe
MOXKeT MOJONHTH K IPOTUBHUKY BILJIOTHYIO.
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[Tycrb pr(d) — dbyskums MmerkocTn k-ro ysjstHTa, paBHasi BEPOSITHOCTH
MOpaKeHNsT MPOTUBHUKA, €CIH BBICTPEJ OBLT TTPOU3BEIEH C PACCTOSHUS .
[Ipeamonoxkum, uaro GbyHKuuN pi(d) HEOpepbIBHbBI U yOBIBAIOT HA OTpE3Ke
[0, do] u Ge3 norepu obmuocTu pi(0) = 1, pr(dy) =0, k=1, 2.

Onpegeanm antaroHucTH4eckyto urpy. Illyers x € X = [0, dy] — paccro-
sIHUE, C KOTOPOT'O MEPBbIHl UIPOK HAMEYAeT HPOU3BECTH CBOM BhICTpEI. AHa-
aornano, y € Y = [0,dy] — paccrosiHme, ¢ KOTOPOrO HAMEYAET CBOii BBICTPEJT
BTOPO# urpok. Onpenesnm GYHKIUIO BHATPHITIA F(2,y) IepBoro urpokxa.

PaccmorpuMm cHavgama wymHyo 0ysab, KOTAa TPOTUBHUKH CJIBIIIAT BbI-
cTpensl apyr apyra. Torma

F(SE y) _ pl(x>7 O S 3/ S X S d07
’ L—pa(y), 0< <y <d.

[To embicay F(z,y) ecTh BEPOATHOCTH NOPaYKeHHs! TEPBBIM UTPOKOM BTOPO-
ro. Ecmm ' < y m BTOpOH MIpOK IPOMAXHETCH, TO IEPBbIi, yCIbIIIAB Bbi-
CTPe/I IPOTHBHUKA, CTPEJIAeT B Hero ¢ paccrosaus 0 Bmecro . OTMeTnm, 9To
F(z,y) saBasercs ocpennennem (byHKIuu, npuHUMatolei 3nadenne 1 nam 0
B 3aBUCHMOCTH OT TOT0, YOUT BTOPOH JIy3/I4HT Uin HeT. VTax, imyMHast 1y31b
olpejie/ieHa KaK Urpa B HOpMabHo# dopme ' = <X, Y, F(x, y)>

[Tokazkem, 4TO HIyMHAs JAy3/71b MMEET PEIICHME B YHCTBIX CTPATErusx
(d*,d*,v = pi(d*)), rme d* — enuHCTBEHHBII KOpeHb ypaBHeHus pi(d) =
1 — po(d). TIpoBepuM HepaBeHCTBA W3 ONPEIENIeHUsT CeJIOBON TOIKN

F(a,d") < pi(d) = F(d",d") < F(d",y) Yz € X, VyeY.

Nnmeem
F(:C,d*) _ pl(x) S pl(d*>7 d* S € S d07
1—p2(d*>:p1(d*), 0§I<d*,
d* o<y<d*
F(d*,y): pl( )7 . . *—y— bl
1 —pa(y) > 1 —po(d*) =pa(d), d* <y <dy.

Ecsim byHKIMH METKOCTH UI'POKOB OJMHAKOBBI, TO W3 YPABHEHHSI
p1(d) = 1 — p1(d) maxomum, 9To 3HAYEHHE UrPHI paBHO 1/2, a d* aBiasercs
KOpHeM ypasuenus py(d) = 1/2.

B 6ecuuymrot dysau uTpoOKM He CJBIAT BBICTPEBI APYT ApyTra U

p(z), 0<y<z<dy,
F(z,y) =
pi(x)(1=p2(y)), 0<z<y<dp.
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§ 7. HccremoBanme urpoBbix Mojesiest

I_IOKa)KeM7 q9T0 6€CHIYMHaH AYy3Jlb HEe UMeeT pellleHud B YNCTBhIX CTpaTerudx.

Haiinem Bemaumny v = sup inf F(z,y). Crpareruss x = dy He MOKeT
0<z<dg 9<y<do
ObITh MakCHMUHHON, mockonbky F(dg,y) = pi(do) = 0 mpm Beex y € Y.

[Iycts 0 < x < dy. Torma

OSi;ledo F(ZE, y) - min[Ogyl;c F(:(,’, y)7 :c<i?I41§fdo FCL‘? y)} -
= min[p; (), p1(z)(1 — pa(x))] = p1(z)(1 — pa(x)).

1
Otcrona v = X p1(z)(1 — pa(x)).

Ynpaostrcnenue 7.1. JokaxKkuTe, 910

v= inf sup F(z,y)=pi(d").

0<y<do p<z<dy

Takum obpaszom, v = max py(z)(1 — pa(x)) <
0<z<do

: o —
< max minp;(z),1 — pe(z)] = p1(d*) = 7.
0<a<do
Pemenne 6eciryMubIX y37eit 0ObI9HO CBOIUTCA K HHTETPUPOBAHUIO OOBIK-
HOBEHHBIX JnddepeHnaaibHbIX ypaBHeHnH. MbI orpannanMes nccaeoBaHn-
€M KOHKPETHOTO IIpIMepa.

Hpumep 7.1. PaccmoTpum GeciryMHYIO JIy3/1b ¢ OJMHAKOBLIMU (DYHKITHSI-
ME MeTKOCTH UIPOoKOB p1(d) = pa(d) =1 —d, 0 < d < dy = 1. Torna

T,y) =
Y (1-2)y, 0<z<y<L

T[Tpe/IIo/I02KUM, 4TO ONTHMA/IbHBIE CMELIaHHbIe CTpaTeruu urpokos ¢ ()
u Y%(y) umeror cosnagaomue cnekrpbl Sp(¢®) = Sp(¥°) = [0, al, tae a < 1
— napamerp, nojexamuii onpesenenuto. Ilycrs Ha orpeske [0, a] dbyuknuu
pacupegenenus ©°(z) u ¥°(y) HeNPEPBIBHBI 1 UMEIOT IPOU3BOAHbBIE (ILIOTHO-
cru pacupenenenus) f(x) u g(y).

[To cBoiicTBY mononHsomel HexecTkocTr (Teopema 4.3)
F(e y)=v Yy el0,a] umu

a y a

/F(m,y)f(x)dx = /(1 —a)yf(z)dr + /(1 —z)f(x)dx =v. (7.2)

0 0 Y
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

Huddepennupyst apazxapl 10 y WHTErpajbHOe ypasaeHue (7.2), mosydnm
muddepennuanboe ypaprenune 3f(y) = (1 — y) f'(y), nveromee (mocae 3a-

MeHBI i Ha T ) obmiee pemenne sujaa f(z) = c(1 — z)73. Ilo onpeaenenuio
1
mnorrocrn [ f(x)dz =1 (yenosue Hopmuposkn). OTcioaa

ro e[ 1
c/mdm‘zélm—ll =1 (7.3)

0

Haiinennag mioTHOCTD f(2) JOIZKHA TAKIKE YAOBJIETBOPATH UCXOJHOMY HMH-
TerpajbHOMY ypaBHenutwo (7.2), T.e.

1
c —1—-yl| =w. 7.4
[1 — y] (7.4)
[TockoabKy ypaBHenue (7.4) He sIBAseTCS TOMKJIECTBOM MO ¥, CMEIIAHHAsI
crparerus ¢°(x) yKa3aHHOTO BUJA He CYIIECTBYET. I103TOMY MpeIIoIoKuM,
uro QyHKIMA pacnpejesnenus ¢° (1) uMeer cKadoK BeJuduHbl o B HyJe. Toraa
ypasuenus (7.2)—(7.4) uzmemsarcs:

Uy—i-/(l —x)yf(x)dx+/(1 —z)f(z)dr = v, (7.2)
c 1 ,
O-+§ —(1_a)2—1]: ; (73)
1
oy +c 1_a—1—y]:v. (7.4)

st Toro arobbl ypasHenue (7.4)" BBINOTHSAIOCH KAK TOKJIECTBO, HEOOXOIUMO
MONOKUTH 0 = ¢. VI3 ypasuennit (7.3)’, (7.4)" moxyvaem

E[ 1 L ca

1—a

=1

Y

2| T =0 = . (7.5)

N3 cBoiicTBa AOMOMHSIONIENR HEXKECTKOCTH TaK:Ke CJIeIyeT, ITO
F(z,9%) =v Vz €0,a] nm

a x a

/F(w, Y)g(y)dy = /(1 —x)g(y)dy + /(1 —2)yg(y)dy = v. (7.6)

0 0 T
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§ 8. Muoromarosbie aHTATOHHCTHIECKHE HUIPBI

Orciona, kaxk u Boime, noayunm ¢(y) = ¢ (1 — y)=3. Tloacrasnas g(y) B
ypasaenue (7.6), HaXOMMM

€T 1 a y
Cl“‘@[/md‘”/mdy] =

1 a
UM, UCIIONIB3Yst yeaoBue HopMuposky [ g(y)dy = ¢1 [(1 —y) 3dy =1,
0 0

(1—17)[1— a .. 4 ]:U.

l—a 11—z

Jlsist TOro 4TOOKI IOC/Ie/IHee PABEHCTBO BhIIOJHSIOCH TOMKICCTBEHHO, HE00-
XOJUMO, 9TO6Bl ¢; = v = 1 — a. Orcrioga u u3 (7.5) HAXOUM

2—2
a:2—\/§, clzv:\/i—l, c:az—\/_.

2
OxoHYaTeJbHO
(
22 1
1 0<2<2-+2
Sy = (m_wf+>, <z<2-42,
1, 2-V2<uz<l,
(
2-1 1
0 \/_ 2 1 ) 0 S Yy S 2— \/57
V(y) = 2 (y—1)
L1, 2-V2<y<l.

OcobeHHOCTD OTITUMAILHOIT CMEIMTAaHHON cTpaTernu gpo COCTOUT B TOM, UTO
[IEPBBIIl UI'POK € BEPOATHOCTBIO 0 = %ﬁ JKIET 710 MOJHOTO COTMYKEHUs C

npoTuBHUKOM. OTMETHM TaK:Ke, YTO 3HAYEHUE UTPHI U = V2-1 HecrryMHuoit
JIy3JIH MeHbIIle 3HAYeHUsT UIPbl v = 1/2 NMIyMHON Xy3,d, 9T0 OObICHACTCS
yMeHbIIleHneM THOOPMIPOBAHHOCTH MEPBOTO UTI'POKA.

§ 8. MHoronraroBble aHTArOHUCTUYECKNE UTPHI

OnpeesiuM MHOTONIATOBYIO aHTATOHUCTUYECKYIO UTPY € NOAHOUT UHdOp-
mayued. Vrpa npoucxoaur B Tedenune 1 maros ¢ somepamu t = 1,...,7. Ha
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

KA KJIOM Iare ¢ MrPOKHM BLIOWPAIOT 110 OYePeN AJTbTePHATUBBI — 3HAUCHUSI
HePeMEeHHBIX Ty, ;.

Ilae 1. CHavajia nepBblil UTPOK BbIOMpaeT ajbTepHaTHBY T1 € Uy, 3aTeM
BTOPO¥ HIPOK, 3Has BHIGOP MEPBOTO, BHIOUpaeT ajbTepHaTuBy Y1 € Vi(11) =
Vi().

[Tyctb urpoku B Teuenue t — 1 maroB BeIOpa/n ajbTePHATHBBI
Ty ey Tp 1y YLy ooy Yp1- LLOTOKAM Ty = (1, ooy T4)y Yy = (Y155 Yt)-

Iae t. Cravasia mepBblil UTPOK, 3HAS TIPEJIBICTOPUIO Ty_1, J,_1, BHIONpaAET
anvrepuatuBy x; € Uy(Ty—1,7,_1) = U(+). 3areM BTOpOii HIpOK BBIOHpaeT
anbrepHatuBy y; € Vi(Ty, 7,_y) = Vi(+), 3HAS IPEABICTOPHIO Ty, Yy, BKIIIOUAST
BBIOOD T; TIEPBOrO UIPOKA HA JAHHOM IIare.

[Mocse 3aBepuienus mara 1 Bo3uukaer napa (Tr,yr), HA3bIBaeMas nap-
mued urpel. [1o cMBICTY TAPTHS UTPHI — TO 3ATHUCH BCEX AJbTEPHATHB, BbI-
OpaHHBIX HIpoKaMu. /L1 mr0boit mapTun (ET, @T) 33,12€TCs BRIUTPHIIT [ (TT, @T)
EePBOr'0 UI'POKA.

Onpegesum Tenepb Urpy B HopMaJsibHO# dopme. Ha mare t nepsbiit ur-
POK MOXKEeT BBIOpaTh AJbTEPHATHBY T; KaK 3HadeHune (pyHKIUU Ty @ Tp =
Z4(Ty_1,7Y,_1), KOTOpas HOIKHA OBITH ONpe/IeJeHA TP BCEBO3MOKHBIX 3HA-
JeHUAX apIYMeHTOB Ty_1, Y,_,. OD03HAUNM MHOXKECTBO BCeX TaKUX (DYHKIUi
#; uepes U,. 3aMerun, 9T0 &1 = 27, HOCKOJIbKY HA [EPBOM LIare HepBblit
UIPOK HUKaKOM mHMOpMAaIueil He paclojaraer.

CrpaTerng mepBoro UTpokKa IMpeacTaBasgeT co0oit Habop pyHKImI

T
i’: (i‘t, t: 1,,T) GX :Hﬁt
t=1

Awnasornuno, Ha mare t BTopoil M'POK MOKeT BbIOUPaTh aJbTEePHATHBY ¥; KAk
snavenne GYHKIAA §y @ Yy = (T4, Yp_q ), KOTOpasH JOTZKHA OBITH ONpe/IeJIeHa
PU BCEBO3MOKHBIX 3HAYEHUSAX apryMeHTOB Ty, T, 1. ODO3HAYNM MHOKECTBO
Beex Takux (byHKImi §;, depe3 V;. CTparerus BIOPOro HIPOKA IPEICTABILET
coboit nabop pyHKImii

T
:&:<gt, tzl,,T) EY/:H‘;;
t=1

Wrpoku MOryT BHIODATH CTPATErHH T, §j HE3ABHCUMO JIPYT OT JAPYTa JO UTPHI,
a BO BpeMsl UI'Pbl — NpuMeHaAThb ux "apromarudecku." /1000l nape crpareruit
(Z,7) OMHO3HAYHO COOTBETCTBYET MAPTHSI UT'DHI:
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§ 8. Muoromarosbie aHTATOHHCTHIECKHE HUIPBI

Ty =31, y1 = Gi(21), 12 = Ta(z1,91) W T

~odef . _ -

Hanee F(z,9)=F(Tr,yy), tne (Tp,Yp) — HapTHs, COOTBETCTBYOMIA
crparerusim I u ¢. Vltak, MHOTOIITIArOBasi UTpa ¢ MOJHON nHpopMaIueit omnpe-
JeeHa B HopMaabHoil popme ' = <)~(, Y, F(%, gj)>

B nanpreiinrem OygeM paccMaTpUBaTh JIBa KIACCA UIP:

urpa [, B KoTopoii Bce muoxkectsa Uy(-), V;(+) KoHeIHBDI;

urpa ['') B koropoii Bce muoxkectsa U(-) = Uy, Vi(-) = V; e 3aBucar or
NPEJIBICTOPUY U SIBJIAIOTCS KOMIIAKTaMU METPUYECKHUX MTPOCTPAHCTB, a (PYHK-
st F(Tp,Yp) HenpepblBHA Ha MPOU3BEICHUN

U x--xUpxVy x-+x Vp.

Onpenemm mapy cTpaTeruii
P =@0t=1,...7), =@, 1,..,7),

UCIIOAB3Y METOH, QUHAMUYECKO20 NPO2PAMMUPOsaruA. Joonpeseaum gpyHK-
o F' Ha Bcex orpeskax naprun Buiaa (Ty, Y,_q) wam (Ty,Y,) W HA30BEM
ee pynxyueti Beaamana. Komnonentsr crpareruit 17, ¢ Gyjem sanasarh B
nopsijike, 06paTHOM BHIOOpAM HTPOKOB.

Onpenemmm cHadana jo. g 3Toro 3adpukcupyeM NPOU3BOIBHOE 3HAYE-

HEE apryMeHTOB (T, Yp_;) U 33IaUM 3HAYCHHE (DYHKIUH
~0 (= = %l o
Ur(Tr,Yr_1) = yp

def

F<§T7QT—17Z/%) = min F(iTayT—luyT) :F<fT7yT—1)'
yr€Vr(-)

Onpegenum dyukiuio 7. 3aduKkcupyeM Npou3BOJLHOE 3HAUYEHHE apTyMeH-

T0B (T1_1,TYp_1) ¥ 3a7800M 3HAUeHHE DYHKIHH
def

=0 (= = lef o .

Tp(Tr—1,Yp_1) = 7 :

- _ _ _ def
F(IT_l,l’gﬂ,nyl) = max F(xT—th)nyl) :F(
xpeUr(-)

Tr—1, nyl)'

[IycTh onpejiesieHbl KOMIIOHEHTBI CTpaTeruil u 3nadenus Gpyukiun berivana

~0 ~0 0 ~0 S — S —
Y, Ty vy yt+17 It+17 F<$T7 yT—1)7 ) F<xt7 yt)
Torna ¢9,2% F (T, ¥, ), F(Ti_1,7, ;) 3a0al0TCd 110 IPUBEJEHHBIM BbIIIE
dopmynam ¢ 3amenoit T Ha t.
[Tokazkem, uro crpareruu °, §° onpegesensl KoppexTHo i urp IV u I,
HeiictBurenpro, B urpe I Bce muoxectsa Ui(+), Vi(-) KOHeUHBI W mO3TOMY
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

MaKCHMyMBI i MEHEMYMBI, (PUTYpHpYIoNne B onpeaeaenuax 20, 7°, rocTura-
10TCA. AHAJOTHYHOE YTBEPXKIEHHE CIIPABEIINBO U jijist Urpbl 1| IOCKOJIBKY
no TeopeMe 2.2 ¢pyuknua Berrvana HempepblBHA Ha COOTBETCTBYONINX KOM-
MaKTaXx.

OnpeneanM BeTUIUHY

- def F(x1) .

0 =max F(z;) "= "max min F(z1,11) = ...
z1€U; z1€U1 y1€VA(4)
= max min .. max min F(Tp,7p).

r1€Ur y1€Vi(-)  zreUr(-) yreVr()
CrpaBeuBa c1emayoIasa

Teopema 8.1 (IIepmeso). Besikast MHOrOmaroBasi aHTarOHHCTHYECKAST
urpa ¢ nosuoi undopmarmeit IV (wm ') umeer pemenne (2°,7°, 0).

Jlokasamenvcmeo. JokaxeM, uaro dbyukius F (T, ) uMeer ceIoBYI0 TOU-
ky (2%, 7°) ma X x Y. JIj1sl 9TOrO JOCTATOYHO JJOKA3ATh, UTO

1) F(i%g) >0 Ve Y;

2) F(z,°) <o VielX.

Jokazkem HepaseHcrso 1). Mmeem

F@,g) 2 min F@, g1, fr-nyr) = F@ 5, fr-1) =

def 39

I ~0 ~0 ~ ~

=" max F(Zy,...T7_1, X7, U1, s Yr—1) =
zreUr ()

- F(*%(l)7"'75’1’(1)"717?;17"'7QT—1) Z Z F(i‘%gl) Z Jl/:{lealj}'{l F(xl) =.

HepagencTBo 2) goka3biBaercst aHagtornaao. Wl

IHpumep 8.1. ITokaxkem, aro urpa "maxmarsl'umeer perrenne. CyirecTBy-
eT TaKoe IeJI0e YUCJIO 1), 9TO B COOTBETCTBHH C MPABUIAMEH HUIPBI JII00as
maxMarHas HapTust 3aKkaHduBaeTcs He nosjHee xoa 1. [Tosromy 6e3 norepu
ODIITHOCTH MOYKHO CYHTATD, BCe MAapTHH npogomkaiores 1’ xonos!. [TTaxMars
spaistiorcest urpoii Buga [V, Uy (71,7, 1) €cTh MHOKECTBO Pa3peIeHHbIX Mpa-
BIJIAME AJbTePHATUBHBIX BHIGOPOB X071 GesibiMu ([epBBIM HIPOKOM) Ha {-M
XOJIY B TO3UIAH, OMPEIEATeMO TPeIb Iy IIIUMI XOIAME UTPOKOB (Ty_1,T,_1)-

I'Ecan mapTns 3aKkaHIMBaeTCs pPaHbIIE, TO UTPOKW JeIal0T HeOOXOINMOe YHNCI0 (BPUK-
TUBHBIX XO/I0B, HE BJIUSIONINX HA WCXOI UTPHI.
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§ 8. Muoromarosbie aHTATOHHCTHIECKHE HUIPBI

AHAIOrHYHO WHTEPIPETHPYETCs MHOKECTBO V;(Ty, 7,_;) BBIOOPOB X014 dep-
HBIMU Ha -M XOy. BBIUTPHINT GeIbIX OIpeIe/sieTcsl M0 MPaBUIy

1, €CJIH BBIUIpaJu Oesible,
F(Zr,y7) =140, €CJT BBIUTPAJIN YepHBIE,

1/2, ecam chirpajgu BHUYBIO.

[To Teopeme Ilepmeno urpa "maxmarsi"umeer pemenune. I[IpakTudeckoe
3HAYEHHE YTOT Pe3y/IbTAT UMEET /I HO3UINN SH ML, T/1e OOBIYHO UIILYT
dopcupoBaHHBIN BBIUI'PHIIIL, KOO HUUYBIO.

Ipumep 8.2. PaccMoTpuM MaTpHUILY

= W N Ot
SN W
N W N~
Ot W O =

PazofbeM MHOXKECTBO ee CTPOK Ha moamuoxkectBa My = {1,2} u My =
{3,4}, a muOXKecTBO CcTOIONOB — Ha momMHOkecTBa Ny = {1,2} uw Ny =
{3,4}. Onpegeum ABYXIIAroBYI0 UIPY € MOAHON nH(bOPMAIHeEii.

Hlaz 1. Cravana nepbiii UTpoOK BHIOHpaeT HoMep « € {1,2} MHO)KecTBa
M, u3 Kotoporo oH GyJeT Ha BTOPOM IIIare JieJiaTb BHIOOP CTPOKU MaTPHUIILI
A. Barem BTOpPOii HT'POK, 3Has «, BeiOGHpaer Homep [ € {1, 2} muoxkecTBa Npg,
13 KOTOPOro OH OyJeT Ha BTOPOM IIare BRIOUPATH HOMEP CTOJIONA MATPHUIIHI

A.

Ilaz 2. Tlepsoiit urpok BeIOUpaET HOMEP CTPOKU ¢ € M, 3Has «, (3, 3aTeM
BTOPOIl UI'POK BBIOMpaeT HOMep cTonbma j € Ng, 3Had «, [3, 1.

Brpmarpeim nepsoro Mrpoka papeH a;.

Jlist perrenusi 331291 BOCIOIb3yeMCsl NO3UYUOHHOU HoPpMOT UTPHI, KOTO-
pyio OyjeMm oTobOpakaTh Ha IJIOCKOCTH B BHJIE JIepPeBa.

79



I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

SESTATA

Puc. 8.1

Havanpnag (KopHeBasg) BepIIEHA JepeBal COOTBETCTBYET MEPBOMY XO-
JIy TIEepBOr0 UTPOKa (BHIOOD AJbTEPHATHBBI (v), B BEPIIHHAX BTOPOIO YPOB-
Hsl ajibrepHaTuBy (3 BbIOMpaeT BTOPOHl urpok u T.J. B dunambubix Bepin-
HAaX, OTBEYAIONIMX PA3TUYHbIM HAPTUSAM HUIPHI, YKA3aHbl BBLIUTPBLIIIN IEp-
Boro urpoka F'(«,[3,4,j) = a;;. B Bepmunax 4eTBeproro ypoBHs yKa3aHbI
suavenust dpyuknun Bemnvana F(«, 3,i) = min F(«, 3,4,7), B BepmmHax

JENg
Tperbero yposas — F(a, ) = max F(«a, 3,1), B BepIIHHAX BTOPOTO YPOB-
i€M,
o — F(a) = min F(a,3), a B HaYaabHOH BepIIWHE — 3HAYEHWE WIDHI
B=1,2

-

v = max F(a) = 2.
a=1,2

yKa}KeM OIITUMAJIbHBIC CTPATCI'UH UI'POKOB
= (%, 8), 7 =(3"a), (e, 8,) :
o’ =2 °2,1)=3, °2,2)=3, 3°1)=2, 2 =

7°(1,2,1) =3, ,7°(1,2,2) = 4, °(2,1,3) = j°(2,1,4) = 2.

OrmeruM, 9T0 cHaYa a Mbl noacunTaan (pynknuio bemivana, a 3areMm mo-
CTpouJin B €CTECTBECHHOM IMOPAAKE KOMIIOHECHTHI OIITUMAaJIbHBIX CTpaTeI‘I/Iﬁ. B
pesyJbrare ObLIa JOCTUTHYTA HEKOTOPAs SKOHOMUS BBIYHCICHUH, ITOCKOJIBKY
9TH KOMIIOHEHTHI HEOOS3aTeIbHO CJIeIyeT ONpelessaTh IPH BCeX 3HATCHUIX

! Tlepero m306pazkeHO B MepeBepHYTOM BHE, ITOCKOIBKY TaK €ro yI0oOHee PHCOBATE.
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§ 8. Muoromarosbie aHTATOHHCTHIECKHE HUIPBI

aprymentos. Hampumep, o = 2 u snavenns dynxmun :°(q, §) Hy2KHO HaX0-
JIUTH TOABKO MpH (v = 2.

Eme 6osee cymecTBeHHOE COKpAllleHWe BBIYHCIECHUN TOCTUTAETCS € UC-
MOJIb30BAHNEM MPUEMOB TEOPUH UCKYCCMBEHH020 UHMEAAEKMA.

Paccmorpum Bompoc o nporpaMmmMupoBanuu maxmat. B Tekyiieit no3uiun
MaXMaTHOW MapTHH ITPU XOJIe, CKayKeM, OeJIbIX JI€PEeBO UT'PhI MOPOKIACTCS
Ha ITyOMHY HECKOJBbKHUX XOJ0B. B (pWHATBHBIX BepIIMHAX JepeBa BBIUTPHIII
OeJIBIX 3aJaeTcsd ¢ TOMOIIBIO 0UeHOUHOU PYHKYUY, YIUTHIBAIOIEe!l MaTepu-
aJIbHbIe W TMO3UIIHOHHBIE 0COOEHHOCTH (buHAILHOI To3uruu. [locae sToro pe-
MaeTcsd MOJIYUMBIIAACH WIPa C MOJHONH WHGOpMalueid 1 HAXOAUTCI ONTH-
MaJIbHBIH X0J1, OeJIBbIX B TEKYIIeH MO3UIINH.

OOBIYHO JIepeBO UT'PBI MOPOKIAETCS C MOMOIIBIO PEKYPCUBHO MPOTeTy-
PBI IOCTPOEHUd ToaepeBbeB. [Ipn 9TOM B BepImHaxX JepeBa BBIYHCISIIOTCS
3nadenus pynknun bernmvana. PaccMoTpum Bo3MOXKHBIH X0/ O€/IbIX a1 B Te-
kymieit mozunuu. [IycTh mocTpoeHo moijaepeBo Urpbl, COOTBETCTBYIONIEE TO-
MY XOJIy W TOJIy9eHa OlEHKa X0Ja a; (TOTHee, MO3UINH, BO3HUKAIOIIEH MOcIe
9TOro X0/a), paBHas 4. Paccmorpum Apyroit Xoi GebiX as B TeKYIIeil mo3u-
muu. Temeph mMycTh YepHble BHIOpATN X0/, by W yCTAHOBJIEHO, UYTO €r0 ONeHKa
pasua 1. Torma onenka xoja as Oyaer ne Gosbire 1 u ero MOxKHO OTOpO-
CUTb, MOCKOJBLKY OH XYK€ XOJa a1. 1akuM oOpa3oM, 3/1eCh He NOTPedOBAIOCH
MOJTHOE TOCTPOEHUE TOJIEPeBa X0 ao. OIEHKa X0ja 4 B JAHHOM CIydae
HA3BIBAETCSH (-0MCEYEHUEM.

Ecau B Tekytieit mo3unuu XoJ YepHBIX, TO aHAJIOTTIHO MOYKHO OIpee-
JINTH MOHATHE (3-0MCeUeHU.

Mnozowazosvie aHMA2OHUCTIUNECKUE uepvl C HENOAHOU UHdiop,M,auueﬁ.

Onpenenrum Tenephb 6oee 00IITYIO MOJIE/IbH MHOTOIIATOBOM UT'PHI, B TPOIEC-
ce KOTOPOH MIDOKHM MOTYT HE UMEThb MOJHON MH(MOPMAIUE O CACJAHHBIX BbI-
6opax. Orpannanmcs urpamu [V ¢ koreansivmu muozkectBamu Uy (), Vi(+), t =
1,...T.

[ycrs H}(H?) — MHOXKECTBO BCexX OTpe3koB maprtuil Buga (Ty 1,7, 1)
(Buna (Ty,7,_q)). Ipeanonoxkum, uro muoxkecrso H] pasburo na nenepe-
cekatoruecs noamuoxkecrsa Hi (oy), oy € L. Tlepen BLIGOpOM T; mepBoMy
WTPOKY M3BECTHO, UTO (Ty_1,Y,_1) € H} (o). AHAIOrEIHO, TIyCTh MHOKECTBO
H? pasburo Ha HemepeceKaloluecs noamuozkecrsa H2(5;), By € By. Ilepen
BBIGOPOM I3 BTOPOMY HUI'POKY H3BeCTHO, 4TO (Tt ¥, ;) € HZ(B;). Ecmu, B

(% . m (. w 1 2
HACTHOCTH, O = (Ti-1,Y;—1), B¢ = (Ty,Yy_1), a muoecrsa H; (ay) u Hi (5)
COJIEPZKAT TIO OJHOMY JIEMEHTY (v ¥ [3; COOTBETCTBEHHO, TO TOJIYIHM UTPY C
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no/IHON nH(OpMAIIHEii.

Crparerust & € X IepBOro UIPOKa 33,12eTCsl HaGoPOM byHKIHUR T; oT oy,
npuauMatomux 3uadenns T (ay) € Uy(ay), t = 1,...,T. Crpaterus § € Y
BTOPOTO UT'POKA 33aeTCs HADOPOM (DYHKIUN §; OT [, IPUHAMAIONINX 3HA-
aenust §(5;) € Vi(By), t = 1,...,T. Tlo onpenenennto F(Z,9) = F(Tr,Yr),
re naptus urpbl (Tr, Yp) OJHOZHAYHO 33JIA€TCsI CTPATEIHSIMUA UIPOKOB T U
y. Utak, onpenenena urpa ' = <)~(, 37, F(z, gj)> B HOpMaJbHO# (hopme.

Hpumep 8.3. Tycrs ap = By = (Tp-1, Y1),

H(ay) = {ev}, HY(B) = {(T1,7,1) | 2 € Un(By)}

3mech Ha KakKIOM TEKYIIeM Iare HIPOKHM He 3HAIOT BBIOOpA JPYT Apyra, HO
OHH 3HAIOT BCe BHIOODHI, CAeIaHHBIE Ha IIPeIbIyIuX marax. [Ipu arom Oymem
rOBOPHUTH 00 urpe ¢ noanot ungpopmavyuet o npedvdywur wazax. Konkper-
HBIM TPUMEPOM MOYKET CJIYKUTh TOBTOPSIONIasica urpa "opisaxa'.

Ynpaotcnenue 8.1. [lokazars, uro B urpe I' ¢ mosiHoit nundopmanueii o mpe-
JApLIymuX nrarax (mpuMep 8.3) HUKHEee W BepXHee 3HAYEHHsT UIPhI 33IAl0TCs
CIeIYIONIUMHU BBIPAYKEHUAMMU:

¥ = max min  max min .- max min  F(Zr,yp),
z1€U1 1€V z2€Us(z1,y1) y2€Va(z1,91) zr€Ur (o) yr€Vr(Br)

7 = min max min max --- min max F(ZTr,yr).
y1€VI 21€UL y2€Va(z1,y1) 22€U2(21,y1) yr€Vr(Br) z7€Ur (aT)

Ynpaotcnenue 8.2. HailTn BepxHee n HUKHee 3HAYEHUS UTPHI U3 MpHUMe-
pa 8.2, npejmnosaras NOJHYIO HHPOPMUPOBAHHOCTH UT'POKOB O IIPEJIbITYIIIHX
marax.

Ecim B urpe I' v < ¥, TO UTPOKH JOJKHBI HCIOIB30BATh CMeENTaHHBIE
crpareru. OrpaHUIUMCs ITPAMEPAMU.

Ipumep 8.4. Halimem perieHre B CMEIIAHHBIX CTPATEIUSIX UTPHI U3 IIPH-
Mepa 8.2, mpejrnosaras MoaHy0 TH(GHOPMHPOBAHHOCTH UTI'POKOB O TIPEIbITY-
mux mmarax. Ha BTopoMm 1mare 3Ha4YeHUs (v, J MTPOKAM U3BECTHBI U BOZHUKAET
MOJABITPA C 2X2-mogMaTpHUIei (az’j)iqujeNg maTpunbl A. [Iycrs
(P°(c, B), ¢° (v, B),v(cx, 3)) — pemenue B CMEMIAHHBIX CTPATETHAX YKAZAHHOM
noAbirpel. B ciemyromeit Tabuie 9mu pelienns TPUBEICHBI IPU BCEX 3HAYE-
HUSIX o 1 3.
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Tabn. 8.1
a| B p’(a,B) | ¢°(a,8) |v(a,pB)
11| (5/72/7) | (4)7,3/7) | 29/7
1121](2/53/5) | (4/5,1/5) 8/5
211 (1,0) (0,1) 2
212 (1,0) (1,0) 3

Ha nepBom mrare nepBbiit UTPOK CTPEMUTCH yBEJIUYUTH CBON OYKUIAEMbIit
BBIUT'PBIII, TOJAYYaeMblii HAa BTOPOM IIare, a BTOPO# UI'POK CTPEMUTCA ITOT
BBIUT'PBIII YMEHbIMUTh. [l09TOMY Ha epBOM IIare UrpOKHU y4acTBYIOT B HIDe

C MaTpuuen
ol a = (7).

Pemmenue stoit HUI'PBI B CMEIIAHHBIX CTpaTeIrudX MMeeT BU
(P°,¢°,v) = ((35/124,89/124), (49/124,75/124), 323/124).

Urak, mepBblii HIPOK JOJZKeH BoIOMpaTh o = 1 ¢ BepogrHOCTBHIO 35/124, a
BTOPOii UTPOK J0JZKeH BbiOupaTh 3 = 1 ¢ BeposaTHOCTBIO 49/124. 3Havyenue
urpsl ' pasro 323/124.

IIpumep 8.5. Bepymnit TeIeBUSHOHHOTO MIOY MpeJIaraeT yIacTHUKY MO-
Ka3aTh HA OJHY U3 TPeX 3aKPLITHIX JIBepeil, 38 KOTOPBIMU pa3Mertnens "Mep-
cenec'n gBa Kozaa. [locse aToro Beaynmii OTKPHIBAET KaKy0-1100 U3 JIBYX
HeBBIODAHHBIX J[Bepeil, 3a KOTOPOil HAXOAUTCSA KO3€1, W BTOPHYHO (mar 2)
peJiaraeT y9acTHUKY OTKPBITh OJHY U3 OocTaBmIuxcs asepeii. Ecium 3a aBe-
pbio crout "Mepcenec", TO yIaCTHUK HOIYYaeT €ro B KATeCTBe PU3a, eCIH —
KO3eJI, TO YIACTHUK HUYIETO He MoaydaeT. [IycTh BRIUTPBIIT yIYACTHUKA PABEH
1 wim 0 B 3aBUCHMOCTH OT TOTO, MOJy9YeH UM npu3 win Her. Haiigem onru-
MaJIbHBIE CTPATErHH YYaCTHUKA (TepBOr0 UIPOKA) U BEYIIEro Hioy (BTOPOro
UTPOKA), & TaKyKe 3HAYEHHE HTDHI.

Ecsir Ha mepBoMm 1miare nepBbiii HIPOK MOKA3aJl Ha IBEPD, 38 KOTOPO# CTOUT
KO3eJI, TO $ICHO, UYTO Ha BTOPOM IlIare OH JOMKEH OTKDPBITH JAPYIYIO ABEPb U
HaBepHsiKa NOy4nTh 1npu3. OTCIa, UCHOAb3ysl COOOpaXKEHUsT CUMMETPHH,
YKazKeM ONTHUMAJIbHbIE CMEITaHHbIE CTPATErHH UTPOKOB.

Onpenennm crparernio p° mepBoro Urpoka: Ha MePBOM Iare OH JOJKeH
BBIOPATH OJIHY M3 TPEX JBepeil ¢ BepOATHOCTHIO 1/3, a Ha BTOPOM miare ot-
KPBIBATH JIPYTYIO OCTABIIYIOCS JBEPD.

Onpegesnm crpareruio ¢° BTOpOro Urpoxa: OH JoJiKeH nomectuts "Mep-
cenec"3a onHOI BepbI0 U3 Tpex ¢ BeposTHOCTHIO 1/3. Ecaum nepswiii urpok
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nokasaJi Ha aBepb ¢ "Mepcemecom', TO BTOpOit HIPOK /10/I2K€H OTKPBITH OJHY
U3 JIBYX JAPYTHUX JBepeil ¢ BepOsITHOCTHIO 1/2.

3HaveHune Urpsl paBHO 2/3.

Jlng nokazareabCTBa ONTHMAIBHOCTH YKA3aHHBIX CTPATErwil MPOBEPHM
yeaosue (x). ITpu m060ii gucToif crparernu BTOPOro MIDOKa TepBbIfi Hr-
poK, mpuMendd p°, MOKa3biBaeT Ha [BEPb € KO3JOM C BepOATHOCTbIO 2/3.
Ha BTropoMm 1mare on ykasbiBaeT Ha JAPYIYIO JABepb W BhIUrpbIBaeT npu3. C
JPYToii CTOPOHBI, MyCTh BTOPO# UTPOK mpuMeHdeT crpareruio ¢ . [Tokazxkem,
YTO MEPBBIA UIPOK HE MOYKET BBIMIPATH MPU3 C BEPOATHOCTHIO, OOJIBIIEH,
gem 2/3. PaccMOTpHM THOMYHYIO YHCTYIO CTPATErHIO TIEPBOTO HUIPOKA: CHA-
Jasja OH BBLIOMpAET IEepPBYIO /IBEpPb, HA BTOPOM IAare OH OTKPBIBAET BTOPYIO
JIBEpPb, €CJU BTOPO#l UI'POK OTKPBIIT TPETHIO U OTKPBIBAET MEPBYIO JBEPH, €C-
JIX BTOPO# UTPOK OTKPBLT BTOPYI0. HeTpyiHO MOACYUTATH, YTO BEPOSITHOCTH
ero seiurpsima npu pasmerenusx MKK, KMK u KKM pasust 1/6, 1/3 u
0 coorBercTBeHHO. TaknM 00pa30M, JIaHHAS YUCTASI CTPATErnd 00ECIeInBaEeT
BBIUTPHINI MPH3a ¢ BeposaTHOCTHIO 1/2. Eciin Ha BTOpoM Imrare mepBbiii HTPOK
YKa3bIBAET HE HA MEPBYIO JBEPb, TO BHIUIPHIII NPHU3a (TOJBKO B 3TOM CIydae)
VBeJIMIUBACTCS J10 2/3.

OrMmernM, 9TO B 9TOM HpPHMEpPe Mbl OOONILINCH 0€3 MOJTHOTO OIMHCAHUS
MHOYKECTB CTpaTeruii NIPOKOB ¥ MATPHIIBI UTPhI. DTO TMPEACTABIIET CODOM
BeCbMa HEIPOCTYIO 33/1a49y, €CJIH PacCMOTPeTh 0600IIeHne Urpbl Ha CJIyYai,
KOTJIa WMeeTcst n JIBepeil, 3a KOTOpbIMU pactonaraiorca oann "Mepcemec'n
n — 1 kozes. rpa npoucxomur B Tedenue n — 1 maros. Ha kaxiaom u3 nep-
BbIX 7 — 2 IIaroB yYaCTHUK MOKA3BIBAET HA KAKYIO-JIM00 3aKPBHITYIO JIBEPD,
a BeJYIIUI OTKpbIBAET JAPYTYIO JBEPh, 3a KOTOpoH crouT Ko3zea. Ha tmare
n — 1 Bce TPOUCXOIUT TaK Ke, KAK U IPH N = 3. 3HAYEHHUE UTDBI 3/I€Ch PABHO
(n—1)/n. JokaxkuTe ONTHMAIBHOCTD CJAEIYIONIEH CTPATErHH IEPBOTO UT'PO-
ka. C paBHOi BepOATHOCTBIO 1/n OH BBIOMpaET OJHY U3 ABepeil, Ha KOTOPYIO
MIOKAa3bIBAET B TeUYeHMe HepBhiX n — 2 maros. Ha nocaexnem (n — 1)-m mare,
KOTJIa OCTAHYTCs JIBE 3aKPhIThIe JBEPH, OH OTKPHIBAET JIPYTYIO JBEPD.

[Tycts MHOTOIIaroBast Urpa 3a/iaHa B no3unuonHoi dopme. Toraa nudop-
MUPOBAHHOCTD UT'POKOB 33JTAETCS C TTOMOIIBIO UHBOPMAYUOHHBIL MHOHCECE.

Onpedenenue. NuDOpMAITMOHHBIM MHOYKECTBOM UTI'PDOKA HA3HIBAETCS MHO-
JKeCTBO BEPIIUH JIEPEBA UIPHI, B KOTOPHIX OYePeib XO/a NPUHAIJIEKAT JTaH-
HOMY MI'POKY M UMEeTCs OJMHAKOBOE YUCIO ajbTepHaTuB. VIrpok 3HaeT, 4To
[MO3UIHA UI'PDblI COOTBETCTBYET OILHOI'?'I 13 BepUInH I/IHCbOpMaHI/IOHHOFO MHOZKe-
CTBa, HO He 3HaeT Kakoii nMeHHo. Ha mudopManmoHHoe MHOKECTBO HaKJIa-

84



§ 8. Muoromarosbie aHTATOHHCTHIECKHE HUIPBI

JBIBaeTCd CIeAyIoNee OrpaHnvYeHne: OHO He MOXKET COAepzKaTh JBYX BEPIINH
JIEZKAIIMX HA OJTHOM IIYyTH, BEIYIIAM U3 HAYAJIHLHON BEPITUHBI B (DUHAIBLHYIO.

Bynem cuntarh, uTo Bce MH(MOPMAIMOHHBIE MHOXKECTBA MEPBOTO UTPOKA
Iy, ..., I}, mpoHyMepOBAHbI TAKMM 00Pa30M, YTO €CJAU KAKasg-TO BEPIIHHA MHO-
JKecTBa [; peausyeTcs B UTDe paHbllle HEKOTOPOil BepIIuHbI MHOXKeCTBa [;,
TO ¢ < j. Bce nndopmanmonubsie MHOXKECTBA BTOPOro UI'poKa Ji, ..., J; mpo-
HYMEpOBaHbI aHAJIOTHYHBIM 00PAa30M.

Crparerueii IepBoro Urpoka siBjistercsi BeKTop « = (1, ..., xx) € X, ve x;
— Jmbo aJbTepHaTHBa, BRIOMpaeMasi H'POKOM B MHOxKecTBe [;, mubo x; = *.
[locennee o3HaYaeT, YTO BHIOOP AJBTEPHATHB X1, ..., L;_1 TAPDAHTUPYET, ITO
B HI'DE 3aBeIOMO He Oy/eT peajin30BaHa HUKaKas BEPIIMHA U3 MHOYKECTBA
I;. AHasormaHbIM 00pa30M ONPEAETSAITCs crparerud y = (yi,...,y) € Y
BTOPOT'O UTPOKA.

OTMeruM, 4TO B UI'PE MOLYT BCTPEUYATHCH NO3UYUU CAYUAHL. DTO O3HA-
4aer, 4TO B HEKOTOPBLIX BepHIMHAX JepeBa UIPhl BLIOOD albTepHATHBHI HE
NPHUHAIC’KAT MTPOKAM, & OCYIHECTBJSICTCS CIy9ailHbIM 00pa3oM ¢ M3BeCT-
HBIM 3aKOHOM pachpejieienus (cM. npumep Huzke). Torma mpu BhIOpaHHBIX
CTpaTerusgx UIPOKOB X M Y BBIUTPBIII MEPBOTO UIPOKA, OMpeleasdeMblii 1Mo
dbunasbHOR Bepiune, Oyaer ciaydaiinoii BejimunHoil u suadenue F'(z,y) cie-
JIyeT ONpeNeJnTh KaK MAaTeMATHIeCKOe OKHIAHHE 3TOTO BHIUTDHINIA. Takum
00pa30oM, Mbl CBEJIM TO3UIMOHHYIO0 (DOPMY UTPHI K HOPMaJILHON (hopme.

IIpumep 8.6. Urpa "nokep". Komona cocrout u3 AByX Kapt: crapireii (¢) u
witamedi (M). VIrpokam caercst o oJHON Kapre pybarmkoii Beepx. [TepBbrit
UrpoK Geper CBOIO KapTy M MMeEeT JIBe aJbTePHATUBBI: JHOO macoBarb (i),
BBIILTAYMBASA BTOPOMY HI'DOKY cymmy a > 0, b0 yBesnauBaTh craBky (y)
JIo cyMMbl b > a. Fcau nepBblit UrpoK yBeJWYUBAET, TO BTOPO MTPOK, HE
3Has PACKJIAJa KapT, MOXKeT JIHOO MAacOBaTh, BHIILIAYUBAS IEPBOMY d, JUOO
VBEJIUYINBATH CTAaBKY 70 b. Ecim 0ba UrpoKa yBeIUIUBAIOT CTABKY, TO KAPTHI
OTKPBIBAIOTCSI ¥ UTPOK CO CTapIneil KapToi mosydaer cyMmy b or maprHepa.
Ha puc. 8.2 uzobpazkeHo j1epeBo Urphl.
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Puc. 8.2

[TepBBlit UTPOK UMeeT JiBa WHMOPMAINUMOHHBIX MHOZKECTBA, OTBEYAIONIHX
JIBYM PaBHOBEPOSITHBIM packKjajgaM KapT. [losToMy y mepBoro urpoka derhipe
crparerun: (m,1),(my),(y,n),(v,y). Bropoit urpok ne snaer packiaaia kapr. On
UMEET eJIMHCTBEeHHOE MH(MOPMAIMOHHOE MHOKECTBO M JIBE CTPATEIWH: I H Y.
Martpuna urpsl B HOpMaJIbHO# (hopMe mMeeT BU

it y
(o,m) —a —a —a —a
L )| Hmo -+t Ha i | [0 =
(vu) | sa+3i(—a) b+ 3(—a) 0 ba
wo\ datbe Brdiw ) \e

HerpyHo Busierb, 4T0 TpeThsd CIPOKA MATPHUIILI JJOMUHUDPYET IEPBYIO U BTO-
pyIo cTpoku. Buruepkupas ux u perras Urpy ¢ 2X2-marpuieil, mojyaum pe-
IMEeHne B CMENTaHHBIX CTPATerugax

20 b—a b—a 2a a(b— a)
o= (0,0, — —— |, "= e S
b ( ’b+a’b+a>’q <b+a’b+a>’v b+a

MoKHO c/1es1aTh BBIBOJ, UTO YeM Oosible 3uadenue b/a, TeM ¢ GosbIneil Be-
POSITHOCTBIO HEPBBIA UIPOK J0JzKeH OJiedoBarh (yBeJMIMBATh HAa MJIA/IIIEH
KapTe), a BTOPOil — eMy He BepUTh (IacoBaTh).
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KommenTapuii m 6ubamorpadus k raase 1

§ 2. OcHOBHBIE TIOHATHS TEOPUW AHTATOHUCTUICCKUX UTD OBLJIN BBEJICHDI
.Bopenem (cMm. amrmmiickuii mepesos [15] Tpex ero pabor 1920-x roz0B).
Tepmun "dusnueckas cmech crparernit"ucnonszosana E.C. Berrnens B [29].
[Tpumep 3.2 B3sar u3z kuuru ['H. Jiobuna u B.I. Cyznans [46]. Eme oxun
npumep 9.7 ucnonb3zoBanus "duznygeckoit cmecn crparernii' B GuMaTpudIHO
urpe cM. Bo BTOPOii rirase. OCHOBBI TEOPUU MOJIE3HOCTH 3aJI07KEHBI B (DYH 1A~
MeHTaIbHOM Tpyae /K. bor Heiimana u O. Moprenmrepna [72]. O merogax
noctpoenust gynruui noaesnocmu cM. [49].

MHTepecHo npoaHau3upOBaTh MOBEJEHUE HEPBOIO UIPOKA, MCIOIb3YT0-
I[ero ONTHMAJbHYIO cMemnannyto crpareruio (a/(1+a),1/(1+ a)) B urpe ¢
1
0
OTHOIIEHHUs K PUCKY. YeM Gostee 0cTOPOXKeH UIPOK (€ POCTOM MOJIE3HOCTH @),
tem Omzke ero crparerus K (1/2,1/2). AzapTubiit Urpok BHIOHPAET YHCTYIO
BTOPYIO CTPATEruio ¢ TeM OOJbIell BEpOSTHOCTDIO, YeM MEHbIIe 3HAUYCHHe d.
Cxo/1HOE TIOBEIeHNE MBI HAOMIOMAIN Y MIIHINOHEpA B ipumMepe 4.4.

Teopema 2.1 nokasana B kuure /Ixk. ¢pon Heitmana u O. Moprenrmrrep-
ma [72|. Teopema 2.2 moxyuena M. [udmamnom [104] B Xome moKazaTesbeTBa
teopemsl 2.3. [Ipumep 2.5 6b11 coobmen apropy C.A. AmmanoBbIM. AHaI0-
ruunelii npumep cM. B [6] (¢.237). Teopema 2.3 nokazana C. Kakyrann [47]
¢ ucnosp3oBanueM 06001ennst reopeMsl JI. Bpayspa o HeNoaBuKHOI TOYKe.
O/1HaKO OHA BBITEKAET W3 MOJYYEHHOTO YETHIPHMS TOJAMU PAaHbBIIIE CJIELYT0-
mero pesyJbrata [74].

Teopema (k. dbou Heiiman). Ilycts X C E™ u Y C E" — BH-
MYKJIble KOMIAKTHI €BKJIMIOBBIX MPOCTPAHCTB, a KoMmakTel U,V C X X Y
YJIOBJETBOPSIOT CJAEAYIOMEMY YCIOBUIO: st 00X © € X u iy € Y MHOKe-
crBa Y(x)={y €Y | (z,y) eV} u X(y) ={zr € X | (x,y) € U} apusrorcs
HEILYCTBLIMHI BBITYKIBIME KoMmirakTaMu. Torma U NV # ().

leficTBUTETBHO, TTOJATasA B YCJIOBUAX TeOpeMbl 2.3

0
Marpuieil nmosesnocreir A = ( a nmpumMepa 3.4, B 3aBUCHMOCTHU OT €To

X(y) = Argmax Fz,y), U = {(z,y) € X xY [z € X(y)},
Y(2) = Argmin F(z,y), V ={(z,y) € X xY [y eY(2)},
Y
noyunM, 9to cymectsyer mapa (x°,y) € U NV — cennosasg Touka pyHK-

wuu F(x,y). Tlosromy reopemy 2.3 06biuHO cBu3bIBAIOT ¢ umenem JIk. don
Heiimana.
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Joxazarennscra C. Kakyranun u M. [lludpmana reopembr 2.3 MOXKHO TIPO-
gectb B kuure C. Kapauna [48).

§ 3. C reopueit maTerpasia CTUATHECA MOKHO O3HAKOMUTBCS O YIeOHUKY
A H. Koamoroposa u C.B. ®omuna [50]. OcHOBHas TeopemMa MATPUYHBIX UT'D
(reopema 3.1) Gbita mokasana Ix.cdon Heiimanom B 1928 roxy [73] MeTomom
MATEeMATHIECKON MHIYKIUU 110 pa3MepaM MarTpuipsl urpsl. Panee D. Bopesb
[15] mpomeMOHCTPUPOBAT ee CpaBeInBOCTh sl KOCOCHMMETPHYECKOT 3 X 3~
matpuisl. [IpuBesennoe nokazareabcTBo TeopeMsl 3.1 mpunamrexkut C. Ka-
KyTanu [47]. Teopema 3.2 o6benunser ase Teopembl . Xesutu ([50]). Ocnos-
Hasl TeopeMa HempepbiBHBIX urp (Teopema 3.3) Gbuta gokaszana 2K. Buwiem
[30].

§ 4. CpoiicTBa pereHnii B CMENIAHHBIX CTPATEIHSX MATPUYHBIX W HElpe-
PBIBHBIX MI'D U3JIATAIOTCA B OOJIBIIUHCTBE KHUT 110 T€OPUU UTp (CM., HATIDH-
mep, [45, 63]). IIpumep 4.2 npunamiexkur . Bopero [16]. On takxke pac-
CMATPUBAJ JUCKPETHBIA BapHAHT UTPHI ¢ A = 7, KOTOPOMY JaJI CJIeIYIOIILY IO
unrepnperanuio. rpoku mabupaior 1mo cemb kapr. Kaxkjias kapra MOKeT
OBITH OJHOM W3 Tpex macreii (comepzkarmux mo 14 kapt): Tpedbl, GyOHBI MK
4epBbl. [lepBblit UTPOK TOOEXKIAET, eC/IN B KaXKJI0# U3 KaKUX-JTU00 JBYX Ma-
cTeit OH mMeeT OOJIbINe KapT, YeM NPOTUBHUK. O IPYTUX PENIeHUAX ITOU UTPBI
em. [78].

BripaBHuBaIoNue crparerud BIepBbie HCHOIb30Baa . Bopenb [15] s
JIOKA3aTeIbCTBA CYIMIECTBOBAHNS PEIEHNs] B CMEITAHHBIX CTPATETNAX UTPHI €
KOCOCUMMEeTPHUYecKo#t 3X3-marpureit. Irpbl ¢ qnaroHaJbHBIME U ITUKIATE-
CKUMHU MAaTPHIAMH, & TAKXKEe HEKOTOpBbIe UX 000011eHust cM. B [48)].

§5. [loHaTus MTOMUHUPOBAHUS CTPOK W CTOJIONOB B MAaTPUUYHBIX HUIPaX
HCIIOJIB30BAJIMCh MHOI'MME aBropaMu. B dbopme TeopeMm OHU, 1O-BUIUMOMY,
BriepBbie 6oL chopmystmpoBanbl M. /Ipermepom B 1951 roay B oTuere Kop-
noparun POHJI (cm. ero kuury [45]). T'padbuveckuii meros pereHust urp c
2 X 2-MaTpHUIlAMHI KCIOIb30BaJI emle . Bopenn. Boee obmmit meTon " 1Boii-
HOro onucanus"cM. B pabore [70]. DKBUBAJICHTHOCTH PEIIeHUsT MATPUIHOI
UIPbI 33/1a4€ JIMHEHHOrO HPOrpaMMUpOBaHus Oblja npojeMoHcTpupoBana I
Hanmurom [43]. Teopema 5.2 0 KpaiiHUX ONTHMAJBHBIX CMEITAHHBIX CTPATe-
rusx pokazana JI.C. [Hemau u P. Cuoy [101].

VTepal@OHHbBIA METOM pelleHns MATPUIHON UIPHI ObLI ¢hOpMYIUPOBAH
. Bpaysoum B [17|. Cxomumocts mpornecca Bpayna nokazana [Txkynueii Po-
ouncon [84]. Ona ncnosnb3oBasa 6ostee OOIIUHA HTEPAMOHHBIH HPOLECC ¢ HEHY-
neBbiMu HavasabHbIME BekTOpamu ¢(0) u d(0), HasbiBaeMbIil B JauTeparype
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§ 8. Muoromarosbie aHTATOHHCTHIECKHE HUIPBI

nporneccoM bpayna-Pobuacon. OmeHka CKOPOCTH CXOIUMOCTH O(kfm)
oeuna nonydena [H. IHanupo B [100]. Momudukaius ycaoBusi 0CTAHOBKH
no merony Bpayna 6eiia npemnoxena FO.B. Tepmeiiepom B [36]. O apyrux
UTPOBBIX TIporeccax Tuna bpayna-Pobuncon cm. [8].

§6. Teopema 6.1 o mepecedeHnn BBIMYKJIBIX KOMIIAKTOB €BKJIUI0BA MPO-
crpaHcTBa OblL1a OTKpbiTa . Xewtn B 1913 romy u coobmiena V. Pamony,
onybIMKOBABIIIEMY ee JI0Ka3aTesJbCTBO B [83] Kak c/iecTBrHe COGCTBEHHBIX De-
3ysibTaToB. ['eomerpuueckoe (u Gostee HADASIHOE) TOKA3ATENHCTBO METOIOM
MaTeMATHYECKONW UHIYKIIWN 10 PA3MEPHOCTH MPOCTPAHCTBA OBLIO OMyOTHKO-
Baro . Xewmm B [94]. Muorouncienubie 0600IIECHNST U TPUIOKEHHS TEOPEMBI
Xemmn cm. B |42].

CrpyKTypa penieHuii B CMEIIAHHBIX CTPATErUsIX UI'P C BOTHYTHIMU U BbI-
NYKJBIME BBIMTpbIaMu ycTanosaena X.D. Bouenbsacrom, C. Kapaunom u
JI.C. Ilermu B [12]|. TIpuBoguMBIe 3/1€Ch KOHCTPYKTUBHBIE JTOKA3ATEIHCTBA
teopem 6.2 u 6.3 npunamiexar I.I. Taseiaoy [41], Koroperit onupascs Ha
pesyabrar 1938 roga JI.T. [ITaupensmana [106], mpumas emy cOBpeMeHHBIH
Bug '

OCHOBBI TEOPHH CTATUCTUYECKUX perteHuii Oblin 3aj10KeHbl A. Basibiom
[21] (em. maxzke [11, 20]), rme, B gacrrocTH, BBeneHa dyukuus pucka. C
MPUJIOKEHUSIMI TEOPUH CTATHCTHIECKAX WID MOYKHO O3HAKOMHUTHCs B [40].
MunuMakcHasi OleHKA MapamMerpa OMHOMHUAIBLHOTO PACIPEIETCHHs Oy de-
ma Jxk. Xomxkecom u E. Jlemanom [96], a amamornvnas oneHKa MaTeMaTH-
YECKOI'0 OXKHIAHUSI HOPMAJIBHOTO PACIPEeIeIeHIS IPU U3BECTHON JIUCIEPCUU
nonayuena 1. Boasdosuuem [33].

§ 7. Monesip "nanagenune-obopona' onpenenena u usydena FO.B. I'epmeite-
pou [36]. Ona aenstercst moguduranueit mogenu O. ['pocca, B KoTopoii hyHK-

n
[ysi BBIUTPBIIA Hamajgerus umeer sun F(x,y) = > k; max[z; — y;,0], a k;
i=1

MHTEPNPETUPYIOTCA Kak KodpdurmenTsl BaxkuHocTH myHKTOB. B.A. Topennk
[PeJIOKUIT CXOJHYI0 UTPOBYIO MOJIENIb IIPOU3BOJICTBA Oer3una [39).
[TpuBoaumbIe 3/1€Ch IIyMHash U OECITyMHAsT MOJIEIN JLydJieil NCC/1e/I0BaHbI
I0.B. Tepmeitepom [36]. B knaccuaecknx mogensx [48] F(z,y) morydaercs
ocpejHenneM (pyHKIWYM, MTpuHUMAaloIeil 3nadenune 1, ecam youT BTOPOi Jy-
ISHT, & TEepPBBIM OCTAJICd KWB, 3HAUYeHHe —1, ecTM YOUT MEpBBIH JTyJIdHT,
a BTOPO# oCTaJICst KUB U 3Ha4YeHHe () B OCTATBHBIX CIydasx (00a JIy3JstHTa

'Tanpensman mokazam TeopeMy 6.2 B TepMUHAX BBITTYKJIBIX MHOMKECTB, He WCTOMb3Y
MOHSATHE BOTHYTOM (DYHKIINHU.
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

JKUBBI WJIH 00a youThl). Meropl pemeHust urp ¢ 6ubopom Momenma epe-
MeHY (JyJIbHOTO THMA), OCHOBAHHBIE HA WMCIOAH30BAHUH WHTErDAJbHBIX U
nuddepeHnnanibHbIX ypaBHeHuil, cM. B |9, 48].

§ 8. Teopema cyIIecTBOBAHMSA PeLIEHIsT MHOTOIIANOBON UI'PHI ¢ IOJTHON MH-
dopManmeil ¢ neabo IpPUMEHEHUs K IIaXMaTHOR urpe mokasana .llepmeso
B 1912 roy |97]. OcroBHBIE IOHSATHS TEOPUU TTO3UIUOHHBIX UID OHPEIEICHbI
JIxk. doun Heiimanom u O. Moprentmrepaom B [72]. Tloanas dbopmannsanus
srux urp nposegena [.Y. Kynom [58]. TIpumep 8.5 Gbia coobiieH aBTopy
H.M. Hosuxkosoii. [Ipumep 8.6 mpocTteiitieit Moje/nm moKepa MPUHAIIEKAT
9. Bopeuto [16].
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I''TABA II. UT'PHI /IBYX JINI],

§9. Curyanum paBHOBecHsI B UT'PaX ABYX JIWIL

[TousgTHe AHTATOHUCTUYECKONH UTPHI MOYKHO 3HAYUTENHHO PACIIHPUTH. B
Urpe JIByX JIMI[ HHTEPECHl UI'POKOB HEOOA3ATE/IbHO OBIBAIOT ITPOTUBOIIOIOXK-
HpIME. PaccMaTpuBaioT u urpsl MHOIHX JiIl. VM mocBgiiena TpeThs IJiaBa.

Onpegesum urpy jaByx Jjuil. IlycTh mepBbIii HIPOK MMEET B CBOEM pac-
MOPSI2KEHWHM CTPATEerHH T U3 MHOXKeCTBa cTpareruit X, a BTOPOH HUIDOK —
CcTpaTernu y U3 MHOXKeCcTBa cTparernii Y. Byem paccMaTrpuBaTh TPy B HOP-
MaAbHOT Popme. DTO O3HAYAET, ITO KAKIABII M3 MIPOKOB BBHIOMpAeT cTpa-
Teruio, He 3Has BbIOOpa maprHepa. [lapy crparernii (z,y) Oymem Has3bBATH
cumyayued. Y mepBoro urpoka mMeercs GyHKuug Boiurpbimna F(x,y), a 'y
BrOoporo — byuknus seiurpeima G(x,y), onpeaeJeHnble Ha MHOKECTBE BCEX
cutyanuit X X Y. KaxKaplit UTpOK CTPEMHUTCS, IO BO3MOYKHOCTH, MaKCHUMU-
3UpOBaTH CBOIO (PYHKIMIO BBIUIPBITA. Takum obOpa3om, urpa JABYX JIMIL B
HOpMasIbHOI hopme 3amaerca nHabopom [N = <X, Y, F(z,y),G(z, y)>

B anTaronucrmyeckoit urpe mOHATHE PENTeHUs] MbI CBSI3BIBAJIN C CETOBOM
TOYKON (DYHKITMU BBIUTPHIIIA MEPBOTO UT'POKA. B MTPOM3BOIIBHON UTPe JIBYX
JIMIL, QHAJOIOM CeJIJIOBOM TOUKH SIBJSIETCS MOHATHE CUMYAUUL PABHOBECUA.

Onpedeaenue. Curyanus (°,y°) nazvisaercs curyauueii pasnosecus (pas-
HOoBecueM 110 Harry) urpsr I, econ

F 0y — F(20 40 G20 ) = 0,0y
max (z,y°) (z”,9"), max (%, y) = G(a",y")

Crparermm 2° n ¥, cocTaBasIoNue CUTYaIio paBHOBECH, Oy/IeM HA3LIBATh
pasrosecHvimu. Eciu 0oba Urpoka MpUAEPKUBAIOTCA CATYAIIMH PABHOBECHSI,
TO OJTHOMY UTPOKY OT Hee HEBBITOHO OTKJIOHSATHCS.

Ynpasenenue 9.1. Ecim F(z,y) = —G(z,y), 1o urpa I' — antaronuncru-
deckas. JIOKaxKuTe, YTO B AHTATOHUCTHIECKON UIDe CUTYAIMN DABHOBECHS —
910 cejioBbie Touku dbyuknun F(x,y) na X x Y.

O6cyanm, KaK MOZKHO UCIIO/IB30BATH MOHATHE paBHOBecHs mo Hamry ¢ Tou-
KW 3peHus NpUuHATHA pelrnenuii. B Teopum urp, KAk m BO MHOTHX JPyTIUX
TEOPUAX, MOKHO BBIJICJUTL ABa IOAXONA: HOPMGMUGHGY U Mo3UumusHuil.
HopMaTuBHBIN MOAX0/T COCTOUT B TOM, YTO TEOpHS JaeT PEeKOMeHIallun, KaK
caemyer nefcTBOBATH B TOH mjin uHON KOH(MIMKTHOW cuTyaruu. A npu no3u-
THUBHOM IIOJX0A€e TeOpUd IbITaeTCd ONUCATh, KAK HA CAMOM JeJje IIPOUCXOAUT
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I'JTIABA II. NT'PHI IBYX JINIT

B3aMMOJIeICTBIE MezK Iy urpokamu. V3HadajabHO Teopusi Urp Pa3BUBAIACD
kak nHopmaruBHasg. Il ceifyac mMbl 0OCyuM noHgaTHe paBHOBecus 1o Haury
IMEHHO C TaKO# TOYKHM 3peHus. B 9ToM cjiydae NpaBu/io IPUHATHS PEIICHU
MOXKHO ¢(hOPMYJTHPOBATDH CJEAYIONMIM 0O6pa30M: B KOH(JIMKTHONR CUTYaIUH,
ONMCHIBAEMOI UI'POH B HOpMaJAbHOU bopMe, KazKJIOMY YVYaCTHHUKY CJIeIyeT
HCIIOJIb30BATh CTPATErUIO, KOTOPasi BXOAUT B pasHoBecue no Hamry. [lo3zm-
THBHBIH TOAX01, 00cy:KmaeTcs B Konme § 10.

Curyarus paBHOBeCHsI B IIPOU3BOJIBHON UIDE JBYX JIUI MOZXKET He 00,/1a-
JIATh TeMU CBOMCTBAME, KOTOPbIE XapaKTePHBI /s CeJII0BOH TOYKU aHTAIO-
HUCTUYECKOI UIDHIL.

B aHTaronmcrumdeckoil urpe, uMelomeil pernenne, KOMIOHEHTHI C€JIJIOBOM
TOYKH ABJIAIOTCSI MAKCUMUHHOW W MHHUMAKCHON CTpPAaTerusMu HTI'DOKOB H,
Ha000pOT, JiIobasd napa Takux crpareruit odpasyer cejijioByio TO4YKy. Takum
o0pa3oM, B AHTATOHUCTUYECKOW UIpDe TPUHIMII PABHOBECHS COIJIACYETCS C
HPUHIIUIIOM ONTHUMHU3AINN UTPOKAMHU CBOUX TAPAHTUPOBAHHBIX PE3y/IbTATOB.
Kpowme Toro, Bo Bcex celiOBBIX TOYKAX BBIMIPHINI [EPBOTO UT'POKA OJIUH 1
TOT Ke W paBeH 3HadeHHo Urpel. K coxkaneHnio, B 00IeM caydae CUTyaIun
paBHOBecUsi He 00/1aJlal0T yKa3aHHbIMU CBOfcTBaMU. YOeUMCs B 9TOM Ha
npumepax. [IpeaBapuresbHO BBEJIEM MOHATHE OUMAMPUYHOT UzPol.

Onpedenenue. Urpa apyx jsun ' HazbiBaeTcst OMMATPUIHON, €CJIM MHOZKE-
CTBa CTpaTeFI/Iﬁ HUI'PDOKOB KOHE€YHBI:

X =A{1,...m}, Y ={1,...,n}.
3mech 1 € X, j €Y — crpareruu mepBOro U BTOPOrO UI'POKOB. Beurpeiimm
UT'POKOB 33/IAI0TCSI JIBYMSI MaTPHUIIAMUT

A= (F<Z7]>>m><n = (aij)mxm B = (G(Z7])>m><n = (sz>m><n
BanuireM onpegeseHne CATYalid PaBHOBECHs B 0DO3HAUYECHHAX OMMAT-
PUYHON HUI'DBHI.

Onpedenenue. Curyanus (1%, j°) Gumarpuunoit urper I' nassisaercst cuty-
anueii paBHoBecus (paBHOBecueM 110 Harry), econ

CLUO S ainO, 1= 17 S, m, bin S biojo, ] = 1, o, n.

Bceerna i B urpe AByX JIWI CYIIECTBYET CHTyallns paBHOBecusa! B obimem
clIydae OTBET — OTPHUIATE/JIbHBIN, MOCKOJbKY, HAIPUMEpP, B aHTarOHUCTHYe-
CKOIl UI'pe He BCErJia CYIEeCTBYET CeJI0Basg TOYKA.

[TpuBesem npuMep HeaHTAIOHUCTUYECKOW MUIPbI, HE UMEIOUIEH CuTyaluu
PaBHOBECHS.
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§9. Curyannn paBHOBECHSI B UTPAX JBYX JIHI]

ITpumep 9.1. Tlokynaresnb (MrpoK 2) MIPUXOJAMT HA PHIHOK 32 siOJIOKAMHU.
[Tpogaser, Topryomuii sib1okamMu (HTPOK 1), UCIOAB3yeT NPy KUHHBIE BECHI.
Y Hero ecTh ABe CTpATeruu:

1) wectHO B3BECUTH 1 KT A6JI0K;

2) TOAKPYTUTD MPYKUHKY U 0OBeCUTh MOKynaress Ha 200 Tpam.
Hazopem stu crpareruun "gecraocts"u "obman' coorBercTBEHHO.

[Tokynarenb TakzKe UMeeT JBe CTPaTeruu:

1) moBepHB MPOJABILY, 3AIIATATE JEHbIW U yiiTH;

2) B3BeCUTHb KYyILIEHHBIE sIGJIOKH HAa KOHTDPOJIBHBIX BecaxX W B cIydae 06-
HapyzKeHus oOMaHa 3BaTh KOTO-TO H JOKA3bIBATh, YTO €r0 OOBECHIN.
Hazosem stu crparerun "nosepurn'"u "nposepurs'"coorBercrBeHHo.

Omnpee M BBIUTPHITITHA TPOIABIA U MOKYHATENIs B KayKJ0H CUTyaIUN:

a) ITpomaser; 4ecTHO B3BECHII, & OKyTaTe h eMy mosepus. CooTBeTCTRY-
IOIHe BRIUTPHIIIN 000uX, paBHbIe (), BEIOepeM B KadecTBe Hadasa OTCUeTa.

6) IIponaser; o6MaHyJI1, a TOKYNATEb €My TOBePHI. BBIUTDHBIIT MPOJABIA
paBen 1, Tak KaK OH HOJIYYMJI JIONOJHUTE/IbHYIO IPUObLIb. Bblurpbliil 1moky-
narejisd paBeH —1, TOCKOJIbKY OH MOJIYYHJ MeHbIe g6JI0K.

B) IIpomaBer; 4ecTHO B3BeCHJI, & MOKyHATeJIb €r0 MPOBEPHUJI. BhHIphITI
npojasna paped (. BoIMIPHINT TOKyIaTesst paBeH —1/2: OH, BO-IEPBBIX, 3ps
MOTPATUT BpeMsl, a, BO-BTOPBIX, IVIYIIO ceOsT IyBCTBYET.

r) IIponaser; 0OMaHyJI, a TOKYIATENb €r0 MPOBEPHUI. BBHIUIPHINI MPOJAB-
na paBen —1, Tak Kak obHapyzKeHue oOMaHa I'DO3UT €My OIpee/eHHbIMU
HEIPUATHOCTSIME (HAPUMED, €r0 MOTYT JUIIATh JUIEH3UH Ha TOPrOBJIIO HA
STOM DBIHKE). BBIUTPBINT HOKymaTesis paBeH 1/2) Tak Kak, BO-IEPBBIX, €My
BO3MECTUJIN 00BeC, a, BO-BTOPBIX, OH HCIBITHIBAET MOPAJIbHOE YIOBJIETBODE-
HIE OT pa300/adeHus OOMaHIIIKA.

[Tonyuaercs ciepyronias bumMarpudnas Urpa:

OB IIPOB OB  IIPOB
4 - TectH 0 0 p _ uecrn 0 —1/2
~ obman\ 1 —1 )7 ~ obman \ —1  1/2 )7
JIerko mpoBepuTh, ITO 37ech HET paBHOBecHii mo Hamry.

B npuBenenHoM mpuMepe s1eMeHTh MaTpull A 1 B yIOBIETBOPSIOT CJIe-
JIYIOIIUM HEPaBEHCTBAM:

ay a1o bii > bio
A v,
Qo1 a22 bar < b
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Vnpascnenue 9.2. IIpoBepuTh, 9TO €C/IU 3JIEMEHTHI B MATPHUIAX BbIUT'PbI-
e HUI'PDOKOB CBdA3aHbI TaKUMHW COOTHOHICHHUAMMU, TO B UI'DE HE CYIIECTBYET
paBHOBecuii mo Hamry.

Nrpsi, nogobubie npumMepy 9.1, pacnpocrpaHerbl B MOJIEJISAX, OMUCHIBAIO-
IIUX KOHOMHUYECKHe U KOJIOruvYecKne B3amMmojeiicTsus. Paccmorpum npu-
Mep UTPbl, IMEIONIEH B¢ CUTYAIIMH PABHOBECHU.

Hpumep 9.2. Urpa "cemeiinblit ciop':

b T b
b ( 1 o) b ( 2 o)
A= B = .
T \0 2)° T \0 1
Uurepnperanus. 2Kena u My (nepBoiil 1 BTOpO# UI'POKH) 00CY K IAIOT BO-
poc, Kyia noiiru passiedscs: Ha ¢byrbo (crparterus 1 ) win B reatp (cTpa-
rerust 2). Ecau uayr Ha ¢yrboa, To XKeHa morydaer 1 eJIHHHIY, a MyXK —
2 emuanibl "yaosoaberBud."Ecan mayT B TeaTp, TO BBIMTPHINI KEHBI — 2,
a Myx)a — 1. Eciu 0o6a uayT B pasHble MeCTa, TO BbIUTIPBIINIE HUTPOKOB —
HYJIEBBIE.

B urpe cymecryer jase curyanuu pasaosecus: (1,1) u (2,2). Ilepas u3
HUX [OpeIIoYTUTeNbHEH BTOPOMY HIPOKY, a BTopas — nepsoMy. Eciu urpoku
OyIyT JAeficTBOBATh HE3ABHCHMO, TO MEPBBI BHIOEPET CTPATEruio 2, a BTOPOi
— crpareruio 1. B pesysbrare oba noaydar no nyso. [Ipumep 9.2 noka3bia-
eT, 9TO HeOOXOINM KaKO-TO MEXaHU3M KOOP/IMHAIMH [IPU BIOOPE CTpaTernu,

eCJIM CYIIECTBYET HeCKOJILKO paBnoBecuii mo Hatry. [Tosromy urpsr, nogobunie
npuMepy 9.2, HA3BIBAIOT TaK:Ke "HrpaMu Ha KOOpIuHAImio" .

MCHOHBSOB&HI/IG CI/ITyaHI/Iﬁ pPaBHOBeECUA Ha MTPAKTUKE YaCTO CBA3BIBACTCA
CO CJIeIYIONINM CIIeHAPHEM II0BeIeHust urpokoB. OHH cHaYasa JTOJIZKHBI T0TO-
BOPUTBCA O CUTYAIlMH PABHOBECHS, 3aTe€M BCAKHUE HEPErOBOPHI 3aPEIAIOTC
U UI'POKU HE3aBUCUMO BbIOMPAIOT CBOM CTPATErny, BO3MOXKHO HAPYIIas IPU-
HSITOE COLJIAIIEHNE. 3aMETHM, 9TO OJHOMY HUI'POKY OyIeT HEBBITOIHO OTKJIO-
HSTHCS OT CBOEH PAaBHOBECHOM cTparernu. ECIm UTPOKHW MPHIEPKUBAIOTCS B
UIPe TAKOIO CHEHAPHUs MOBeIeHNUs, TO Urpa I’ Ha3bIBaeTCsa HECKOaAUYUOHHOT.

[IpuBemeM eme oguH npuMep "Urpbl Ha KOOpIUHAIMIO" .

IIpumep 9.3. Urpokamu gBALIOTCS JIBa BOJUTE]sI, KOTOPBIM HAJIO IMPO-
exXaTh Yepe3 MePeKpPecToK, K KOTOPOMY OHHU TO'beXaJd OJHOBPEMeHHO. EcTh
JIBE CTPATEr'MH [E€PECEUCHUs ePEKPECTKA: UCIOIb30BATH 'ITPABUIO ITPABOi
pyku'", COrIacHO KOTOPOMY BOJWTE b JIOJKEH MPOIYCTUTH MOMEXY CIIpaBa
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§9. Curyannn paBHOBECHSI B UTPAX JBYX JIHI]

(crparerns 1), win "npaBuao JeBoil pyku', COIJIACHO KOTOPOMY BOJMTEJNb
JIOJIZKEH TPOIYCTUTh oMexy ciiea (crparerust 2). Ecin 06a BoguTess npu-
JIEPXKUBAIOTCS OJHOIO IPABUJIA, TO OHH YCIEIIHO PAa3beayTCs, HO €CJIH OIUH
13 HUX UCIOAb3yeT "mpaBuiio npapoil pyku', a apyroit "mpasuio JeBoit py-
Ku'", TO MOXKeT BOSHMKHYTH aBapus. CjegoBaTesbHO, 11 GJArOIpUITHOTO
UCXO/a B TAKMX UTPAX Y BCEX UI'POKOB JOJIKEH ObITH OJMHAKOBBII MMOJIX0/ K

BBIOOPY MpPaBHUJI ITOBEICHUS.

Ynpaotcrnenue 9.3. O6bsicauth (cM. puc. 9.1), moYeMy BBIUTDBIIIA HTPOKOB
B TOCTIeTHEM TIpUIMepe MOYKHO 33JaTh CJIeTYIONUMA MaTPUATIAMU:

np.p JeB.p np.p JeB.p

_Op.p 1 —10 _Op.p 0 —10
A_JIGB.p<—1 0 )’ B_.neB.p(—l 1 )

Puc. 9.1

Paccmorpennbie B npumepax 9.2 u 9.3 urpbl XapakTepusyorTcs Caeayio-
IIUMH COOTHOIIIEHUSIMH JIEMEHTOB MaTPHUIl BBIUTDBIIIA:

an 12 bir > bio
Vv A
o1 9o bt < by

Ynpaosrcnenue 9.4. IIpoBepuTh, 9TO TPH BHITIOTHEHUHN TAKUX COOTHOITEHU
B WT'pe BCerja CyIecTBYeT ABa paBHOBecus 1mo Hamry.

[IpuBesem npumep, KOTOPBIH MOKA3bIBAET, 4TO paBHOBecue 1o Harry mo-
KeT ObITh HeI(MD@PEKTUBHBIM C TOUYKYM 3PEHUST WHTEPECOB HUT'POKOB.

Ipumep 9.4. Urpa " quaemma 3akIr09eHHOTO":

np  Her np  Her
A TP -8 0 _op (=8 —10
~ mer \ —10 -1 )’ ~mer\ 0 —1)°
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Unrepnperanus. /Ia 6anaura (urpoku 1 u 2), mojgo3peBaembie B COBEp-
HMIEHUU TSAZKKOTO MPECTYILIEHUs, HAXOASITCS M30JIMPOBAHHO JIPYT OT JApyra B
Ipe/IBAPUTEIHHOM 3aK/I0UeHIN. BBUIY OTCYTCTBHS NPAMBIX YJIUK YCIEX HJIX
HeycneX OOBUHEHUsT 3aBUCAT OT NpU3HAHUsI (cTpaTerus 1) Win HeMpU3HAHUSI
(cTparerus 2) camux GanauTos. Eciu o6a GaHganTa TpU3HAIOTCS (CHUTyanus
(1,1)), o oHu Gy 1y T NPU3HAHBI BHHOBHBIMH M IPUTOBOPEHBI K 8 TOIAM TIOPb-
mbl. Eciin Hu o n3 HEX He ipusHaercs (curyanus (2,2)), To 110 0GBHHEHHIO
B IJIABHOM TIPECTYILIEHUN OHHU OY/IyT ONPaBIAaHbI, HO OOBUHUTENIO BCE-TAKW
YJACTCS I0KA3aTh UX BUHOBHOCTH B HEKOTOPOM COIYTCTBYIOLIEM MEHEe TszK-
KOM IIPECTYILIEHMH, HAPUMeD, B HOLIEHUH OPY:KH, B PE3Y/IbTATe Yero OHU
Oy lyT HpUrOBOpeHbl K 1 rojay ToopbMbl. Ec/iu, HAKOHEN, IPU3HAETCS TOJbKO
oxun u3 nux (curyamun (2,1) u (1,2)), To npusnasmmiics OygeT 0ocBOOOK IeH
(3a mOMOIIH CJEJCTBHIO), a HEMPU3HABIIUICS OyIeT NPUTOBOPEH K OTOBITHIO
MaKCUMAaJILHOTO cpoka — 10 JeT.

B 9T0ii urpe uMeeTcst eJMHCTBEHHAs CUTyalus papHoBecus (1,1): oboum
npusnarbest. Onuako ecrb curyanus (2,2), 6oee BbirojHas 060MM UIPOKaM,
HO He sBJIONIasics curyanueii papaopecusi. Cje10BaTeIbHO, DABHOBECHS 110
Haury moryT 661Th Hea(OEKTUBHBI B TOM CMBIC/IE, 9TO 3a CYeT OTKJIOHEHUS
060UX UIPOKOB OT CUTYAIlud PABHOBECHS MOXKHO YJIyYLIUTh BHIUTPBIIIHE KazK-
JIOTO U3 HUX.

Omnucannasg B npuMepe 9.4 Urpa UMeeT CIeAYIONLYIO CTPYKTYPY:

a1 a2 bii > by
Vv v |,
aoq a9 bar > by

Vnpaosrcnenue 9.5. IIpoBeputs, 9T0 IPU BHIIOJHEHUH TAKUX COOTHOIIIEHU
B UI'pe BCerla CyHieCTByeT € IMHCTBEHHOE paBHOBECHE 110 HSIHy

B cBsa3u ¢ nocaegauM npuMepoM JaauM ONPEeIe/IeHue CUTYAIUn, ONmu-
maavroti no Ilapemo.

Onpedeaenue. Curyanust (2°,y") urper ' nasbiBaercst onTuMa/ibHOMN 110
[MTapero, eciu HE CylecTByeT Takoii curyaruu (x,%y) 9TO BBINOJHEHBI Hepa-
BEHCTBA

F(z,y) > F(2°y), G(z,y) = G’ y")
¥ IpH 9TOM XOTS ObI OJHO M3 HUX — CTPOTOE.

B mpumepe 9.4 B curyanuu (2,2) o6a urpoka moay4ator mo —1, 94ro 6oab-
me, 4eM MX BeIMIpbil —8 B curyanuu pasaosecust (1,1). Caenosaresbho,
CUTyalnusd paBHOBECHA HE ABJIACTCHA ONTHUMAJIBHON 11O HapeTO.
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Ynpasncruenue 9.6. Jlokaxkute, 9T0 B aHTArOHUCTUYIECKON UIpe J100ast cu-
Tyalud ONITHUMaJIbHa I10 HapeTO.

Caemyronuii npuMep MOKA3BIBAET, YTO HE BCEraa PABHOBECHBIE CTPATErNH
SABJIAIOTCI MAKCUMWHHBIMH.

Hpumep 9.5. Tlycrn

2 0 5 2 21
A= 2 2 3)° B = 0 7 8
Baech (1,1) — equHCTBEHHAsS] CUTYAIMs] PABHOBECH, HO CTpaTerus 1 mepBoro

ATPOKA, He dBJIIeTcd MaKCHMHUHHOK. HelcTBUTEIBLHO,

W(l) = Join ay; = 0, W(2)= Join ay; = 2.

Crparerust 1 Broporo urpoka Takrke He siBJII€TCs MaKCUMUHHON. Ecmm ur-
POK HebIarozKe/1aTe/IbHO HACTPOEH 0 OTHOIIEHUIO K MAPTHEPY, TO OH MOZKET
HapYIIUTH COIVIAIIEHNE W BMECTO PABHOBECHOI CTpaTeruu BHIOPATbh MaKCH-
MHHHYIO. B pesyJsibTare OH MOJIYYHT TOT K€ BBLIUTPHINI 2, YTO U B CHTYAIUH
paBHOBecusd, a nmapraep moaydut 0.
Mbi ormMeTwin TPU HEJOCTATKA NOHATHSA paBHOBecus 1o Hamry:
1) paBroBecuii o Hamry B urpe MozKeT He CyIecTBOBATH;
2) pasrHoBecue 110 Harry MoxkeT ObITh He €JMHCTBEHHO;
3) pasHoBecue 110 Hamry Moxker GbITh Hea(HEKTHBHO.
Ho, HecMmoTpst HA 9TH HETOCTATKH, YKa3aHHOE MOHITHE UI'PAET HEHTPATIb-
HYIO POJIb B TEOPUU HPHUHSTHUS PEHIEHUH B KOH(PJIMKTHBIX CUTYAIUAAX.
[IpuBesem TeopeMy CyIIeCTBOBAHUS CUTyallM¥ PAaBHOBECHS B UTDE JBYX
JIMI, KOTOpasi aBJgercss obodienuem Teopembl 2.3. [Ipeapapurenbuo chop-
MYJHUPYEM TOIOJIOIHYIECKYIO TEOPEMY O HenodeuitcHoti mouke.

Teopema 9.1 (Bpay»sp). Ilycts [ : Z — Z — HenpepbiBHOe 0TOOpazKe-
HHUe B ce0d BBHIIYKJIOIO KOMIAKTA Z KOHEYHOMEPHOTO €BK/IMI0BA IIPOCTPAH-
crBa. Torga y mero cymecrsyer nenoapuzkuas Touka 20 : f(2%) = 20.

Hokazareabcrso Teopempt eM. B [Ipusoxkennn (I13,I14).
Ynpaotcnenue 9.7. Jokaxkure Teopemy aisa X = [0, 1].

OTMeTHM, 4TO BCE YCJIOBHS TEOPEMBI cylnecTBennbl. Hanpumep, eciu MHO-
JKECTBO Z — HEBBINYKJIOE, TO YTBEPKJICHIE TEOPEMBI MOYKET OBITH HEBEPHBIM.
JleiicTBuTe/IbHO, €C/in Z — OKPYXKHOCTb, a f — ee MOBOPOT HA yroa a < 27,
TO [ HEMOABHUZKHONW TOYKH HE UMEET.
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Vnpaoscnenue 9.8. TlocTpoiiTe KOHTPIPUMEPHI K yTBEPKIEHUIO T€OPEMBI,
ecan

1) Z =[0,00);

2) Z =(0,1];

3) Z =10, 1], Ho dbyukIus [ paspbiBHA.

Teopema 9.2. [Iycts B urpe asyx Jun [' MHOXKecTBa X 1 Y — BBIIYKJIBIE
KOMIIAKTBHI €BKJIUIOBLIX IpocTpancTB K™ u E". Ilpeanonoxum, 4To PHyHK-
uun F(x,y) u G(z,y) venpepbiBabl Ha X X Y, dyuknus F(z,y) Borayra no x
pu J1060M dukcuposanaoM ¥, a hyukuug G(z,y) BOrHyTa 110 Y Upu JT000M
durcuporannom . Torma B urpe I' cymecTByer curyarusi paBHOBECHSI.

Jlokasameavcmeo. Buadase npemnookuM, 9to dyuaknuu F(z,y) u G(z,y)
HEeIIpepsIBHEL Ha X X Y U ¢TpOro BOrHYTH 10 "cBouM ' mepeMeHHbIM T B Y CO-
orBercTBeHHO. TOrma Jyisi JIIOOBIX CTpAaTeruil §y U T MHOXKECTBA HAMJIYUIIUX
OTBETOB UTI'POKOB

X () Argmax Fo.y) = {2(v)}. Y(@)¥ Argmax G(z.y) = {y(x))

cofepzkar mo oxHomy aaementy z(y) u y(x). CornacHo Teopeme 2.2, GyHK-
muu z(y) u y(x) HempepbIBHBL. Bymem HA3BIBATH UX PYHKUUAMU HAUAYHULE20
0MBEMa NePBOr0 U BTOPOTO UIPOKOB COOTBETCTBEHHO.

[Momoxkum Z = X x Y u paccmorpum orobpaxkenune f : 2 — Z,
f(z,y) = (z(y),y(x)). TTo Teopeme 9.1 orobparkenune [ WMeeT HEMOABUKHYIO
touky 2° = (29 ¢4°) : f(2°) = 2° wmm 2(y°) = 2°, y(2°) = ¢°. Cnenoparenn-
1o, (2°,9°) — curyanua pasroBecus.

Teneps npeuonoxum, uro byukuuu F(z,y) u G(x,y) Borayrsl 0o "cBo-
nMm''IepeMeHHBIM X U ¥y, HO He0Os13aTeIbHO ¢TPOro. [lomoxmm

Fg(m,y)ZF(a:,y)—eSZ:U?, Gs(xay>:G(xay)_€Zy]2'a
i=1 j=1

rae € > 0. @ynkunu F.(x,y) u G.(z,y) wenpepwiBabl Ha X X Y, F.(z,y)
crporo BorayTa o x, a G.(x,y) crporo Boruyra 1o y. [lo joKa3aHHOMY B UT-
pe [¢ = <X, Y, F.(z,y),Ge(x, y)> CYIIECTBYET CUTYAIus paBHoBecus (z°,y°).
[Tycrs {ep} — Takas nocsiegoBaTebHOCTD YHCe, 9TO € — 0+ U cooTBET-
CTBYIOIIAsI TIOCIEI0BATEILHOCTE cuTyaluii papaosecust {(xh y)} cxomurcest
k nekoropoii curyanuu (2°,4°). Tlo onpenenenuto (=)

B (,y™) < Fo (e, y™) Vo e X,
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Ge, (x*hy) < G, (2", y™) Yy eY.
[lepexosst B 9TUX HepaBeHCTBAX NpU (PUKCHUPOBAHHLIX T U Y K IIPEJIETY MpU
h — 0o, moayaum

F(z,y°) < F(2°y") Ve e X, G(2%y) <G(2°y°) VyeY,

Sro oznauaet, uro (z°,¢y°) — curyanust pasnosecust urpst I'. W

PaceMmoTpuM METOJ1 TIOMCKA CUTYAIMH PABHOBECHS! C UCIOIb30BAHUEM MHO-
JKecTB HamTyanmmx oTeetoB X (y) = Argmax F(z,y) n Y (z) = Argmax G(z, y).
reX yey

OH CcOCTOUT B PEITEHNN CUCTEMbI BKIIOTEHUH
%€ X(y"), 3’ € Y(2). (9.1)

B ciyuae, Korja y UIPOKOB CYIIECTBYIOT HENPEPbIBHbIE (DYHKIUH HAUITY Y-
mero orBera (y) u y(x) (CM. IEPBYIO 9acTh J0KA3ATEJIBCTBA TeopeMbl 9.2),
cucrema BIOIenuit (9.1) SKBUBaJEHTHA CHCTEMe yDaBHEHMI

r(y°) = 2% y(a?) ="

Hpumep 9.6. Haiigem Bce cuTyanuu paBHOBecus Urpbl [ :

2 35 —1 75 47
4 —2 3 4 1551
A=1 2 15 4" P7 35656 2
—1 2 5 3 8 7 3 6

B marpuie A moguepkHyTH HaMOOIbINHE 3IEMEHTHI B CTOI0IAX, & B MaTPH-
ne B — nauboJiblIne 3JieMeHTH B cTpoKaxX. OOIuit moJdepKHYThIi 71eMeHT
coorBercTBYeT (3,3) — €JIMHCTBEHHOI CUTYAIIMH DABHOBECHSI.

IIpumep 9.7. PaccMoTpuM UTPY JABYX JIUIIL
= <X, Y, F(x,y),G(z, y)>, e X,Y u F(z,y), G(x,y) — MHO)KECTBa CTpa-

Teruit U PYHKIUU BBIMI'PHIIIA IEPBOIO U BTOPOro urpokos. Ilycrb
X =Y =10,1], F(z,y) = —32> +2y* + 7oy, G(z,y) = —(v+y—1)>

Oyukuun F(z,y) u G(x,y) cTporo BOPHYTH MO MEPEMEHHBIM T U Y COOTBET-
crBeHno. OYHKIUM HAMIYYOICTO OTBETA, —

z(y) = {7y/6, 0sy<6/7 y(z)=1-uz.

1, 6/7<y<l,

99



I'JTIABA II. NT'PHI IBYX JINIT

Pemag cucremy z(y) = z, y(r) =y, naxonum z° = 7/13, y* = 6/13.

Jlns umciaennoro pemennst cucreMbl BKiudennii (9.1) wacto mpumvens-
eTcsa npouedypa Haugynoearus no Kypno. OHa 3aKII0Ya€TCS B MOCTPOSHIH
MOC/IeTOBATETLHOCTH CTPATETuii:

e X,y eY(zh), 22 € X(y'), v* € Y(2?) u i

Mycrs nocnepoBatenbuoctn crpareruit {z*}, {yF} cxomares coorser-
creenno kK x° u y°. Torma (2°,y°) — curyauns paBHOBecHd, MOCKOMBKY i
(2°,4°) cnpaBeymBa cucrema Brmouennii (9.1) (¢M. JOKA3ATETBCTBO TEOpe-

Mbt 2.2). Onnako nocienosarensuoctu {z¥}, {y*} exonares ne veerna.

Hpumep 9.8. PaccMoTpuM aHTArOHUCTUYECKYIO UIPY
= <X, Y, F(:c,y)>, B KOTODOIi
X =Y =[-1,1], F(x,y) = —2° + 2axy + >,

rie a € (0,1] — mapamerp. @yukuus F(z,y) cTporo BOrHyTa 1O T, CTPO-
IO BBIIIYKJIA 1[I0 Y U UMEET eJuHCTBeHHYIO ceaioByio TouKy (0,0). @yakuuu
HAUTyYIIero oTeeTa Urpokos pasubl z(y) = ay, y(x) = —az. Mycres x! # 0.
Torna mpotieypa HalLyIbiBaHus 10 KypHO TOPOZXKIAeT MOCIe10BATe TbHOCTH
{aF = (—a)* 2!}, {y* = (—a)*2'}, cxonsammecs pu 0 < a < 1 m pacxos-
muecd npu a = 1.

Cremyionuit mpuMep TMOKA3bIBaeT, UTO JJIs1 MOUCKAa paBHOBecus mo H»-
Iy MOYKHO HCIOJIb30BATh HEOOXOAUMbIE YCA0BUS ONTUMAJILHOCTH MEPBOIO
MOPSJTKA.

Ipumep 9.9. Monmenwv dyonoauu. JBe dpupMbl BHITYCKAOT OECKOHEUHO-
JIEJIUMBLI TOBap JIJIst POJIazKi Ha phIHKE. [1ycTh & M iy — KOJIM9IecTBa TOBApA,
BBIIIYCKAEMOT0 NepBOM 1 Bropoil dpupMamu, a 0 < ¢; < ¢ — 3aTpaThl HA €r0
IPOU3BOJICTBO, T.€. Ce0ECTOMMOCTH eIUHUILI ToBapa A1 obenx ¢dbupm. Ilena
toBapa p(x + y) 3aBucuT or 06IIEro Bhimycka x + y. OyHKINH BHIUTPHIIIA
dbupm F(x,y) = (p(x +y) — 1)z u G(x,y) = (p(x + y) — c2)y — npubbLin,
II0JIyYeHHbIE OT PeaJU3alii IPOU3BEJIeHHON POy KIIUH.

ITycTh HeHa Ha TPOLYKIMIO OIPEICIAeTC Mo CIeAyiomeii dopmyre
ple+y)=K/(x+y)* roe 1 > a > 0. Torna MOKHO CUUTATD, YTO
X = [0,(K/e;)Y?], nockonbky mpu x > (K/c;)'/® neppast pupma repnut
yopTrn. Anagormano Y = [0, (K/cy)'/e].

BaMeTuM, 4TO JIs HOJIYYeHHONR UIDbI BBIIOJHEHbI YCJIOBUs TEOpeMbl 9.2
u curyanust pasuosecus (z°,¢°) cymecrsyer. [ycrs 2° > 0, y° > 0. Toraa
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PaBHOBECHbIE CTpaTeruu .TO, yO HaXO0OATCAd U3 CUCTEMBI ypaBHeHI/Iﬁ

K aKx
F/ 0 0 — _ —_—— = 0
l,(x ,y) (xo_|_yo)a €1 (x0+y0)a+1 )
K Kq°
A P S ¥ A"

(20 + y0) 2 (20 + y0)ot1

CKJI&,ZH)IB&H YpaBHEHHUdA, HAXOAUM CHadaJla CyMMY

2 —a)K\ Ve
xo—l—yoz (%) , & 3areMm
1 2
1 2 — a) K\ (atl)/a
) = sy () et 0= s 0= 1),

[Tockosbky 4y° > 0, To HEeobxomumo ¢; + (v — 1)cg > 0. Eciu Boinosineno
HepaBeHCTBO €1 + (a — 1)ep < 0, To neppasi dbupma siBISIETCST Ha DbIHKE
MOHONOJIACTOM ¥ PABHOBECHBIE CTPATErHH HMEIOT BH]I

20 = <—(1 _ Q)K>1/a, yo =0.

&1

BaiitecoBckoe paBHOBecue

ITycre B urpe apyx jun I' = <X, Y, F(x,y,c), F(x,y,c)> dynKIINI
BBIUTDBINIA UTPOKOB F'(z,y,¢) u G(z,y, ) 3aBUCIAT HE TOJBKO OT CHTYAIUH
(,y), HO U OT CJIYUYAHHOrO BEKTOPA mapameTpoB ¢ = (c1,¢y) € C. Ilpeano-
JIOXKUM, 910 MHOZKeCTBO C' KOoHeuno u p(c), ¢ € C' — BEPOSITHOCTHOE PACIIPe-
nenenne na C, n3pectHoe BceMm urpokam. [lycrs Cy — MHOXKECTBO 3HAYCHMI,
NPUHAMAEMBIX TTAPAMETPOM Cj, KOTIa BEKTOP ¢ npoberaer muoxectso C. Ur-
poKy k mepes BHIOOPOM CTpaTerwy CTAHOBUTCH M3BECTHBIM 3HadyeHHe "CBOe-
ro"mapamerpa ¢, k = 1,2. [losromy crparerueii mepBoro Urpoka sBJIseTcs
dyuxnust T : C; — X, a Broporo — dyukuus gy : Cy — Y, MuoxkectBo Beex
taxux Gyuxuuii & 0603nadum depes X, a Gynxuuii § — uepes Y.

Oupeaennm ocpegnennbie GYHKIMA BBIATPHINIA HIPOKOB

= p(OF(&(c), §(0),0), G(F,§) =Y p()G(E(c), §(c), o).

ceC ceC

Onpedenenue. Urpa T = <)~(, Y, F(i,9), G(&, yj)> U CUTyaluuy PABHOBE-
cud B Hell Ha3bIBAIOTCA Oalieco8CkuMU.
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Ipumep 9.10. B nponomxkenne mpumepa 9.9 paccMoTpum MOIeIb 0yo-
noauu ¢ QYHKIHSIME BBIMTpHIIa UIpokoB F(z,y,¢1) = (p(r + y) — 1)z,
G(x,y,c2) = (p(x+y)—co)y u muneitnoit dyuxumeit nensl p(r+y) = a—r—y.
[IycThb cebecTOUMOCTD ¢ U3BECTHA OOOUM HI'POKAM, a ce0ECTOMMOCTD Co TTPEJI-
cTaBageT COOOH CIydafiHyo BeJUYHHY, TPHHAMAIONIYIO 3HAYCHHSA Cy H C3 C
BEPOSITHOCTHIO 1/2. B 9TUX npeaiionoKeHusix crparerus T urpoka 1 siBjiser-
csa dynkuueii-koncranToit u cosnagaer ¢ x. Homoxum y' = g(ch), i = 1,2.

Torna B GaitecoBcKoit urpe (PyHKIUHA BHIUTPHIIIA UTPOKOB UMEIOT BH]L

F(#,9) = (a—x— (yl—;y2> —cl)x,

.1 1
G(:r,y)=5(@-93—91—C§)y1+§(a—w—y2—63)y2-

Haiiniem Gaitecosckyto curyanuio pasuosecus (20, (y°, y°%)) upn
a > 2max|cy, c3, c3]. DyHKIUN HAUTYYIIEr0 OTBETA UIPOKOB UMEIOT BHL

_ 1
¥ (y',y*) = max [a a_Y TV

2 4

O e | R
Pemaga cucremy ypasHenunii
Pyt oy =, g ) =y, i=1,2,

HAaXOJUM CUTYAIHUIO DaBHOBECHA

8
(=)
Il
W
VRS
Q
|
[\
(o)
AR
+
@)
[
|+
¥
M)
N———

1 7 1 1 7 1
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§10. Curyanumum paBHOBeCHUsi B OMMAaTPUIHBIX UI'PAX

[lepeiizemM K CMeIIaHHBIM paclIIpeHusM OuMaTpuduHbix urp [, 3a1aBae-
MBIX MaTpUIaMu

A= (aij)mm, B = (sz)mxn

CMellIaHHBIE CTPATErdd UI'POKOB 371€Ch TaKHe K€, KAK U B MATPUUIHOI urpe:
p € P, g€ Q. OxumaeMble BEIUTPBIIIT UIPOKOB —

A(p,q) = Z Zpiaij%'a B(p,q) = Z Zpibz’jqj'-

i=1 j=1 i=1 j=1

B pesyabrare noayunsin cMenraHHOe paciimpenne OUMaTpUIHON UTPBI

f = <P7Q’A(p7 Q>’ B(pa Q)>

CHTyaIlil PaBHOBECHS UIPHL I GyIeM Ha3bIBATh CHTYAIUSIMU PABHOBECHS B
CMENIAHHBIX CTPaTerusxX (MM CMEMIAHHBIME PaBHOBeCHsiMU 110 Hanry) uexos-
uoit urpwr I'.

MHOKecTBa CMeIIaHHBIX cTpareruii P u () — BBIIYK/IbIE KOMIIAKTLL €B-
KJIMJOBBIX TIPOCTPAHCTB, a byukuuu A(p, q) u B(p, q) 6ununeitnst. [1o Teope-
me 9.2 B urpe I' cymecrByer curyanus paBHOBECHS C CMEIIAHHBIX CTPATErusx
(p°, ¢°). Jlns Hee no onpejie/ieHUI0 BLIIOIHEHBI HEPABEHCTBA

Alp,q") <AW", ¢°) Ype P, B(,q) <B@®",¢") YqeQ.

Paccmorpum cBoiicTBa cuTyaluii paBHOBECHS B CMEIIAHHBIX CTPATErUsIX, aHa-
JIOTUYHbIE CBOMCTBAM PEIIeHU MATPUYHBIX UTD.

Jemma 10.1. Jlps toro urobnt curyamus (p°¢°) Obiaa curyanueit pas-
HOBECHS B CMEIIAHHBIX CTpATErudax OMMaTpU4HON uUrpbl ', HEOOXOIUMO H
JIOCTATOYHO, YTOOBI OBLIO BBIIIOJIHEHO YCJIOBHE

A, ¢°) < A(P°,¢%), i=1,...,m,
B, j) < B(®% ¢, ji=1,..,n.

(*)

Jokasameavcmeo. Heobxomumocts. Ilyers (p°, ¢°) — curyauusa pasmo-
secuga. Torma A(p,¢°) < A(p®,¢°) V p € P. Tlonaraa p = (0,...0,1,0,...,0),
HOJLy YUM HEPABEHCTBA YCJI0BUS (%) jijist MATPUIlbl A. AHAJOIHYHO BBIBOISTCS
HEPABEHCTBA I MaTpUIbl 5.
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JTocrarounoctsb. ITycrs curyanus (p°,¢°) yuosnersopsier yciaosuio (k).
Bo3bMeM TPOU3BOILHYIO CMEMIAHHYIO CTPATETHIO P IIePBOr0 UIPOKA, TOMHO-
xxum Hepapencrsa A(i, ¢°) < A(p°,¢°) ma p; u cnoxkum ux. B pesyasrare
nomyuum HepasencTso A(p, ¢°) < A(p°, ¢°). Amanormuno, g moboi cme-
MIAHHON CTPaTernu ¢ BTOPOTO UTPOKA CIIPaBeIINBO HepaBeHCTBO

B(° q) < B(p°,¢°). m

Teopema 10.1 (cBoiicTBo momosHsiomeil HexkectkocTn). IlycTs
(p°,¢°) — curyauus paBHOBecHs B CMeMIaHHBIX CTpATerHsX GHMMaTPHYHOM
urpsl I'. Tormoa

Dp)>0 = A, q¢") = A", ¢°);

2) ¢} >0 = B(p"j) =B, ).

Jlokasameavcmeo. Jlokaxkem yrBepxkaerue 1). TIpeamnonoxum, 4ro jiis
nexoroporo i1 p) > 0 u A(iy,¢°) < A(p°,¢°). B ycaoBun (x) xazjoe
nepasenctso A(i,q°) < A(p° ¢°), i = 1,...,m ymHOX)HUM Ha P) U COKUM
ux. [ToCKO/IbKY 71-e HepaBeHCTBO coxpanuTced crporuM, noayunM A(p?, ¢°) <
A(p°, ¢°) (mporuBopeune). YTBepzaenue 2) T0KA3bIBACTCA AaHATOIHIHO. Il

Cnedecmeue. Tycrs (p°, ¢°) — curyanus paBHOBecHs B CMeNIAHHBIX CTpa-
rerusgx oumarpuanoil urpsl ['. Torma

1) Ai,¢") < A, ¢°) = p} =0;

2) B(°,j) < B®",¢") = ¢} =0.

Teopema 10.2. /T1a Toro uro6wr curyanus (p°, ¢°) Guta curyarmeii pas-
HOBECHUS B CMENIAHHBIX CTPATErusix OMMaTpudHoil urpsi [', HeoOX0UMO U J10-
cTaTOuHO, 9To0HI Hamauch MEOKecTBa X C X, YO C Y u uncaa vy, vy, A1s
KOTOPBIX BBIITOJTHEHBI YCIOBUS

’Z(Zij(]?zUl ViEXO,
jEYO
) aijq; < v Vig X, (10.1)
jEY
P =1>0 VjeY"
\jeY?0
ZP?%‘:UQ VijeY?,
i€X0
> pibi; < v VjgY?, (10.2)
i€X0
S p¥=1,p) >0 VieXO
L i€X0
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Joxazamenavcmeo. Heooxoaumocts. ITycrs (p°, ¢°) — curyanus pasnose-
cus. Honoxum vy = A(p°, ¢°), va = B(p°, ¢°),

X={ieX|p!>0}, Y'={jeY |q >0}

Yeaopust (10.1) m (10.2) Boitekator n3 gemmvbl 10.1 u reopemsr 10.1.
Jocrarounocts. [ycers aua curyanun (p°, ¢°) Bermonuenst yenosus (10.1)
u (10.2). [TokazkeMm, uTo Torma meodbxommmo A(p°, ¢°) = vy. HeitcTBuTebHO,

w3 (10.1) )
Z aiqu = Z&Z]q;) = U1 VZ € XO.
j=1

JEYO

YMHOKas 9TH papeHcTBa Ha pY, 1 € X0 M CKIaIpBasg X, MOJTY UM
A(p°,¢°) = v1. Amanormuno noxasmisaercs, aro B(p?,¢°) = vy. [To memme
10.1 (p%, ¢°) sBnsercst curyanueii pasuosecus. W

Ynpasncruenue 10.1. Jlokaxkute, 9To B urpe [' ¢ maTpunamn

A:

S =N

0 1 1
2 0|, B=|[2
1 2 0

N = O
— O N

CYIIIeCTBYET eJMHCTBeHHOEe paBHOBecwe 1o Hamry
(r°,¢") = ((1/3,1/3,1/3),(1/3,1/3,1/3)).

Cdopmyaupyem yeiosue, obecriednsaioriee pasencrso | X0 = YO
B srom caygae marpunpt cuctem (9.7) u (9.8)

A = (a;5)iexojeyo, B = (bij)iexojeyo
ABJILAIOTCAI KBaLLpaTHbIMI/I.

Onpedesenue. Tosopar, uro cucrema sekTopos a'V € E™, i € X0, | X0 >
m + 1 uMeeT marcumanonuiti apdumnrod pane, eciu HajiyTca TaKoit HoOMep
ip € X° m takoe MuoxkecTBO X1 C X° 4y ¢ X! |X!| = m, uro BekTOpHI
a® — a0 € X' numeitno mezasucumbl. Hanpumep, mpn m = 2 cucrema
TOYeK Ha IJIOCKOCTH TOLAA U TOJIbLKO TOIa IMeeT MaKCHMaIbHbIA alp(pUHHBII
paHT, KOrga TOYKH HE JICZKAT Ha OJTHOU TPAMON.

Onpedeserue. Toopst, uro marpuna A (Marpuna B) HaxoaurTest B obuyem
NOAONHCEHUY, €CTU CHCTeMa CTPOK (cToabror) oboil ee mogMarpuibl A =

'MnoxectBa X° u YO comepaT paBHOe YHCIIO 3I€MEHTOB.

105



I'JTIABA II. NT'PHI IBYX JINIT

(aij)iexojeyo ¢ |X°| > |V (mogmarpuipt B = (bij)iexojeyo ¢ |XO < YY)
uMeeT MaKCUMaJIbHbIH adpunnbil pamr.

OrmeruM, 9TO 11 JIIOOBIX ABYX Marpul, A u B HallyTcs CKOIb YIOIHO
no3jeMeHTHO Osim3kue Marpuilbl A’ u B’) 11t KOTOPBIX BBITIOJHEHO YCJI0-
BUE OOITHOCTH MOJOYKEHUsI. DTO YTBEPKJICHNE MOXKHO J0KA3aTh, UCIOIB3YSI
HEIPEPBHIBHOCTH OMPEIETUTE/IsI MATPUIIHI KAK (DYHKIIUH €€ 3JIeMEHTOB.

Teopema 10.3. Ilycts marpunsr A u B urper ' Haxomsarcs B obimem
nonoxkenun. Torjga st aroboti cutyamun pasuosecus (p°,¢°) B cmemanubix
cTpaTerngx HaiimyTcda Takme MHOkectBa X° C X, Y0 C Y u Takme umcia
v1, Vg, 9TO BeIMOMHEHB! yeaosus (10.1), (10.2) u | X°| = Y.

Joxasameavcmeo. Iyers (p°, ¢°) — npoussonbhas curyanus paBHOBECHs!
B CMEIIaHHbIX cTparerusax. lorga mo teopeme 10.2 HaiiayTcd Takue MHOXKe-
crea X° C X, Y° C Y u makue uucna vy, ve, 4T0 BhIOMHEHB! yeaosus (10.1)

1 (10.2).

oxaxem, aro | X°| = Y. [Ipeamonoxnm, uto | X°| > |Y°|. Pacemorpum
nommarpuny A = (a;j)icxo0jeyo, OTBedatonyio cucreme ypapuenuii (10.1).
13 ycnoBus OOMIHOCTH MOJIOKEHHS HafiayTcd Taxoit momep ig € X u Taxoe
muokecTBo X1 C X0, 49 ¢ X', | X! = |V7], uro marpuna (a;; — aiyj)iex1jeyo
— HEBBIPOXKIeHHA.

13 (10.1) moayvgaeM cucTeMy ypaBHEHHIA

Z(&Z’j —aioj)q? =0V:e Xl,

JEY?O

IMEIOTTYIO HYJIeBOe peleHue q;-) =0, j € Y% u9To mpoTHBOPEUNT PaBeHCTBY

> =1

JEYO

AHaJIorHYHO MPUXOIMM K NPOTHBOPEUNIO, npe/nonaras, uro | X0 < [YO].
[ |

YeaoBue OOIIHOCTH MOJIOXKEHHs 11t MaTpull, A u B TpyaHO IpPOBEPHUThH.
Orka3aBUINCH OT HEro, MOXKHO MOJIYYHUTh YTBED:KICHHE, Dojee caaboe, dem
Teopema 10.3.

Teopema 10.3’. B m1060ii Gumarpuanoit urpe I' aasa nexomopoti curya-
nun pasrosecus (p¥,¢) B cMeIIaHHBIX cTpaTerusx HaifyTcs TaKue MHOMKe-
cra X° C X, Y° C Y u takue uuc/ia vy, vy, 4To BhIIOAHEHB yeaosus (10.1),
(10.2) u | X° = |Y].

Zoxasameavcmeo. ng marpun, A u B HalinyTcs TaKue IOCTIeI0BaTeb-
noctu marpui, { A}, {B¥} yaosiersopsomux yeiosuio o61mHoCTH 10107Ke-
nus, uro nosementno A¥ — A BF — B.
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BosbMeM mocsieoBaTebHoCTb cutyanuii pasnosecus {(pF, ¢F)} urp T ¢
marpunavu A* B¥ Tlo teopeme 10.3 HaifyTcs Takne MHOMKECTBA

XFC X, Y*CVY uaucna vf,v§, uro | X*| = |Y*| u Bemonnens! yciopus
Zaz’ij:U1 Vie XF, prbfj: K VieYvYr,
JEY® ieXxk
> ayq; <vf Vig Xt 83 piby < Vjg¢Yr
JEYF ieXk
Sdh=1,¢r>0 Vjievk | Xpi=1p;>0 ViecX"
\jeYk \ie Xk

Bes norepu o6muOCTH (BBIAEIsIS COOTBETCTBYIOININE TOAIOCTEI0BATEIHHO-
cru) MoxkHO cuntath, 9To pF — p¥, ¢F — ¢ w X*¥ = X Y* = YO npn
Beex k. [lepexo/isa B moCaeTHUX YPABHEHUAX U HEPABEHCTBAX K MpPeJesTy MpU
k — oo, monyunm ycaosus (10.1),(10.2) ang ememannbix crparernit p°, ¢°.
ITo reopeme 10.2 curyamus (p°, ¢°) 6yaer pasnosecuem 1o Hanry. W

PacecmoTpuM agropurs MoucKa CUTYaIUi DABHOBECHSI B CMEIIAHHBIX CTPar-
terusx. [lepebupaemM KBaJipaTHbIE MOJIMATPHUILBI

A= (aij)iGXOjEYoa B= (bij)ieXOjeYU

u pemraem cucreMsr ypasuennii uz (10.1),(10.2). Ecin pemrenust stux cucrem
p), i€ X% vim q?, j €Y", v, yI0BAETBOPAIOT HEPABEHCTBAM U3 YCIOBHIT
10.1 u 10.2, To, mobasasa xkomnonentsl p; = 0, ¢ ¢ X° ¢; =0, j & Y°,
noryunMm curyanuio pasuosecust (p°,¢°). 13 teopembr 10.3’ BbITeKaer, uTO
yepes KOHEYHOE UHCIO IAr0B aarOPUTM IPHBOAUT K CUTYAIIMUA PABHOBECHUS.

[TponsutocTpupyeM paboTy aaropuTMa JiJisi UIP ¢ MATPUIAMEU PA3MEPOB

2xXn:
@11 - QAip by -+ by
(am e azn) ’ (521 T b2n)

B nannoMm ciydae cMmeraHHasi CTpaTerus MEepBOr0 MTPOKA UMeeT BUJ p =
(p1,1—p1), tae 0 < p; < 1. [lepebuparh HYKHO 2 X 2-mogMaTpuIlbl. Kaxnas
W3 HUX 3aJ1a€TCsl HOMEPAMHU JIBYX CTOJOIOB j1, jo. SamumieMm cuctemy (10.2)

p?bljl + (1 - p(l))ijl = Uy, p(l)bljz + (1 - pcl))b2j2 = Uz,
Pibij + (1= pDboy < vy Vj # 1, ja, 0<p) < 1.

Ecnm sta cucrema HecoBMecTHa, TO TepeijieM K JApyroit mape ji,jo. BEcam
pemenue p?, v cucremsr (10.2) cymectsyer, To pacemorpuM cucremy (10.1)

a1, q" +a,(1 —q*) =v1, ag5,¢" +a,(1—¢")=v, 0<¢" <1
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[Tycrs cymecrsyer ee pemenue! ¢*, vy. Onpeneanm crpareruio

q, J =71
o) =1—¢q", j=7a,
Oa j?éjlvj%

u curyarus (p°, ¢°) 6yaer cvemannbiv pasHosecuem 110 Hamry.

31ech alropuTMy MOYXKHO JATh T€OMETPHICCKYIO HHTepuperanuio. Ha or-
peske 0 < p; < 1 crpoum mpsimble [;(p1) = byjpr + boj(1 —p1), j = 1,...,n.
Touxku nznoMa BepxHeil orubaloleil ceMeiicTBa HPAMBIX [; COOTBETCTBYIOT
napam ji, j2, JJis KOTOPBIX CyliecTByer perenue pY, vy cucrembr (10.2). Tlo-
3TOMY MOCJIEI0BATENbHO nepebupaeM TOYKH BepxHel ormbaiomeii n pemaem
cucremy ypasaennii u3 (10.1) ¢ nposepkoii Hepapercts 0 < ¢* < 1.

IIpu n = 2 06e marpunsl A u B mMmeroT pasmepsl 2 X 2. B sTom ciydae
npsivbie [1(p1) = by1p1+ba1(1—p1) w la(p1) = biap1+b22(1—p1) TOTTA U TOABKO
Torya nepecekaiorca B Touke 0 < pl < 1, Korua BHIIOIHEHO HEPaBEHCTBO
(puc. 10.1)

(b22 — 621)(1)11 — blg) > 0. (103)

0 A

Puc. 10.1

Ecan cronbipl MaTpuiisl B (1 COOTBETCTBYIOINIHE MpsiMble [ 1 [3) He COB-
1aJAT0T, TO KOMIIOHEHTBI CMeIanHo# crpaTeruu p°, yAOBIeTBOPIONeH ch-
creme (10.2), MOXKHO 3amucaTh B SBHOM BUJIEC

0 622 - 621 0 bll - b12
b1 = y Do = .
b22 - b21 + bll - b12 b22 - b21 + bll - b12

(10.4)

!B mpoTHBHOM CIydae TepexoauM K APYroi mape ji, jo.
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Ha cucremsr (10.1), n3 KOTOPOH BBIYUCASETCS CMEIIAHHASI CTPATEr s BTO-
POTO UI'POKA, BCE PACCYKJIEHUS MPOBOAATCH aHAJOTMYHBIM obpazoMm. B pe-
3yJbTaTe Mbl MOJY4YHM CJleJylollee ycJoBUe Ha MaTpPHUIy II€PBOIO UIPOKA,
obecrednBaorniee cyecTBoBanue pemenus cucremsl (10.1):

(a22 — a12)<a11 - agl) Z 0. (105)

DTO YCI0BUE MOXKHO BBITHCATH U CPa3y, UCXOIS U3 CJIETYIONINX COOOpazKe-
HUIi: HAJI0 3aMEHUTH BTOPOrO UI'POKA MEPBBIM M Y4YeCTb, YTO BTOPOI UTI'POK
BBIOMpAJ CBOM CTPATEruu MO CTOJAOIAM, & TEePBbIi BHIOMPAET UX MO CTPOKAM.
[TosTOMYy, 9TOOBI BBIMHCATH YCIOBHE CYIIECTBOBAHWS PeIlleHUs, HAJO BbIIHU-
carb yeiosue (10.3), 3aMeHUB OJIHY MATPUILY HA APYTYIO, 4 CTPOKU Ha CTOJIO-
1el. Ecau cTpoku MaTpuiisl A He COBIAJAIOT, TO KOMIOHEHTH CMEMIAHHON
crpareruu ¢°; yposaersopstoueii cucreme (10.1), MOXKHO 3anUCaATh B ABHOM
BHJIE

0 __ A22 — Q12 0 __ ail — a2
q = y 4o = .
Q22 — G12 + Q11 — G21 Q22 — G12 + Q11 — G21

(10.6)

IIpumep 10.1. Monenb TeXHHIECKOTO KOHTPOJS 38 Ka4eCTBOM ITPOIYKITHH.

3aBoj1 BBIMycKaeT apToMoomtn maptuaMu 1mo 100 mTyk. 3a KakKIyio aB-
TOMAaIIUHY 3aBOJI, MOJAyYaeT OT KOHIepHa 1.3 eJ. OIIaThl, U3 KOTOPHIX 1 e,
COCTaBILAIOT MpeMuaabable, a 0.3 e/1. mpeHa3HAYeHbl s ONepannuii TeXHu-
geckoro koutposst (OTK). BaBozg (urpok 1) MOKeT BBIILYCKATDh TAPTHUIO ABTO-
mobmeit inbo ¢ OTK (crparerus 1), iu6o 6e3 OTK (cTparerus 2), yBeaudu-
Basi CYMMY NpeMHUaJIbHbIX. [Ipr ucno/ib30BaHuy MEPBOI CTPATETHH UTOTOBAS
CcyMMa TpeMHAJIbHBIX, NMOJYYeHHAas 3aBOJIOM 3a MapTuio, coctasyiser 100 en.,
TIPU UCTOJB30BaHUU BTOpOit cTpaterun — 130 es.

C mespio YMEeHbIIEeHUs TPOM3BOJICTBEHHOI'0 Opaka KOHIEPH PeIId IMpH-
BJIeYb HE3aBUCUMYIO (DUPMY, OCYIIECTBISIONYIO TEXHHIECKUN KOHTPOIb 3a
KaduecTBOM mpoayKiuun. CTOMMOCTb TTPOBEPKH aBTOMOOWMISA /st (PUPMBI CO-
crapasger 0.12 ex. Ecomm OTK 3aBomom #e mpoBoauTcs, TO aBTOMOOUIH HENC-
IPaBeH ¢ BepOATHOCTHIO 4/5. B ciiydae oOHApY KeHHs HEHCIIPABHOCTEH 3aBOJT
00s13aH UX YCTPAHUTD, 3aTpaTuB 0.3 e11., ¥ 3alJIaTHTh JOMOJTHATEIHLHO (PUpMe
0.2 ex. w3 cBoux mpeMuaabHbiX. Pupma (MIPOK 2) MOXKeT JUOO MPOBEPUTH
napruio (crparerusi 1), subo 0TKA3aThCsI OT ee MPOBepKH (cTparerus 2).

Boiurpbiiiem 1mepBoro UIrpoka SBJISETCH OXKUJIaeMas CyMMa [peMUuaJib-
HBIX, MOJIYYeHHAs 3aBOJIOM OT KOHIIEPHA 33 HAPTHIO aBTOMOOUJIEH C y4eToM
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n3aepxek Ha OTK u Bo3mokubIx BhILIAT (hupme. Boiurpeiiiem BToporo ur-
POKa ABJIACTCS OXKHUJIaeMast CyMMa BBITLIAT, MOy YeHHBIX OT 3aBOJIa IIPU MPO-
BepKe MapTUU aBTOMOOWJIENl ¢ y4eToM 3aTpaT Ha 3Ty MpoBepKy. Bormurmem

MATPHUIIBI UTDBI
100 100 —12 0
A= (90 130)’ B_( 4 0)'
Hanpumep, ecim 3aBoa He mposoautr TK, a dupma npopepsier mapTuio, TO
cpenune npemuaababie pasubel 100(0.8(4/5) + 1.3(1/4)) = 90 exn., a oxuiae-
Mast TprObLTL bupmbl coctasut 100(0.08(4/5)—0.12(1/5)) = 4 ex. Herpyamo
BHJIETh, YTO B JAHHOH HIPE He CYIIeCTBYET CUTYAIMH DABHOBECHS B YHCTHIX

crparernsax. Yeaosust (10.3) u (10.5) BBIIOTHEHBI U CHTYAINIO PABHOBECHS
maxoauM 1o dbopmyaam (10.4) u (10.6)

(#”,4°) = ((1/4,3/4), (3/4,1/4)).
Pasnosecunie crparernn p° n ¢° MOryT 6BIThL peanm3oBanbl B Bujae "dbusn-
Jeckux cMmeceit': mepBbiit urpok "momken'"25 aBroMoOHIel KaykIoi mapTHH
BoinyckaTh ¢ OTK, BTOpoit UIpoK m0TKeH NMPOoBepsaATh Mo 75 aBTOMOOMIeiH

KaxKJI0i napruu.

IIpumep 10.2. IlycTh

I3
| | P

Puc. 10.2

Baeck l1(p1) = 3p1, la(pr) =2, I3(p1) = 3(1—p1). [lepsas rouka Bepxueit
orubatorieil ( nepecedenne UpAMBIX lp U I3 Ha puc. 10.2) umeer abcruccy
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p{ = 1/3. Paccmorpum cucremy ypasnenuii uz 10.1
45+ 5(1 —q*) = vy, 24"+ (1 —q%) = vy.

13 mee naxoaum ¢* = 2 > 1, 9T0 HEBO3MOXKHO. [lepexoquM Ko BTOpO#l TOUKe
orubaroreil, jexkalei Ha mepecedeHnn NpsaMbiX [ u [, OHa mMeeT abCIuccy
P} = 2/3. Cucrema

2" +4(1 —q*") =wvy, 44" +2(1 —q*) =,

umeer pemenne ¢ = 1/2 vy = 3. [losromy
®" ¢") = ((2/3,1/3),(1/2,1/2,0))

— HCKOMasd CUTYyalliusd paBHOBECHUA B CMEIIaHHBIX CTpAaTCIrUAX.

OrmeTnM, 9TO pacCMaTPUBAEMBIN aJTOPUTM He BCEr/a TPUBOJIUT K HAXO-
KJEHAIO BCeX CUTyalnil paBHOBECHSI.

Hpumep 10.3. Ilycrn

(o3

Bnech nepecedenue npambix | 1 lo gaer crparernio p° = (1,0) ¢ mynesoit
KOMITOHEHTOH (BBIPOKACHHBI corydaif). Perrast cucremy ypasnenuit u3 (10.1),
maxoanMm ¢ = (1/2,1/2). Tlony4yennas CUTyanus paBHOBECHS HE €IHHCTBEH-
ua. JeficrBurenpno, 3anumem ycaosue (10.1) qrs crparernn

(¢*,1 — ¢*) BToporo urpoka ¢ y4ero™m CBOHCTBA JOMONHSIONIEH HEZKECTKOCTH

1—q¢" =v, ¢ <v, 0<¢" <1,

Orcroga 0 < ¢* < 1/2. Takum 06pa3oM, B JIJAHHOM IIPUMEPE HOJLY YHJIU HEeJIbIiT
orpesok curyanuii pasaosecus {((1,0), (¢*,1 —¢%)) | 0 < ¢* < 1/2}.

JList UTphl ¢ MaTPUIAMHU PA3MEPOB 3 X 3 MOUCK CMEITaHHBIX PABHOBECHUI
o Hsmry y2ke Tpebyer J0CTATOYHO OOMBIIOro nepedopa BCeBO3MOMKHBIX MOJI-
MaTPHIL KCXOAHBIX MaTpull A u B. OJIHAKO B HEKOTOPBIX CJIydasiX, 00CyzK1a-
eMbIX B CJIEJYIONUX JABYX naparpadax, 9ror mepedop MOKHO 3HAYUTEIHHO
COKPATUTh.

Booane cMmentanHoe paBHOBeCHUE

Onpedenenue. CUTyalmss paBHOBECHSI HA3BIBACTCS BNOAHE CMEULGHHOT,
€CJIM BCE YUCThIE CTPATErMU MCHOJb3YIOTCH C MOJOXKHUTEJIbHBIMUA BEPOSTHO-
CTAMM.
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B obmux npeanonoxenusix (s "mourn 1060i GumarpuaHOR urpbr')
BIIO/JTHE CMEIIIAHHOE PABHOBECHE MOXKET CYIIECTBOBATDH, TOJIBKO €CIAN 1M = M.
DTO UHTYUTUBHO MOHATHO: T HAXOXK/ICHHA CMEITAHHON CTpaTerui BTOPOro
UI'POKA, B KOTOPOH BCE KOMIIOHEHTBI OTJAUYHBI OT HYyJsI, TpeOyeTcs pPeIuTh
cucremy ypasuenuii uz (10.1), cogepxamiyto m + 1 ypasaerue ¢ n + 1 Hens-
BECTHBIM (YHCIO 97€MEHTOB BO MHOXKECTBE Y ILIIOC €Ile OJHO HEeH3BECTHOE
v1). CremoBarenbHO, JJisl CYIIECTBOBAHUS DEIICHUS JOJKHO BBIIOJHATHCS
ycaoBue n > m. AHaJIOrMYHO, CMeIaHHasi CTPATErnsl NEPBOI0 WTPOKA, Y10~
BJIeTBOpsieT cucTeMe ypaprenuit u3 (10.2), comepkamieii n + 1 ypaBHeHue c
m + 1 HeU3BECTHBIM, U JIJIsI CYNIECTBOBAHUS PEITEeHUsT JTOZKHO OBITH M > n.
B pesyabrare mosydaem, 9To JJisl CyIIECTBOBAHUs PELIEHUs] 00EUX CHUCTEM
JIOJIZKHO OBITH M = N, eciin 00e CHCTeMbl HEBBIPOXKIEHHbIE.

Boinummewm s Brosnne cMemannoro pasuosecus (p°, ¢) cucrembl ypas-
mernnii u3 (10.1) u (10.2) B MaTpuanoM BHIE

AqU = V1€, <q07 €> = 17 pOB = Vg€, <p07€> = 17

rie e =(1,..,1) € E™.

Ananormunsie cucremsl (5.3) u (5.4) cnpaBeIUBLL /I KPAfHUIX ONTH-
MAJIBHBIX CMEIAHHBIX crpareruit u3 5. (Tam ke ¢M. u cmocobd HaXOXKIEHHUs
pemenust 3rux cucrem.) Ilycrs marpunpst A u B — nesbipoxaennsie. Torja

o Ale o 1
¢ = <A—1e,e>7 e <A_1e,e>’
o eB7! e 1
p= <eB—1,e>’ 2T <eB—1,e>'

JdoMuHUpPOBaHNE B OMMATPUYHBIX UI'PAaX

IIpu moucke curyamuii paBHOBeCHS B OMMATPUYHBIX HI'PAX MOYKHO HUC-
OIb30BATh JOMHUHHPOBAHUE CTPOK MATPHUIBI A 1 cTOIOIOB MaTpubl B.

Onpedenenue. Bynem ropopurthb, 4ro B OuMaTpudHoii urpe I' crparerus
IEPBOTO HIPOKA i1 CMPO20 JOMUHUPYEM CTPATETHIO ig (i1 > i9) HA MHOXKECTBE
Y CY, ecnu a;,; > a;,; Vj € Y._BygeM TOBOPHTD O CAGDOM QOMUHUPOBAHUL
(il i iz), eCcJin ailj 2 am VJ € Y

[To cMblic/ly IpU CTPOrOM JIOMUHUPOBAHUM CTPATErUusd 49 IPUHOCUT EPBO-
y pat
My UTI'DOKY OO/MBIINI BBIUTPBIIIL, Y€M CTPATEIrus o, KaK Obl HU HI'DaJ BTOPOi

112
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UT'POK, UCIOJIB3Ys CTPATEIUU U3 MHOXKECTBA, Y . AHAJIOTMTIHO BBOSITCS TIOHSI-
THS CTPOTOTO U CJIADOT0 JIOMUHMPOBAHUA JIJIA CTPATETHil BTOPOTO UTI'POKA.

Onpedenenue. Bynem ropoputhb, 4ro B OuMaTpudHoii urpe I' crparerus
BTOPOT'O UT'POKA jJ; CTPOTO JTOMHHUPYET CTPATErHIO jo (J1 > Jo) HA MHOMKECTBE
X C X, ecin by, > bij, Vi € X. Byjiem roBoputhb 0 ¢J1a60M JOMUHUPOBAHUY
(j1 > Jjo), ecm by, > by, Vi€ X.

OnpesestuM npouedypy nociedo8amesvHo20 UCKAOUEHUA CMPO20 JoMU-
HUPYEMBLT cmpamezudi. DTa MPOIeaypa COCTOUT B IMOCTPOCHUN JIBYX IOC/IE-
JoBaTeabHOCTEH BJIOXKEHHBIX MHOXKecTB X = X7 2O Xy 2O -+ DO X, u
Y=Y12Y;D .- DY, Ilpusrom gnsa [ =1, ...,k — 1 BbIIOJHEHBI CJI€/1YIO-
e yCIOBHUS:

Vig € Xl\Xl—H di4; € Xig1: 11 =19 HA Y]

Vie€eY\Yi1 351 €Yyt j1 = joma X,

Ms1 onrca s nporneaypy mocae 0BaTeIbHONO NCKII0YeHUs cTpaTeruii (hop-
MaJibHO. [locMOTpHUM, KakK 9Ta MpoIeypa OCyIIeCTBAIeTCS Ha IPAKTHUKE.

[MTar 1. 3 muoxects X = X; u Y = Y] crpoum muO)KecTBa Xo 1 Ys. [l
9TOrO BBHIKHIBIBAEM M3 MHOYKECTBa X; BCE CTPOTO JOMUHHUPYEMbIe HA MHOMKE-
CTBe Y; cTpaTeruu, T.e. Mbl HIIIeM TaKHe Napbl CTPATETUi 11, 29, YTO CTPOKA, i1
O3IeEMEeHTHO OOJIbIIe CTPOKH iy B Marpuue A : a;; > ai,j, j =1,...,n. Bo-
YEePKHUBAEM BCe TaKue HAlJIEHHBbIE CTPOKH iy B 00EMX MATPUIAX. AHAJOIHIHO
HIEM CTOJOIBI jo B MaTpuile B BTOPOro MIpOKa, KOTOPhIE CTPOTO JTOMHHI-
pyloTcd ApyruMu croaonamu ji o by, > byj,, @ = 1,...,m. Beruepkusaem Bce
TaKue JOMHUHUPYEMbIE CTOOIBI Jo U3 006enx MaTpuil. IIpeamnonoxum, 9To HaM
VJAAJIOCh BBIYEPKHYTH XOTs Obl OJHY CTPOKY HJIH cToJ10el. Toraa mepexoaum
K mrary 2.

[[Mar 2. ITocyte BbIYepKHUBaHHSI CTPOK U CTOJDIIOB HA IIEPBOM IIAre MBI
MOJIVIIIN PEIYIUPOBAHHBIE MATPHIIBI, B KOTOPBIX MHOYKECTBO CTPOK — Xo,
a MHOXKeCTBO ¢TosionoB — Ys. Ilpu srom mbo Xy # Xq, smmbo Yo # Yy, smubo
00a MHOXKeCTBa HE COBHAJAIOT ¢ MpeaplaymuMu. MozKeT HOJydnThCs Tak,
9TO B PEAYIIMPOBAHHBIX MATPUIIAX OKAYKYTCs HOBBIE JTOMHHUPYEMbIE CTPOKH
1 cToNONB. BhryepkuBaeM UX U HEPeXojuM K CJIEIVIOMEMY IIary.

N tax nasee. I[Ipomozkaem mponeaypy J0 TeX MOop, MOKa He BbIUYepPKHEM
Bce, 4TO MOKHO. HuzKe 10Ka3aHo, 4TO IPHU 3TOM COXPAHSIOTCS BCE CMEIaH-
Hble paBHOBecHs 1o Hamry.

Onpedenenue. Byaem ropoputb, 4T0o MHOKECTBO Z = X XY cTporo gomu-
HUpyeT MHOKecTBO Z = X X Y (Z > Z), ecin OHO TOJYYEHO U3 MHOKECTBA
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Z TOCJAe0BATEILHBIM UCKJIIOYEHHEM CTPOTO JIOMUHUPYEMbIX CTPATeruii, T.e.
B ONMUCAHHOl BT poreaype X = X, Y = Y). Byjaem rosoputs o caabom
JTOMHHHPOBAHUE (Z = Z), ecllm MHOXKECTBO Z HOJYYeHO U3 MHOXKeCTBa 7
NOCTIeI0BATETbHBIM HCKJIIOUeHneM cJ1ab0 TOMAHUPYEMBIX CTPATETHIA.
PaccMoTpuM moHATHE TOMUHUPOBAHUS B CMENTAHHBIX CTPATETHUSIX.

Onpedeaenue. Byaem roBOpUTh, YTO CMETIAHHAS CTPATETHS P CTPOTO J10-
MIHEPYeT THCTYIO CTPATertio i Ha Muoxectse Y C Y (p = 1), ecan
A(p,j) > ay; ¥V j € Y. ByseM roBoputh 0 ¢1aboM JOMUHUPOBAHUE HA MHO-
xecrse Y CY (p = i), ecim A(p,j) > a;; VjeY.

Ananoruvduo onpejessgercs JOMUHAPOBAHHE B CMEIIAHHBIX CTPATErHIX
BTOPOT'O UT'POKA.

Kaxk nckath cTporo 1oOMUHUPYEMYIO CTPATETHIO!

IIpumep 10.4. Pacemorpum urpy I' ¢ maTpumamn

—4 0 2 4 4 4
A= 4 -1 7], B=[-1 3 1
—5 3 0 —4 -2 1

Haiiném B KaxkaoM cTosib1e nepBoii MaTpuilbl MaKCUMAaJIbHBLI seMeHT. Ecin
MAaKCAMYM €JUHCTBEHHBIII U CTOUT B HEKOTOPOH CTPOKE, TO OHA HE MOXKET
OBITH cTporo gomuHupyemoii. CiaegoBaTeIbHO, CTPOro JOMIHUPYEMOMH MOYKET
OBITh TOJILKO IEpBasi CTPOKa. B 4uCTBIX cTparerusix JJOMUHUPOBAHUS HET.
Hcceayem 1OMHHUDOBaHUE B CMENIAHHBIX CTparerusix. BozbMéM BTOPYIO 1
TPeThio CTPOKH ¢ Ko dunuentamu 1/2. BuaHo, 910 918 KOMOHHAIWST CTPOTO
JOMUHHUPYET MEPBYIO CTPOKY.

Breiém nousatis JOMUHUPYIONUX MHOXKECTB JIJIsi CMEITAHHBIX CTPaTEerwil.

Onpedeserue. Byzer TOBOPHTD, ITO MHOKECTBO Z = X X Y cmpozo do-
Munupyem MEOKecTBO Z = X X Y B CMeIIaHHHIX cTparernax (Z = Z), ecin
OHO HOMYYeHO W3 MHOXKECTBa ./ IOCIeJI0BATEIbHBIM HCKIIOYEHHEM CTPOrO
JTOMHHHPYEMBIX 110 CMEIaHHOMY JOMHHUPOBAHHUIO CTPATErnil, T.e.

ZZZkCZk_l C---Ch=4, Zi=X;xY, l=1,...k,

U BBITIOJHEHBI YCI0BUS

Vie X\Xiy1 dpeP:p=inay, p;=0Vsé¢ X;q;

VjGYl\n+1 dge@: q>jua X, quOVk}¢YZ+1.

ByeM roBoputh, 4T0 MHOXKECTBO Z = X X Y €Aa00 0oMUHUPYem MHO-
xKecTBo Z = X X Y B CMeImaHHBIX cTpaterusx (Z = Z), eclli OHO TIOTy9IeHO
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U3 MHOYKECTBA Z MOCAEJ0BATEIbHBIM HCKJIIOYEHUEM CJI1a00 JJOMUHUPYEMbIX
110 CMETTaHHOMY JTOMWHUPOBAHUIO CTPATETui, T.e.

=0, CIlu1C---CZi=2, Zy=X,xY,, l=1,..,k,
U BBLIIIOJHEHBl YCJIOBHUS

Vie X\Xiyy dpeP:p=inay, p,=0Vsé¢ X, q;

VieY\Y 3qeQ:g=jua X, qg=0Vk¢Y..

Kak cBsa3anbl pa3Jn4dHble OTHOIICHUA ,HOMI/IHI/IpOBaHI/IH?

CTpPOroe JTOMUHUPOBAHHE CTPOroe JIOMUHHPOBAHUE
=
B YHUCTBIX CTpaTernudax B CMEIIIaHHBIX CTpaTerudx
Y Y
caaboe JJOMUHUPOBAHUE caaboe JJOMUHUPOBAHUE
=
B YUCTBHIX CTpaTETrudAxX B CMEIIIaHHBIX CTpaTerudx

Bepunémca k npumepy 10.4 n nmaiiném goMmuHupyionme MHozxkectsa. [lep-
BYIO CTPOKY MbI BBIYEDKHYJIM, TaK KaK OHA CTPOrO JOMUHHPYEMa KOMOW-
Halnpel BTOpPOit M TpeTbe#l cTpok. Pacemorpum BTOPYIo MaTpuity. MoxKHO
3aMETHUTD, YTO MePBLIi CTONOEI] CTPOro JOMUHHPYETCs, HAIIPUMED, BTOPBIM
crosibriom. CrenoBaTeIbHO, MEPBBIN CTOIOEI MOYKHO BBIYEPKHYTH. [lomyda-
€M, 4TO
(2,3} x {2,3} = Z.

Tenepp chopmyupyeM TeopeMy O CBA3UM HCKIIOYEHHS JTOMUHUPYEMBIX
CTpaTeruii W MOWCKA CMeNIaHHBIX paBHOBecuii mo Hamry.

Teopema 10.4. 1) ITycrs muO)kecTBO Z = X X Y €TpoOro JOMWHUDY-
eT MHOXKecTBO Z = X X Y B cMelIaHHBIX cTparerusx. lorma s Jiro0oi
curyarun pasuosecus (p°, ¢°) BHIMOMHEHB! yCI0BUSA

i¢ X = pd=0;
jeEyY = q? =0.
2) [ycTb MHOKecTBO Z = X X Y €1a60 JOMHHIDPYET MHOKECTBO

Z = X XY B cvemaHHBIX cTpaTerusix u (P, ) — CATyalldsi paBHOBECHs B
Urpe ¢ MaTpulaMu

A= (aij)iefje?a B= (bij)z‘efje?'
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OnpegesiuM CMenaHHble CTPATET I

0 . 0 _ ]_92'7 7:677 0 . 0 __ qju j€77
pop = . - ¢ g = ‘ —
0, icX\X; 0, jeEY\Y.

Torna (p°, ¢°) — curyanus pasuosecusi B ucxonnoit urpe I'.
Ynpaoscnenue 10.2. Hokaxkute Teopemy 10.4.

O6cyaum cMBICT TeopeMbl. Bropoe yTBep K IeHe TOBOPUT O TOM, ITO €C-
JIM PeJlyIUpOBaHHAs WTPa TOJYyUYeHa ITyTeM UCKJI0YeHus ca1abo JJOMUHUPY-
eMBIX CTpAaTeruii, To KayKJIOMy CMeNIaHHOMY paBHOBecuto mo Hamry (7,q) B
STOIN peayIupoBaHHON Hrpe OYIeT COOTBETCTBOBATH CMENIAHHOE PaBHOBECHE
o Hamry (p°, ¢°) B ucxoanoii urpe, onpeenseMoe 1o yKazaHHOMY HDPaBUILY.
[TepBoe yTBepKI€HEE TEOPEMBI TOKA3BIBAET, YTO PU BHIYEPKUBAHUN CTPOK U
CTOMOIOB MO CTPOTOMY JJOMUHUPOBAHUIO MBI He TepsieM paBHoBecwuit mo Hamry.

Taxum obpa3om, mpu moucke Bcex paBHoBecuii 1o Hamry MOXKHO BbIYepK-
HYTh BCE CTPOrO JOMUHUPYEMbIE CTPOKHU U CTOJIOIBI ¥ UCKATH PABHOBECUE B
peaynupoBannoit urpe. /IoMogHUB HYJIMEH HaiileHHOE paBHOBECHE, MbI IO-
JIVIAM paBHOBECHe CMeIlllaHHOe B MCXOoAHoil urpe. Eciam nHeobxomumo HailTw
XO0Ts OBl OJHO CMeIIaHHOe paBHOBecHe 1Mo Hatry, Torma MoXKHO BHIYEPKHBATD
CTPOKH W CTOJIOIBI 110 HECTPOTOMY JIOMUHUPOBaHUIO. VCK/I04eHne cTpok u
CTOMOIOB MO3BOJIAET COKPATHUTDH Mepebop MOJMATPHUIL JIJid MTOUCKA PaBHOBE-
cuit mo Hamry. B mpumepe 10.4 mocie MCKIIOYEHUS CTPOTO JOMUHUPYEMBIX
CTpaTeruii MOIyIuM pPeyIHPOBAHHYIO UI'PY

— -1 7\ = 31
(1) (3)
B sroit urpe curyaums (p,q) = ((3/5,2/5),(7/11,4/11)) aasercsa enus-
CTBEHHBIM CMEINaHHbIM paBHOBecueM 1o Hamy. CiepoBaresibHO, cuTyanust
(p°,¢°) = ((0,3/5,2/5),(0,7/11,4/11)) aBasieTcs cMelIaHHBIM DaBHOBECHEM
no Hamry B ucxonmoit urpe I

Ipumep 10.5. Pacemorpum urpy I' ¢ maTpuniamn

2060 72 6 0
3 20 4 010 4
A= 03 720 , B= 0223
1131 5 3 4 3
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Nimem MakcuMmasbHbIE 3JIEMEHTHI B CTOJONAX 1epBOil marpunbl. B 4u-
CTBIX CTpaTerudx JOMUHHUPOBAHUA HET. PaCCMOTpI/IM JOMHUHHUPOBaHUE B CME-
MIAHHBIX CTpaTerugdX. BUaHO, 9TO 4eTBEpTas CTpOKa CTPOrO JIOMHUHUPYETCS
KOMOWMHAIMEH BTOPOH U Tperheit ¢cTpok ¢ Becamu 1/2. [losromy ee MOxKHO
BBIYEPKHYTh.

Temepp HaiiéM MaKCHMAJbHBIE JIEMEHTHI B CTPOKaX BTOPOil (peym-
poBanHOIT) MaTpuiel. Bropoii crosben ¢rporo TOMHHUDPYeTCs KOMOWHATIHER
IEePBOr0 U 9eTBEPTOro CTOAONOB ¢ Becamu 1/3 — e u 2/3 + € mpn MabIx
e > 0. MbI MOzKeM BBIYePKHYTH BTOpoil croiber. CienosaresnbHo, {1,2,3} X
{1,3,4} = Z. B pe3ysbTare UCKIOUYEHNs] Y€TBEPTON CTPOKHU U BTOPOTO CTONG-
1a [MOJIyYuM CJIe/IyIONue pelylupOBaHHbIE MATPHUIIbL:

2 60 76 0
A=13 0 4|, B=[0 0 4
070 0 2 3

[ToBTOpPsieM mpoleAypy MOCTeI0BATETbHOTO HCKIIOUEHNs CTPaTeruil as
pelynupoBaHHbIX MaTpull. MiemM MakcuMaJibHbIe 3JIeMEHTH B CTOJIONAX 1Iep-
BOit MaTpuiipl. B 4ucThIX crparerusax goMuHMpoBanusd Het. Pacemorpum j1o-
MHUHUPOBAHIE B CMEIIaHHBIX CTpaTerusdx. BTOPYIO U TPeTbio CTPOKY HUCKJIIO-
YUTHh HEBO3MOZKHO, TaK KaK B HUX COJEePXKATCSI MAKCUMAJbHBIE MO CTOIOIAM
sneMeHTHI. [lepBast cTpoKa He COAEPXKUT HA OJHOTO MAKCUMATBHOTO 110 CTOJI0-
Iy 3JIeMeHTa, OJIHAKO, €€ TaKyKe HEeBO3MOXKHO HCKJIOYUTH, TaK KaK OHa He
JIOMUHUPYETCS HU OHON JUHEHO# KoMOuHAIMel BTOPOil U TpeTheil CTPOKH.
AHaIorn9HO, HEBO3MOYKHO MCKJIIOUYUTh HUA OJINH CTOJIOEI] BO BTOPOit MaTPHUIIE.
CrenoBaTenbHO, TPOIEIYPa UCKIOUEHUS O JOMIHIPOBAHUIO CMEITaHHBIMU
cTparernavu 3apepmrena u {1,2,3} x {1,3,4} = Z.

Ilo3uTuBHBIII MOAXO0M K HOHATHIO PABHOBECHS

CrietyeT OTMETHTH, 9TO WCIIOJH30BAHUE CMENTAHHBIX CTPATETHil C MOMO-
IO MeXaHW3Ma OPOCAaHW MOHET WU JIPYTUX MOMOOHBIX MeXaHW3MOB He
XapaKTepHO /I PeaJIbHOTO ToBeJieHus Jitofeit. [lpyras unrepnperanus cMe-
MIAHHBIX PABHOBECUIT OTHOCATCH K UTPaM, COOTBETCTBY IOIIUM TUIHYHBIM KOH-
GUIMKTHBIM CUTYAIUsAM, B KOTOPHIX MIPUHUMAIOT YYaCTHe MHOTO WHIUBUILYY-
MoB. Takme curyanuu onucanbl B mpumepax 9.1-4: MHOXKeCTBO TOKyTnaTe e
MIPUXO/IUT HA PHIHOK M CTAJTKUBAETCS C MHOYKECTBOM IIPOJIABIIOB; Pa3JINIHbIE
nmapbl BOJIUTENEN CTATKABAIOTCS Y TIepeKPecTKOB U T.1. [lo3uTuBHBIM mogxom
K PaBHOBECHIO B CMEINIAHHBIX CTPATEIUsX MPEJNOIaraeT, 4To KazKjas TaKas
cTpaTerns OMUCHIBAET paclpejie/leHne WHANBUIYYMOB B COOTBETCTBYIOIIEH
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posn. Hampumep, ecim (p°,¢°) — curyanus pasHoBecust B urpe "mupojaser-
nokynaresb" (mpumep 9.1), To Ha npakTHKe 10/1d p| TPOJABIOB Bejer cebs
4ecTHO, a JIoNid Py oOMaHbIBaeT, JoJd ¢) MOKynaTesell He IpoBepser Kyll-
JIEHHBII TOBap, a OCTAJbHBIE TPOBePIOT, U T.. OYeBUIHO, YTO JUIIH €CITU
pacnpesieeHns M0 CTPATErusIM B KazK/IOH POJU COOTBETCTBYIOT CMeNTaHHBIM
paBuoBecusM 1o Hamry, 1o HE y KOro He OyJeT CTUMYJia HOMEHITH CTpare-
ruto nosejienus. Popmaabao 310 orpaxeno B jgemme 10.1 u Teopeme 10.1.
[TosToMy MOYKHO OXKHJIAThH, UYTO CTAOMILHBIE PACIPEJE/TCHUS 10 CTPATETrH-
IM B PeaJbHBIX B3aHUMOJEHCTBHAX OOJBIIMX IPYNI OTBEYAIOT CMEITaHHBIM
paHOBecusaM 1o Hamry. TeopeTrndueckoe o60cHOBaHHE 3TOTO Te3UCA JTAIOT JTU-
HaMuueckue Mmogesnn nosejgenust (cm. §14). Ilpumepom momenn mosejgeHust
UI'POKOB MOZKET CJIyKUTb MeToJ Dpayna (DUKTHBHOrO pa3biIpPbIBAHUS MaT-
PUYHOI WTDBI, U3T0KEHHBI B § 5. AHAJOTHYHBIN METOJ MOKHO TPUMEHSITH
U JIJId TIOUCKA CUTYAIlnii PaBHOBeCHs B OMMATPUYHBIX UI'PAX CIENUATBHOTO
BH/IA.

Onpedenenue. Urpy I' ¢ marpunamu A u B Ha30BeM 9K6U8AAEHTHO GH-
mazonucmuueckod, ecn Haliaerca Takag Matpuna A’ = (a;;)mxn (aHTATOHE-
CTHYeCKON Urpsl) u Hafiayrcs Takue wucaa f;, j=1,..n, ¢, i=1,...m,
49TO

aij = a;j + f]’, bij = —CL;-j +gz, 1, = 1, S, m, j = 1, o, n. (107)

3amernm, uro marpuna A’ u kosdduiuentsl fj, g; 37ech onpeessaOTcs He
OHO3HAYHO. [leficTBUTEIHbHO, eCJIM OHU yI0BJIeTBOPSIOT pasercTBam (10.7),
TO JJIs JI000T0 YHCJIa ¢ MaTPHUIA C dJIeMeHTaMH a;j + ¢ u Ko3pUuIEeHTH
fi — ¢, gi + ¢ Takxke ynoBrersopstior (10.7).

Eciu urpa I’ sKBUBaJIeHTHA aHTAIOHUCTUYECKON, TO CyMMa €€ MaTpHIL
npeacrasuma B Buge A+ B = (¢; + f;)mxn. OOpaTHoO, ecin Takoe mpeacras-
JIEHVe IMeeT MecTO, TO [ 3KBUBAIeHTHA aHTArOHUCTHIECKON HI'PE ¢ MaTpHIei
A" = (aij = fj)mxn = (=bij + gi)mxn-

Ynpaostcnenue 10.3. Tlyctb Gumarpuunas urpa [’ SKBUBaJIeHTHA aHTAro-
HUCTHYIECKOH urpe ¢ marpuneit A', a f; = 0. Boipasure 3/1eMeHTH MATPHIIHI
A’ gepes snementn marpui, A u B.

Ynpaotcnenue 10.4. Ilycts bumarpudunasg urpa [’ SKBUBaJIeHTHA aHTaro-
aucTudeckoit urpe IV, Jlng Toro urobsr napa (p°, ¢°) Geuta cenmosoii Toukoii B
CMeIIaHHbIX crparerusaX urpbl 17, Heobxoaumo u jocrarouno, 4robnt (p°, ¢°)
ObLTa cuTyanueil papaosecus urpbl ['. lokaxkure.
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OnpegesuM UTepannOHHBIH TPOIECC, aHAJOTHIHBIH Tponeccy Bpayna u3
§5.

[Tar 1. Mrpoku BBIOKPAIOT MPOU3BOJILHO CTPATErUN 11 U Jy.

[lycth 3a k moBTOpeHuit UIphl MEPBLIH UI'POK BLIOPAJ CTPATEIUH i1, ..., ik,
a BTOPOii — CTpaTeruu ji, ..., jr. llpm atom p(k) u q(k) — coorBercTByIOIIHE
BEKTOPBI 4aCTOT.

[Iar k£ + 1. Irpokn BLIOUPAIOT CTPATETUH ifyq1 U Jii1 U3 YCJIOBUH
Alinr1,q(k)) = max A(i,q(k)), B(p(k), jit1) = max B(p(k), j).
<i<m <j<n

Kazkiplit MrpoK BBIOMPAET CBOIO YHUCTYIO CTPATErHIO KaK HAWIYUIIUN OTBET
Ha COOTBETCTBYIOIIMII BEKTOP YaCTOT MapTHepa. EcIn HAUIYUYIIAX OTBETOB
HECKOJIbKO, TO BbiOUpaeTcst 1000 13 HuXx.

Teopema 10.5. Ilycth Oumarpuunast urpa [’ 9KBUBaJIeHTHA aHTArOHU-
cruueckoit. Torja mobas upegenbnas rouka (p°,¢°) nocienosaresbHocTn
{(p(k), q(k))} nrepamuonHoro IIpoIiecca ABAAETCS CUTYAIHel DpABHOBECHS UT-
por I

Ynpaostcnenue 10.5. Hokaxure Teopemy 10.5.

Ecin Oumarpuunas urpa [' He skBUBajieHTHA AHTArOHUCTUYECKO, TO
yTBepxkaenune Teopembl 10.5 MoxkeT ObITH HEeBepHBIM. Besd ocTaBiascs 4acTb
naparpada OyeT nocBsIeHa JI0Ka3aTeIbCTBY 3TOro pakta. B kauecTre npu-
Mepa paccMmoTpuMm urpy I' u3 ympaxkuenund 10.1 ¢ maTpumamu

2 0 1 10 2
A=|1 20|, B=[2 1 0],
01 2 021

B KOTOPOH CYIIECTBYeT eJIMHCTBEHHOE CMeIIaHHOe paBHOBecHe mo Hatry
(poa qo) = ((1/37 1/37 1/3)7 (1/37 1/37 1/3))

[Iycth ¢ € E3 — Bekrop, i-ag KOMIIOHEHTa KOTOPOrO pasHa 1, a ase
apyrue paabl Hy 0. [lycts ¢ (k + 1)-ro o (k + s)-biif mar nepBbiii Hrpox
BBIOMpAJ YUCTYIO CTPATEruio ¢. 1oria

(2
kp(k) + se _ k p(k) + S i

k+ s k+ s k+s
Herpyauo Buzgerns, ato touxa p(k + t) npu msmenenunu t = 0,1, ..., s, mepe-
MeImaeTess BIOAb oTpeska [p(s), '] or touku p(s) go Touknm p(k + s). Ana-
JorudHas popmysia MozKer ObiTh 3alMCAHA U JIJIsi BEKTOPOB 4aCcTOT BIOPOIO

plk+s) =

ATPOKA.
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[Tycrb Ha Hekoropom k-om mrare (k > 1) BosHukaa napa (ig, jr) = (1,1).
T0 O3HAYAET, 9TO BHIIOJHEHLI HEPABCHCTBA
Al q(k = 1)) = A(i,q(k — 1)), i = 2,3,

Torna
A(L, q(k)) = Lk 1>A(17q<kk_ PR
(k- I)A(Lz(k —1))+2 (k- 1)A(27Z(k‘ —D)+1 A(2,q(k)).

Ananornuno gokaspiBaercd, uro A(1l, q(k)) > A(3,q(k)). Ilostomy HEoOxo-
Mo 11 = 1. [lastee,

(k= )B(p(k —1).1) + B(e',1) _

B(p(k). 1) = ;

C(k=DBk—-1),)+1 (k= 1Bpk-1),2)
_ ‘ . 4 — B(p(k),2)

U, CJIeJIOBATEJNbHO, jii1 7 2.

Taxum o6pasom, Ha (k+ 1)-m mare pozaukuer mapa (1,1) wim (1,3). [Ipu-
94eM T0CJIe HECKOJIBKUX BO3MOXKHBIX MoBTOpenuii napa (1,1) obs3arenbHo me-
peiizer B mapy (1,3). AHATOTHYHO JOKA3BIBAETCSI, 4TO TOCTe mapbt (1,3) mpo-
ecc 0bsi3aresibHO mepeiiger B napy (3,3) u T.J1. 0o cxeme

(1,1) = (1,3) = (3,3) = (3,2) — (2,2) — (2,1) — (1,1).

[Tycrs Ha (k + 1)-m mrare npomnecc meperen ¢ napst (2,1) wa mapy (1,1)
(re. ixg =2, jp =1, igy1 = Jrr1 = 1), vHa (k+ s+ 1)-m mare — ¢ mapsr (1,1)
ma mapy (1,3), a wa (k+ s+t + 1)-m mare — ¢ mapsi (1,3) ma mapy (3,3):

k k+s k+s+t

L(2,1),(1,1), 0, (1,1),(1,3), 00, (1,3), (3,3), ..
Torma A(1,q(k)) > A(3,q(k)) u

kA(3,q(k)) + saz + tass

AB,qlk+s+1)) = P

> Al q(k+s+1t)) =

kA1, q(k)) + say +tays - kA(3,q(k)) + sar1 + tas
B k+s+t - k+s+t '

Orcrona moydaeM HEPABEHCTBO Sas, + tass > Sayy + tajz wam t > 2s.
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§ 10. Curyamun paBHOBECHS B OMMATPHIHBIX HIPAX

Urak, "npebbiBanne porecca B ero ocranopke Ha mape (1,3) Gymer mno
KpaiiHeil Mepe B JIBa pa3a MPOJIOJKATETbHEe, 9eM Ha HelOCPeICTBEHHO MIPe/I-
mecTBoBaBiieil ocranoBke Ha mape (1,1). Touno Tak ke mociegymoomas ocTa-
HOBKa Ha nape (3,3) 10 KpaiiHeil Mepe B JIBa pa3a MPOJIOJIZKUTEJbHEe, YeM Ha
nape (1,3) u T.1.

Temepsb paccMOTPUM, KaK MEHSIOTCS CTPATerud UIPoKoB. Ecium mepsblit
WTPOK Ha HEKOTOPOM Iare MCHOJb3yeT CTPaTeruio 1, TO B jJaJbHeIIeM OH
ee CMEHHT Ha CTPATeruio 3, MOTOM CTPATETwio 3 Ha CTPATeruio 2 W T.J. TO
caemytoniemy mukiay: 1 — 3 — 2 — 1. PazobbeM paccMarpuBaeMblil POIECe
Ha OTPE3KH ITaroB MOCTOAHHOTO UCMOJb30BAHNUS MEPBBIM UTPOKOM CBOUX UH-
CTHIX cTparernii. /JyimHa TAKOTO OTPe3Ka — 9TO YUCIO COJEPIKAIINXCS B HEM
n1aros.

Jlemma 10.1. JInnHA OTpe3Ka MOCTOSHHOTO HCIOJIb30BAHUS MEPBBIM HT-
POKOM T1000i1 9McTOoll cTpareruu 0osee, 9eM B TPH pa3a MPEBBIIIACT IUCIO0
IIAaroB IpOoIecca, IPe/IIIecTBOBABIIAX TAHHOMY OTPE3KY.

Joxazameavcmeo. be3 norepu obiiHoCTH Oy/1eM CUATATh, 9TO HMPOIECC
HAYMHAETCs ¢ nmapbl crparernii (i1, j1) = (1,1). IlyeTs nepswiit urpok l; =
1 + s pa3 moapsiji, HAYMHASI ¢ MEPBOTO Iara, BeIGUpa crparernto 1 ( oxun
pa3 mpu mape (1,1) u s pa3 npu nape (1,3)). Jasee, mycts on I3 = t + h
pa3 BeiGupas crparernio 3 (¢ pas npu mape (3,3) u h pas npu nape (3,2)).
Barem OH [y pasa moapsia BbIOMpaJ crparernto 2. Torma, coracHo paHee
JIOKa3aHHOMY, § > 2, t > 258, h > 2t > 4s = Il3=t+h >6s. Holy =1+s <
3s/2 < l3/4. CinenoBaresibho, I3 > 413 > 3l;. AHAJOIUIHO MOXKHO JIOKA3aTh
HepaBeHCTBO [y > 413 > 3(1 + 13).

MTaK, yrBepKaeHue JJeMMBL JOKA3AHO /I HAYAJIbHBIX OTPE3KOB HCIIO/Ib-
30BaHUs cTpaTernit 1,3 n 2. 3aBepiIuM J0Ka3aTeTbCTBO HHIYKIHEH M0 YUCTY
OTPE3KOB MCIOJIb30BaHNS IIEPBBIM UTPOKOM CBOUX CTPATEruil.

[Iycrb i = 3 u, wauunas ¢ (k + 1)-ro mara, nepebiii Urpox [, pa3 uc-
noJib30Bas crparernio 2, 3arem ¢ (k + l5 + 1)-ro mara on [} pas ucnoap30Bast
crparernio 1 u manee crpareruio 3. Torma [ > 41, (310 moKa3bpIBaeTCs aHa-
JOTUYIHO HepaBeHCTBY [; > 4ly). NHAYKTUBHOE MPEINoNoKeHne COCTOUT B
BBITIOJTHEHUN HepasencTsa [, > 3k. Ho torma I > 41, > 3(l5+ k). A

13 jleMMBbI HEIIOCPECTBEHHO BBITEKAET, YTO €CJIM B MOMEHT k + 1 nepBbiii
UTPOK MEHsIeT CBOIO CTpareruto i (ix = i, ipy1 # 1), TO i-asi KOMIOHEHTa
BekTopa p(k) Gombie 3/4.

[Tocmorpum, Kak nepemeniaercs Touka p(k) B cuminiekce P — Muo)kecTBe
BCEX CMeIIaHHbIX CTPaTeruii HepBoro urpoka. Menoap3ysa 6apunenTpudecKue
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KOOD/IMHATHI, CUMIJIEKC P MOXKHO m300pa3uTh HA ILIOCKOCTH B BUJE PABHO-
CTOPOHHETO TPeyroJbHuKa (M. KoMMenTapuii K puc. 4.1). Ha puc. 10.3 Toukn
M, N, u K pa3buBaioT cTOpoHBI Tpeyrojbiuka P B ornomenun 3:1. OTpe3kn
lel, M), [e?, K] n [e3, N], nepecekasch, 06pa3yloT BHYTPEHHHII TPeyroabHUK

ABC.

Puc. 10.3

B Tedenmne HECKOJNBKUX HAYAJIBHBIX IMAroB TOYKa p(k) HAXOMUTCS B Bep-
mune e'. Barem ona nepemenaercs B10/b orpeska [e!, €3] 1o nekoropoii Tou-
Ku p/, MuHys nipu 37oM TouKy K. Tanee rouka p(k) ABHZKETCsI BIOIb OTpe3Ka
[0, €?] no nekoropoit Toukn p”, nepecekast orpesok [e!, M]. Barem ona nepe-
MeIaeTcs B0 oTpeska [p” el] no mekoTopoit Toukn p”, mepecekas 0Tpe3ok
[e3, N|, m T.n. IIpu sTom Touka p(k) HEKorga He OymeT HAXOAUTHCA BHYTPH
Tpeyronbauka ABC, comepskamero Touky p° = (1/3,1/3,1/3). [Tostomy p°
He sBJISeTCS LIPEeJeJbHONl TOUKON mocienosarensuoctu {p(k)}. Anmazormd-
HO mokasbiBaercs, ato ¢° = (1/3,1/3,1/3) ue aasercs npenenbuoii TOUKOM
nocsreoparesbaoctr {q(k)}.

§11. UNepapxuyeckue UTPHI JABYX JIWIL

3/1eCh MBI PACCMATPUBAEM UI'PBI JIBYX JIUI], B KOTOPBIX UI'POKU MPEZK/IE,
4eM BboIOpaTh cTparerun x € X, y € Y, npeaBapureqbHO 0OMEHUBAIOTCS
nndopmalreil 0 cBouxX BbIOOpax. Takoro poja urpbl OMUCHIBAIOT B3auMOIeii-
CTBHE MKy BEPXHUM M HUXKHHM 3BEHbsIME YIIpaBJIeHHs (HAYATHHUKOM W
MOJYUHEHHBIM, IEHTPOM U MPOM3BOJUTENEM TPOJAYKINY ¥ T.I1.) U HA3bIBa-
I0TCs uepapruveckumy. byjgeMm cauTaTh, 4TO HEePBBIl UTPOK OCYIIECTBJISET
yIPaBJIEHHE BTOPHIM UT'POKOM U JeJaeT COOOIIEHNE TIePBBIM.
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§ 11. Hepapxwdeckue Urpbl JBYX JIHI]

Paccmorpum uCX0Hy10 HIPY ABYX JIAI, B HOPMaabHOH dhopme
= <X, Y, F(z,y),G(z, y)>, Ha OCHOBE KOTOPOii Oy/leM CTPOUTH Hepapxude-
ckue urpel. Ilpu 3rom Hac GygerT MHTEpecOBATh HAMJIY YA rapaHTHPOBaH-
HBI pe3ysibraT (BBIUTPHIII), KOTOPBIH MOYKET MOJYYUTh B UIPe MePBhIil uUr-
pok. B mannom maparpade mpeanonaraercs, aro dynkuun F(z,y) u G(x,y)
HeNpepbIBHbI Ha TpousBeaennn X X Y KOMIAKTOB METPUYECKUX IIPOCTPAHCTB.

Wrpa I'y. Ilepsoiit urpok Beibupaer crpareruio r € X u coobIIaeT ee BTO-
poMy. 3aTeM BTOPOil MIPOK BBIOHpaeT crpareruio y € Y, 3uad x. Ilpm sTom

OyJIeM MCIOJIb30BaTh CXeMATHIHYIO 3aINCh xiy. CwmbIcst TOI06HBIX cO0bIIe-
HUl OYEBHJIEH B TeX CIydasX, KOIJIa WHTepechl UTPOKoB Osm3ku. Hampumep,
€CJIM BBl PEIUJIH ¢ KeM-HUOY/Ib BCTPETUTHC, TO cooOIaeTe, KyJda MpHJIe-
re. Urpa 'y gaBjsiercd HeaHTArOHMCTUYECKON OJHOIIAIOBOM UI'POW € MOJIHOM
unopmarueii.

DKOHOMHYECKAs WHTEPIpeTalust: MepBblii UrpoK (IeHTp) coodImaeT BTo-
POMY UTPOKY (MIPOU3BOAUTEIIO MPOJAYKINK) IEHY T Ha MPOAYKINIO. BTopoit
UI'POK BbIIYCKAET HPOAYKIMIO B KOJUYECTBE Y, 3Has LEHY T.

[Tonesno 3anucath urpy I'y B HOpMasbHON dopme. Bropoit urpox wc-
MOJIb3yeT cTpaTeruu Buja g : X — Y. MHOXKeCcTBO BceX TaKuUX CTpaTernii
oboznauum depes {g}. Torma

Iy = <X7 {g}7F<x79)7G<x79)>7

def def
rae F(z,9)=F(x,9(x)), G(x,9)=G(z,g(x)).
Haiiiem namrydmnimii rapaHTUPOBAHHBI pe3yJibTaT F] mepBoro urpoka B
urpe ['y. [Ipeamonoxkum, 9To BTOpOil UTPOK, 3HAS X, BHIOMPAET

y € Y(z) = Argmax G(z,vy),
yeyY

T.e. MAKCHMHU3HUpYeT cBoIO byHKuio Bourpoima G(z,y). [lepsolit urpox 3na-
er (bYHKIUIO BHIUTPHINIA BTOPOTO UI'POKA, MY TaKKe U3BECTHO, YTO BTOPO
Oy/ieT BBIGUpATH CTPATETUIO W3 MHOXKeCTBA Y (X), HO OH He 3HAeT KOHKDPET-
HOTO BHIOOpA Y € Y (7).
Bennuuna W(x) = g}lfigl)F(x,y) HA3BIBAETCSI 0Uenkotll sfexmusrocmu
Yy x

(rapaHTHPOBAHHBIM DPe3YJIBTATOM) CTPATETHH .
3amMeTnM, 9T0 MHOXKeCTBO Y () — HemycToe u aBisercs: KommakTom. Cire-
JIOBaTE/BbHO, MIN JIOCTUTAETCH W HAWIYUIINil TApAHTHPOBAHHBIN Pe3y/bTaT

yeY ()
MeeT BUJI
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Fy = sup min F(z,y).
zeX yEY (z)
Onpedenenue. Ilycrs 3agan0 € > 0. CTparernst mepBoro Urpoka xr° Ha3bl-
BAETCS £-ONTUMAJIBHON B urpe I'y, ecim W(x®) > F) — .
B nmanbueiiniiem Mbl nmpuBeieM NMpUMEP, B KOTOPOM SUP HE JOCTHUTACTCS.

reX
Permuts urpy ['y — 370 3naunT naiitu Bemauny Fi v e-ONTUMAJIBLHYIO CTpa-

Ternto =° npu 3a7aHHOM € > 0.

Urpa I's. TlepBorit urpok nepej BHIOOPOM & UMEET TOJHYI0 WHMDOPMAIIHIO
006 y. OH XOJUT MepBbBIi U cOOOIMaeT BTOPOMY UT'POKY CTpaTeruio Buja f :
Y — X. MuoxkecTBO BCexX Takux crparernii obosnaunm uepes3 {f}. Cxema
coobmennit B urpe 'y : f 2 Y L= f(y).

DKoHOMUYECKasa uHTepnperanusd: f(y) — BeIMYHHA TpeMuH, oberaeMast
MEHTPOM 32 MPOU3BEJEHHYIO MPOAYKIIUIO Y.

Haitnem BuIpakenme N8 HAWTYUIITEr0 TAPAHTHPOBAHHOTO Pe3yabTaTa Fh
nepBoro urpoka B urpe ['s. [Ipeamnonoxum, aro BTOpoit urpok, 3uas f, Beioun-
paer y u3 MHOKecTBa Y (f) :Argrgleai; G(f(y),y). Muoxkecrso Y (f) moxer

OKa3aThCs MycThiM, ecan yHKIms f paspeiBHa. B ciydae mycroro Y (f) Gy-
JIEeM CUUTATh, 9TO BTOPOH UIPOK MOXKET BHIOPATH JIIOOYIO cTpareruio y € Y.
OnpeiesiiM MHOZKECTBO

vy (Y Y0,

Y, Y(f)=0.

B caeaHHbIX TpeIIOIOKEHUSIX BTOPOil HI'POK BeiOUpaeT y € Y*(f) u onenka
adekTuBHOCTH cTparerun f 3amaerca popmyioit

W(f)= inf F(f(y),y).

yeY™*(f)
Haunnyummnii rapaHTHPOBAHHBINA pe3yAbTAT MEPBOTO UTPOKA UMEET BHI

5 = su inf F Y).
»= sup nf (f (), y)

Onpedenenue. Ilycts 3amano € > 0. Crparernst f° Ha3bIBaeTCSA
e-onTUMaIbHOU B urpe [y, eciiu W (f¢) > Fy — e.

ITouck Benmuunbl Fh 1o ykazanHo# (opMmyse BecbMa CI0XKEH, TaK Kak
CBSI3aH C pellleHneM ONTHUMU3AIMOHHOM 3a1a49u Ha MHOKecTBe dbyHkimii { f}.
Mpur gasee ympoctuMm bopmyay s Fo TakuMm 06pa3oM, 9TOOBI ONTUMH3AINA
BEJIACh 0 MCXOIHBIM MHOKecTBaMm X u Y.

Urpa I's. Ilycts BTOpPO# HIPOK HIpaer HPOTHB MepBOTO B Urpy 1%, T.e.
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§ 11. Hepapxwdeckue Urpbl JBYX JIHI]

coobmaer emy crpareruto g @ X — Y (dbyukmuo orsera). Ilepsbiii urpox
B urpe '3 nmepebim coobimaer Bropomy crparernio f; : {g} — X. Cxema
coobmenuii B urpe I's : fi 2 g L= fi(g) 2, y = g(z).

DKoHOMUYeCKasg HUHTepnperanus: fi(g) — BeIMYHHA pecypca, KOTODPbI
BBIIEJIAET IEHTP IPOU3BOAUTENIO TPOLYKIIUH, KO TOT COODIIACT €My CBOU
[IPOU3BOJICTBEHHBIE BO3MOKHOCTH ( DYHKIHUIO g ).

Haunyammii rapanTHpOBAHHBIA Pe3yILTAT IEPBOTO UTPOKa, B Urpe '3 mMe-
eT BUJL

F3;= su inf F . q),
T et eer () (f1(9).9)

rie

Y(f), Y(fH)#0, Ao
g v(h) =g [ UD=AsmaGfil).9)

Y*(fi) = {

Bepnewmcs k urpe I's. Haitem 6o1ee npocryio dopmysty s Fy. [Tonoxum
X(y) :Argma):? F(z,y) — MHOKeCTBO HAWJIYYITHX OTBETOB MEPBOIO UTPOKA,
e

X*(y) =Arg ma(x) G(z,y) — MHOXKECTBO HAWJIYUIIAX OTBETOB IIEPBOIO UTPO-
zeX(y

Ka, GJArOYKeIaTeTHbHBIX O OTHOIIEHUIO KO BTOpoMy. OmpeesnM cTpaTeruo
nepsoro urpoka f*: f*(y) € X*(y) Yy € Y.

Jlemma 11.1. @ynkuua G(f*(y),y) moiayHempepbiBHA CBepXy B J000i
touke y° € Y, Te. mna soboit mocienoparenbHocTn {yF}, cxomameiica
", BLIIOJIHEHO HEPABEHCTBO

Tim G(f*(y"),9") < G(f*(y°),4°). (11.1)

k—o0

Jokazameavcmeo. Iycrs B nekoropoit rouxe y° € Y dyuxuus G(f*(y), y)
He sIBJISETCS MOJYHENpepbiBHOl cBepxy. Torma maiinercsa Takas mocsienoBa-
TesbnocTh {yF}, exongmasgca k y°, uro

¢ T G ). v") > G "), 4°). (11.2)

k—oo

Bes norepu o6uiHocTH cauTaeM (BbI/Ie/ s COOTBETCTBYIONLYIO MO/IIOCIEI0BA~
TeILHOCTD), uTo f*(y*) — 2’. U3 menpepwisroctn dbyuxkmun G(z,y) crenyer

G' = lim G(f*(y*),y") = G(a',4").

k—oo
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[Tokazkem, uro 2’ € X (y°). Meiicreuresnbho, no onpejenennto pyuxuum f*
mveem F(f*(y*),y*) > F(x,y*) Vo € X, k=1,2,.... Orciona, nepexons B
II0C/IeJHEM HEPABEHCTBE K IpeJeny Ipu k — 00, MOy IuM

F(2',y°) > F(z,y") Ve e X = 2 € X(°).

Urak, HepaBeHcTBO (11.2) MOXKHO 3amucaTh B BUJIE
G'=G(2,9°) > G(f*(¥*),y°). Ono nporusopeunr romy, 4To
@) e X*(°). m

Hawm norpebyercs ciaeayioniue BeJIUIUHBI U MHOYKECTBA!

Gy = max Hél)l(l G(z,y) — Hamrydmuii rapaHTHPOBAHHBINH PE3yJIbTAT BTO-
Yy x

poro urpoka npum yCJOBHH, YTO HepBbIﬁ OpuMeHdeT 110 OTHOIIEHHUID K HEMY
crpareruio "makazamusa" f1: fH(y) €Argmin G(x,y) Yy €Y
zeX

FE =Argmax min G(z,y) — MHOKeCTBO MAKCUMHHHBIX CTPATETUiT BTOPOTO

yeY zeX
UIPOKA;
D ={(z,y) € X xY | G(z,y) > Ga};
sup F(z,y), D #0,
K = { (zy)eD
—00, D =10

Y

M = mi F(z,y).
min max F'(z, y)

Teopema 11.1 (Tepwmeiiep). B cienanHbIX MPeANONOKEHUSIX HAMITY Y-
IIHi TApAaHTUPOBAHHBIN PE3yJIbTAT MIEPBOr0O UI'POKA B urpe 'y paen
Fy, = max[K, M].

Samenwanue. Jns naxoxaenuss Fy HEOOXOAMMO pPEHINTH ONTHMHU3AIMOH-
HbIe 3312491 Ha UCXOTHBIX MHOKecTBaX X 1 Y. OnrnmasibHbe (e-0onTHMAIbHbIE)
crparerun, obecreunBatonie max|K, M|, OyayT ykasaHbl B TepBOii YacTu
JIOKA3aTeIbeTBa TeopeMbl. Pesyibrar max|[K, M| nososbHO Bestuk. YT06BI B
9TOM YO IUTHCsI, PACCMOTPHUM YaCTHBIH cirydait. JlomycTuM, 9T0 CyIIecTByeT

napa (2°,9°) €Arg max F(x,y) N D. Toraa
(z,y)EX XY

(x,y)€D (z,y)EX XY

T.e. pe3yabrar Fy pasen makcumymy byukmun F(z,y) ma X x Y.
Joxazameavcmeo. llepsas yacrs. [locrpoum crparerun nepBoro urpoka,
obecrneanBatonue emy pesyiabrar max|[K, M]. Pacemorpum nBa caydast.
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1) K > M = D # (. Tokaxewm, uro maa Beakoro € > 0 naiizercs
takas crparerusi f€, aro W (f¢) > K — e. Tlo onpenenennto BepxHeil rpaHu
K maiinerca takas mapa (z°,y°) € D, aro F(2°,y°) > K — . [lonoxunm

N Ea y=1v,
f(y)_{fH(y), y#

[Mokaxkem, ato W (f¢) = F(2°,y°) > K — . JleficTBATEIBHO, BTOPOI UI'POK,

MOJIVIHUB coobienne o f€, BeIOepeT y = °, TaK KaK B IPOTHBHOM CJIy4ae OH

nostyunr suiurpein G(fH(y),y) = ml)l(l G(z,y) < Gy < G(2°,y°). ockosb-
xe

Ky BTOPOH UIDOK MAKCHUMU3UPYET CBOIl BBIUIDBIILI, OH BBIOEpET y = ¥°, T.€.

Yo(fe) ={v}.

2) K < M. Ykaxewm crparermo fU) mra xoropoit W(f%) > M. Ionoxum

fv), yek,
), y¢E,

r7e crparerus f* Obiia onpesesnena Boie mepes jgemmoit 11.1. Tlosyaus co-
obmienue o f°, propoii urpok Boibeper y € E. Jleiicrpurensho, eciu y ¢ E,

To G(fM(y),y) = min G(z,y) < Gy. Jdanee, mpn y € E G(fy),y) =
G(f*(y),y) = minG(z,y) = Go. Pymxuns G(f*(y),y) noaynenpeprisa

fy) =

cBepXy Ha KoMmakTe F, mosromy Y*( fY) :Argmab%( G(f*(y),y) C E. Orciona
ye
W(f% = min F(f*(y),y) >
(f°) Jonin, (f* () y) 2
> min F'(f* = mi F = M.
2 min F(f*(y), y) = min max F(z, y)

Bropas uacre. [okazkeM, 4To Jyig npousBosibHOU crpareruu f € {f}
W(f) < max[K, M|. Umeem

> ] = .
21615 G(f(y),y) = max min G(z,y) = G,

Paccmorpum jBa ciydast.
1) sup G(f(y),y) > G3. B arom ciaydae HaiieTcs Takas CTpaTerns BTOpo-
yey

ro urpoka y° € Y*(f), uro G(f(3°),4°) > Ga, re. (f(y°),4°) € D. Heiicrsu-

TebHO, ecau sup gocturaercs, o Y (f) # 0 u y° BosbMmem peanusyrouium
yey

sup. Eciu sup me gocturaerca, ro Y*(f) = Y u crparerns y° maiizerca mo
yey yey
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onpeaenenuio sup . Orcoaa
yey

W(f) = yegf(f)F(f(y),y) < F(f(y°),9°) < K < max[K, M].

2) supG(f(y),y) = Ga. llokaxem, uto E C Y*(f). HeficrBuressro,
yey

nyctb y € E. Torma
Gp =minG(z,y) < G(f(y),y) < sup G(f(y),y) = Ga.

yey

B 310it nenovuke HepaBeHCTBA BHIIOJHEHBI KaK paBeHcTBa. OTciona y € Y*(f)
u E CY*(f). Urax,

W(f) = yegﬁf) F(f(y),y) <

< inf F(f(y),y) < minmax F(z,y) = M < max[K,M|. &
yeE yeE zeX
Cdopmynupyem aHamorudIHbIi pe3yabTar jiid urpsl 1's. HamomuuMm, qTo
B urpe I's BTOPOii UT'POK BLIOMPAET Y, KOIJIa BLIOOP CTPATEIHU X IIEPBOTO €MY
uzBected. Bropoit urpox mcmonb3yer crpareruio g @ X — Y. Oupenenum
CJIeJIyIONIe BEeJIMYNHBI 1 MHOXKECTBO:

(3 = min max G(x,y) = max G(2", y) — manmyummit rapanTHPOBAHHBII
zeX yeY yey

PE3yJIBTAT BTOPOTO UTPOKA, KOTJIA MEPBHIH IPUMEHSAET CTPATEIHI0 HAKAZAHUSI
xt
D' = {(:L',y) eXxY ‘ G(.’L’,y) > G3};
sup F(z,y), D' #0,
K’ = < (zy)eD’
—00, D' = 1.
Torma MOXKHO JoKa3arh, uro F3 = max|K’, Fy| (cM. ynpaxkuenus 11.1-
2). Ecmu Fy > K’ TO nepBbIil HTPOK MPUMEHSIET E-ONTUMAIBHYIO CTPATETHIO
urpsl I'y. [lycrs F} < K'. B arom cayuae Haiizercsa takas napa (x°,y°) € D',

aro F(a,y°) > K' —e.

Ynpaostcnenue 11.1. Jlokaxkure, 9T0 i CTPATETHI

€ o xsa g($s> :Zf’

onenka addexrusnocru W(f5) > K' —e.

Ynpaostcnenue 11.2. Jokaxkure, 9T0 s 000N crpareruu f; nepBoro
urpoka B urpe I's W (f1) < max[K', F}].

128



§ 11. Hepapxwdeckue Urpbl JBYX JIHI]

Ynpaostcnenue 11.5. Jlokazxkure, uro B urpe I'y B nopmasbuoit (popme Bee-
[71a CYIECTBYET CUTYAIHs PABHOBECHSI.

Ynpaorcnewue 11.4. Hokaxute, ato F; < F3 < F.

Ipumep 11.1. Pemtum urpet 'y, 'y, I's 1t urpet I' ¢ MarprmamMu

3 6 8 7 43
A=l4 3 2|, B=[773
7 -5 —1 46 6

Urpa I'y. Fy = fgﬁg}gjrengg) aij = Max Wi(i), Y (i) = Arg max bij, W(1) =

W(2)=3W(3)=-5=F, =3ui =12 — onruMajbible CTPaATCTUN.
Urpa I'y. Gy = lrgjaé}%lrglggbij =4, E ={1,2}, D = {(3,7) | bi; > 4},

K = max a;; =4, M = min maxa;; =6 = =M =6
(i.j)€D 1<j<21<i<3

o )3 I=1

u f°(j) = _ ONTUMAJIbHAST CTPATETHUSI.
L j=23,

Urpa I's. G3 = min max b;; =6, D' = {(4,7) | b;; > 6},

1<i<31<5<3

}(/::(H¥¥§ am'::4 >F, =3= Ij =K =4
i,j)€D’

3, 9(2) #1,
Hpumep 11.2. Pertum urpor 'y, 'y, I's i1 urpsr T :

2 2)=1
u f(g) = { 92 =1, ONITUMAJIbHAST CTPATErHsl.

X=Y=[0,1, F(z,y) =3x/4+y/2, Gz,y)=(v—y)

Urpa I'y. F} = sup min (3z/4 +y/2),
0<z<1Y€Y (z)

1), 0<z<1/2
Y(z) = Arg max (v — y)* = ¢ {0,1}, x=1/2,
0<y<1
o), 1/2<z<l.
I'paduk bynkmun W(z) = H}l/i(n)(?)x/ll +9y/2) em. ma puc. 11.1.
yey (z
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Puc. 11.1

Bumecw Fy = 7/8, ° = 1/2 — 4¢/3 — e-ontumanbnas crparerus. OTMeTHM,
9TO BHEIIHsIsI BEPXHsIsl I'PAHb B BRIDAYKEHUN it F| HE JTOCTHTAeTCsI.

_ : a2 _ 2
Urpa I'y. Gy = max orgnxl%(x Y) 0, D= {(z,y) | (x —y)* > 0},

£

=,y =y,
K =5/4=F, (x5,9°) = (1 —4¢/3,1), f(y) = .

Yy, Y#FY,
— E-OIITUMAJIBHaA CTpaTeFI/IH.

— a2 H _
Urpa I's. G5 = [nin, Olgggxl(x y):=1/4, x 1/2,

D= {(a.y) | le—yl > 1/2}, K' = sup (3a/4+y/2)=1>

(z,y)€eD’

T/8=F = Fy =K', (25,0°) = (1,1/2 — 2¢) € K,

1 gy =122
fito)= {1/2, o) #1/2 2,

IIpumep 11.3. Urpa nepecrpaxosanus. [lepecrpaxoBmuk (urpok 1) u
CTPAXOBIMUK (MIPOK 2) 3aKJOYAIOT JTOTOBOP mepectpaxoBadus. [lycts Z —
CYMMapHOe BO3MEINEHHEe CTPAXOBIINKA KJIMEHTAM, NpEeJACTaBJIsonee coboil
CJYYadHYI0 BEIUYUHY C SKCIOHEHIUAIBHOM NJIOTHOCTBIO PACIIPEIeIeHNs
efz/m/m, z > 0. Ilpu 3ak/I109€HUN JTOTOBOPA CTPAXOBIIUK BLIOHPAET npeden
yowmounocnuy €Y ={y € E' |y > 0} : ec;im Z > y, 10 cymmy Z — y Bo3-
MemaeT nepecrpaxopumk. Orvernm, 9To npu iy = 0 CrpaxoBIUK NOJTHOCTHIO
nepeaeT OIIaTy MCKOB NMepecTpaxoBIInKy. Beauanna

— E-OIITUMaJIbHasd CTpaTerud.

. Ji 1
h(y)d:fE maX[Z -, 0] = /(Z’ — y)_e_z/mdz — me_y/m
m

Y
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— CpeJHAA BEeJIMYNHa BLIILJIAT IIEepeCTPaxXOBUIUKA. CTOI/IMOCTB J0roBOpa I11e-
d
pectpaxoBanus pasHa d(z,y) éf(l +x)h(y), tne x > 0 — koapdunmenT Ha-

6aBKH 3a PUCK, yCTAHABIUBAEMBII IIepecTPaxoBIIMKOM. Bygem cuurarh, 910
OIIaTa JOrOBOPA OCYLIECTBIAETCH CTPAXOBIIMKOM U3 (POH/IA CTPAXOBBIX ILIa-
rexeil Besmunnabl A > m. JIoroop mMoxker ObITh 3aKJIOYEH JIMIIb HPH Bbi-
nosnennn nepasenctsa d(z,y) +y < A. Toroxum )
Y() ={y €Y |dx,y)+y <A}, X ={r e E' |2 >0, Y(z) # 0}.
Eciu y € Y (), To J0roBop 3aK/II04aeTcst, BBIUIPHILI ePECTPAXOBIIEKA Pa-
BeH ero oxkuaaemoit npubsin F(x,y) = xh(y), a BBIMTPHIIT CTPAXOBIIAKA —
rapaHTUPOBAHHOI BeIMYMHE OCTATKA (DOHIA CTPAXOBbIX maarexeil G(r,y) =
A —d(x,y) — y, coorBercrBytomeii ciayqawo Z > y.

Permum urpy I'y. Hanomuum, 9ro cnadajia mepBblii UTPOK COOOITAET BTO-
pomy crpareruto r € X. 3areM BTOpPOil HTPOK BBIOMPAET CTPATETHIO
y € Y(z) = Arg max G(z,y). llycts x € X. Makcumym

yeY (z)

max G(z,y) = max [A — (14 z)me /™ —y| = A —m —mn(l + z)
yeY (z) yeY ()

JocTHTaeTCs B equHCTBeHHON Touke y(x) = mln(l + z). Orciona BhITEKAET,

aro Y (z) # 0, ectu A —m —mIn(1 + z) > 0. Cregosarensuo, X = [0, 2],

0% (A=m)/m

rae r° = — 1. Orcona

0

xrm xrm
F = F == =
| = max (z,y(x)) I prvl G

n 1}0 — ONTUMaJIbHad CTpaTerud 1nmepBoro urpoka.

Ynpaostcnenue 11.5. Paccmorpure urpy jaByx ¢dpupm us npumepa 9.9 npu
a = 1 u permmure urpy ['y. CpaBHuTe HAMTY YNl rApaHTHPOBAHHBIN Pe3y ib-
TAT TEPBOTO UTPOKa F) ¢ BBIUTPHINIEM, KOTOPHIH OH MOJIyYaeT B CHTYaIlUH
DaBHOBECHSI.

PasuoBecue no ITltakennbepry

Onpenennm Tenepb pastosecue no IlImaxesvoepzy urpst I'1. Tlonoxum
Y*(x) =Arg max F(z,y) — MHO’KeCTBO HAMJIYYIITHX OTBETOB BTOPOIO UTPOKA,
yeY (x)

0/1ar02Ke/1aTe/IbHBIX 110 OTHOIIEHWIO K ITePBOMY.

Onpedeaenue. Curyanus (2°,1°) naswisaerca pasrosecuem no Ilmakens-
bepey, ecan

0 0 *0,..0
x° € Argmax max F(z,y), eY (z).
g zeX yeY(x) ( y) Y ( )
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3/1ech NPEeANnoIaraeTcs, 9T0 BTOPOH MIPOK, HOIYIUB HHAOPMAIHMIO O X, HC-
MOJTb3YEeT CBO HAMJIYIIINil OTBET, OJ1aroxKeaaTeJ bHbIi 110 OTHOIIEHUTO K 1Tep-
BOMY HUI'DOKY.

[TokazkeM, 9TO B CJeJIAHHBIX TIPEJINOI0KeHNAX paBHoBecue 110 [1Irakesb-
Gepry cymiectByer. JIjist 9TOro ompeaesuM CTpaTeruio BTOPOro Urpoka ¢* :
g*(x) € Y*(z) Yz €Y. Ilo ntemme 11.1 dbyukuus F(z, g*(x)) noayuenpepbis-
Ha csepxy Ha X. Ciie10oBaTeIbHO, OHA JOCTUTAET Ha KOMIakTe X HauOOJIbIIee
snadenne B Hexoropoii Touke z°. Torma npu y° = ¢*(2°) curyamus (2°,y°)
oyaer pasuoBecueM 1o Illtakennbepry. Il

Ynpaostcnenue 11.6. B ycnosuax npumepos 11.1 u 11.2 naiigure paBHoBe-
cug no [rakenndepry.

Ormernm, 9T0 HCHOAb30BaHue papaopecus 1o Illrakensbepry Tpedyer or
HUI'POKOB COTPYIHHIECTBA, KOTOPOE, KAK IMOKA3BIBAET CACAYIONNI IpUMep, He
BCErJa BO3MOYKHO. B urpe ¢ marpuamm

() o)

curyanus (2,2) siBasiercst eamHCTBeHHBIM paBHOBecneM 1o Illtakesnnbepry.
OJIHAKO JIOTOBOPUTHCSI O Hel MrpokaM Oy/er OYeHb CJIOYKHO, TIOCKOJbKY B
curyarun (1,2) (BosHuKaromeil npu perreHnd Urpbl ['1) BBIUTPHITT BTOPOTO
HI'POKA CYIIECTBEHHO GoJibiie, 4eM B (2,2), U OH eJiBa JIM COTJIACATCS HA CH-
Tyanuio (2,2).

KommenTapuii m 6ubanorpacdus K riaase 11

§9. [lousaTue curyaruu paBHOBECHS B 4aCTHOM Cjrydae, emie B 19-M Beke,
ucrnoans3zoanock O. Kypuo npu anamuze mozmenn gyononun [59]. Onpenese-
HUEe CUTYAIlNd PABHOBECHsI JIJIsl UTPHI MHOTUX JIUI, puHaekut JIxk. Hamry
[76]. B 1999 roay xxou Hamr nosyanst HobesleBeKy o MpeMuio Mo SKOHOMUKE.
Kpurnueckuii pa3bop MOHATHsS CUTYallld PABHOBECHs (B YACTHOCTH, AHAJIH3
urp "cemeitubiii ciop"u " auinemma 3akaodennoro”) caenan P.J1. Jlbrocom u
X. Paiidoit [61]. [Tpumep 9.3 sBasiercss moaubukarmeii npumepa "mepexpe-
crok"u3 [71].

Teopema 9.1 0 HEMOABUZKHOM TOUKe mpuHaAIekuT J1. Bpayspy [18]. Kom-
OUHATOPHOE TOKA3ATEILCTBO ITON TEOPEeMbI, HCIOAb3Yotee Jemmy . [lmep-
uepa |107], nosyueno B. Kuacrepom, K. Kyparosckum u C. Masypkesuuem
[53] (nokazareabcTBo Teopembl cM. B [Ipunoxkennu u B [79)).
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Teopema cytecTBOBaHUS CUTYyallnN PABHOBECHS B UTPE MHOTHUX JIUII C BO-
THYTHIME DYHKIMSAMA BHIMIPHIITA (CM. TaKzKe CJIeLYIONLy o TJIaBy) JOKa3aHa
X. Huxaiigo u K. Ucona [75]. IIpumep 9.6 gBJIsieTCst 9aCTHBIM CJIydaeM MO/Ie-
au O. Kypao [59]. BaitecoBckue urper Besiennt [Ik. Xapruanbu [92]. TIpumvep
9.10 B3ar u3 [91].

§10. Tepmun "6umarpuunas urpa'"obin npesioxen H.H. Bopoboesbim
(em.
|34], rme comepkuTest cucTeMaTHUecKOe W3JI0KEHWE TeOPHH OeCKOATHITHOH-
HBIX Urp). TeopeMa CyIeCTBOBAHUS CATYAIIMH DABHOBECHS B OMMATPHIHBIX
urpax jgokasana Jzx. Hamewm [76]!. Tam ke nmpuBesensl cBOfCTBa cHTyaIuil
PAaBHOBECHS B CMEIIAHHBIX CTPATEIWSAX. YCJAOBHE OOIHOCTH IMOJOKEHUST JIJIsi
Guvarpuanbix urp ucnosb3osaan K. Jlemke u /. Xoycon [60] npu paspa-
O0TKe aJIrOpUTMa TIOUCKa gcex cuTyaluit pasuoBecusd. Teopema 10.3 umeercs
B Kuure . Mysena [71]. V310:KeHHBI aJrOPUTM MOUCKA CATYANUH PABHO-
BecHsi OUMATPUYIHON UI'PHI ABISETCSI BEChbMa YIPOIIEHHBIM BAPHAHTOM aJIro-
purma K. Jlemke u JI:x. Xoycona |60, 79].

Konnenmus curyamun paBHOBeCHsI, OCHOBAHHAS HA UCK/IIOUYEHUN TOMUHU-
pyembIX cTparerunii, npemioxena . Mynenom [71]. TokazaTenbcTBo 0TCYT-
CTBHS CXOIUMOCTH HUTEPAIMOHHOTO IIPOIECCa K CUTYAIMH PABHOBECHS UIPBI
u3 nmpumepa 10.1 npunagiexur JI.C. e [103]

§11. OcHOBBI Teopuy HepPapXHIECKUX HID € HUCHOIb30BAHHEM PUHIIN-
[a rapaHTUPOBAHHOIO De3yJibTaTa JJisi UTPOKa~aujaepa (Mrpoka 1) 3amoxke-
ubl FO.B. Tepwmeitepom [37, 38]. B wacrrocru, FO.B. Tepmeitepy npunaie-
JKAT TMEeHTPAJbHBII pe3yJIbTaT 3TOT Teopun — Teopema 11.1. AHagOormdHbII
pesysbrar ayis urp I's (ynpaxsaenust 11.1 u 11.2) noayduen H.C. Kykymku-
HBIM [57]. DKOHOMHYECKAs HHTEPIIPETAIHs] HEPAPXUICCKAX UTD MPEJJIOKEHA
I1.A. Barenem u @.U. Epemmko [28]. Oupenenenne pasnosecust no [Hrakenn-

Gepry cdopmyauposano B [95]. O630p pabor MO HEpAPXUYECKUM HIDAM CM.
B [52].

! axe mas Gomee OOMIMX MTP ¢ KOHEYHBIMH MHOMKECTBAMM CTPaTeTHil UTPOKOB (CM.
raasy IIT)
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§12. PaBnuosecue no H3mmy. Pemenue urp B HopMaJib-
Hoii (popme

[Tyctb mmeercs: muO)KEeCTBO A y9aCTHUKOB UI'PhI WM UT'POKOB. Irpok a
NMEET B CBOEM DACIOPSAZKEHWHU cTparernu s m3 MHOXKeCTBa crparermit S?.
Kazkiplii 3 UrpoKoB BBIOMpAET CTpATEruio, He 3Has BLIOOPOB mMapTHEpoB. B
pe3yabTaTe B UT'De BO3HUKAET HAOOD CTpaTeruii

s=(s"acA)eS=QRS5,
acA
Ha3bIBaeMbIil cumyayued,. Y KazKIoro urpoka a uMeercs (pyHKIUsS BBIATPbI-

ma u®(s), oupeje/ieHHas Ha MHOYKECTBE curyaluil S, KOTOPYI UIPOK CTpe-
MUTCS, 0 BO3MOYKHOCTHU, MAKCUMU3UPOBATh. TakuM 0Opa30M, Urpa MHOTHX
JIVI[ B HOpMaJIbHO# opme 3agaeTcss Habopom

= <A, S u'(s), a € A>.

Bakae#imuM TPUHIMIOM HTPUHATUS PEIIeHUNR B KOH(MIUKTHBIX CHUTYAIIHSX
ABJIeTCA MOHATHE paBHOBecud 1mo Hamry.

Onpedeaenue. Curyanus s = (5%, a € A) Ha3bIBAETCs CUTyalueil paBHO-
Becusi (pasHOoBecueM 10 Hamy) urpst I, eciu
max u”(5||s?) = u*(3) Vae A
Suesa
Crparernn $%, COCTAB/ISIIONINE CUTYAIUIO PABHOBECHS, OY/IeM HA3BIBATH PGG-
HOBECHBLMU.

an atn

Bripazkenne "$||s*"unraercs "S npu yeaorun s¢". OHo 0603HAUALT CUTY-
allfio, B KOTOPO BCce KOMIIOHEHTHI, KPOMe CTPATerud UTPOKA @ , COBIIAIAIOT C
S, a cTparerus Urpoka a ecthb s*. OnpesesieHre paBHOBECHS MTOKA3BIBAET, YTO
cTpaTerus s¢ | BXOA4mas B CATYaluIo S, ABJISeTCSI ONTUMAJIBHOI JIj1s UTPOKa
a pu (BUKCUPOBAHHBIX CTPATEIHAX BCEX OCTAJIbHBIX UTPOKOB. Takum obpa-
30M, MOYKHO CKa3aTb, YTO paBHOBecue 1o H3mry — 310 Takas cuTyarus, or
KOTOPO#l HU OJJHOMY M3 HUT'DOKOB He BBIT'OJHO OTKJIOHATHCI MHIUBHUIYAJIbHO.

OmnureM OWH KJIacC UTP, /I KOTOPBIX PABHOBECHE BCETJIa CYIIECTBYeT.

Onpedenerue. Oyuxnus h(z), onpeeneHHas Ha BBIYKIOM MHOYKECTBe
7 eBKJUJ0BA IPOCTPAHCTBA, HA3BIBALTCA K6a43UB02HYMOU, eCIU I JIIOOBIX
2/, 2" € Z u moboro uncaa 0 < A\ < 1 BBIIOJHEHO HEPABEHCTBO
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§ 12. PaBuoBecue 1o Homry. Penienne urp B HOpMaJibHOH (hopme

h(AZ' 4+ (1 — X)2") > min[h(Z"), h(2")].

Herpyaro Bujers, 9To jr0bast BOTHYTas PYHKINAA SIBJASIETCS KBa3WBOTHY-
Toit. [IpuMepoM KBa3uBOrHYTOH (DYHKIUU Ha HPSAMOM MOMKET CIYKUTH MPO-
M3BOJIbHAS BO3pacTatoNas (uin yobiBatoras ) byHKIIUSI.

Onpedeaenue. Mycers 2° € Z. JTna dbynknun h(z), onpejesnentoit na Z,
muoxkecrsa Buga Z(20) = {z € Z | h(z) > h(2°)} naswBalorcs mmossce-
cmsamu Jlebeaa.

Ynpaosienenue 12.1. s Toro arobsr dynkiuus h(z) 6bl1a KBASUBOIHYTON
HA BBITYKJIOM MHOXKECTBe Z, He0OXOINMO U JOCTATOYHO, YTOOBI €€ MHOYKECTBA
Jlebera Z*(2Y) Gbuin Boinyk/bivmu npu joosix 20 € Z. JTokaxure.

[Tycts Z7 n Z5 — BBIyKJIbIe KOMIIAKTHI €BKJIHI0BBIX TPpoCcTpaHcTB. Onpe-
TeJIIM 1oyeyHo-MHooicecmeentoe orobpazkerne ® : Z; — 272, comocraBis-
fotee Kaxkaomy z € Z; komnakt P(z) C Zs.

Onpedenenue. Toueano-muoxKecTsennoe orobpaxkenne ® : Z; — 272 na-
3BIBAECTCS GUNYKAOSHAYHOLM, CTH TIPU KaXKI0M 2z € Z1 MHOXKecTBO P (2) BbI-
nmyk0. OHO HA3BIBACTCSA 3AMKHYMbLM, €CIH €0 Tpaduk
{(z,y) | z € Z1, y € P(z)} — 3aMKHYTOE MHOKECTBO, T.€. JIJIs JIOOBIX HOCTe-
nosarenprocreit {2" € Z1} u {y" € ®(2")}, Taknx, uro 2" — 2% w y" — ¢,
neobxoumo y° € B(20).

B gactaoM ciydae ¢ MoxkeT O6BITH POCTO OTOOpazKkenuneMm u3 4 B Z. To-
I71a CBOMCTBO 3aMKHYTOCTH OTOOpazkeHus P coBmaiaeT co CBOWCTBOM Helpe-
peiBHOCTH. Takmm oOpa3oM, IpeblayInee olpejeeHrne o0o0IaeT MOHATHE
HEIIPEPBIBHOCTHU JJIsI TOUEIHO-MHOYKECTBEHHBIX OTOOPAXKEHUIH.

Teopema 12.1 (Kakyrauu). [lycth Z — BBIIYKJIBIi KOMIAKT KOHEY-
HOMEPHOTO eBKJINI0BA TPOCTpaHcTBa, a ® : 7 — 22 — 3aMKHYTOE BHITYK-
JIO3HAYHOE TOUeTHO-MHOXKEeCTBEHHOEe 0ToOpazkeHue. Toraa cylecrByer Hero-
nBHzKHadg Touka 2° orobpaxkenusa @, T.e. 20 € &(20).

JokazkeMm Teopemy miag Z C E'. B janHoMm ciaydae B COOTBETCTBHHU C
YCJIOBHEM TeopeMbl Z — 0Tpe3okK |a, b]. Pacemorpuv MHOXKeCTBO 7 = {z €
Z | max®(z) > z}. D10 MHOKECTBO HENmycTo, TaK Kak a € 2. Ilycrs
2% = sup Z u nokaxem, uro 2° € ®(2°). deiicreurennno, max ®(2°) > 20,
Tak Kak ®(z) — samkHyTOe oroGpakenue. Jlokaxkem, uro min ®(z%) < 2°.
Ecin 2 = b, 10 yreepxkaenue ouesuano. Ilycrs 20 < b. Pacemorpum mociie-

J0BaTEJIbHOCTD {z’“}, exongamyioca K 20 u naa koropoit 2F > 2% k=1,2, ...
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[To onpenenenmio z° ans mee max ®(2%) < 28 k = 1,2,.... losromy naii-

JeTcst Takas nocaenopatenbrocts {yF € ®(2F)}, aro yF < ¢k =1,2, ...
Bes motepn 06TIHOCTH MOZKHO CYMTATDH, 9TO MOCIeJoBaTe bHOCTh {yF} cxo-
murea K y° < 20, TTockonbky @(2) — 3amkHyTOe orobpazkenue, y° € @(2°) n
min ®(2%) < 20. Orcroma 2° € ¢(2°). W

JlokazaTebeTBo TeopeMbl KakyTanu B obmieM cIydae OCHOBAHO Ha Teo-
peme Bpayspa u conepxurcs B [punokenun (I13).

Teopema 12.2. [Iycth B urpe I' MHOKecTBa S — BBIMYKJIbIE KOMITAKTBI
eBKJIMJIOBBIX [POCTPAHCTB, a GyHKIMU u®(S) HENPEPHIBHBI HA S U KBa3UBO-
rayThl 110 $¢ (npu J06bIx duxcuposanubix s € S° b € A\{a}). Torna B
urpe [' cymecTByer curyarnus paBHOBECHS.

Loxazameavcmeo. OupenesiM TOIeIHO-MHOXKECTBEHHOE 0TOOparkKeHue
® : S — 25 caeyrommM o6pazoM: I T000i CHTYamn s € S MOT0KAM

O(s) = %@“(sb, be A\{a}),
rie

(st b e A\{a}) «f Arg max u®(s||h")
(Ire a

— MHOXKECTBO HAMIYHIIEX OTBETOB HIPOKa a Ha crparerun s°, b € A\{a},
OCTAJILHBIX UTPOKOB. HeTpyiHO IpOBEPHUTDH, 4TO 0TOOpazKeHue
P QS —2%
beA\{a}
3aMKHYTO (CM. 3aMedaHue K TeopeMe 2.2) U BBILYKJI03HATHO. [[03TOMY 0TOO-
paxkenne ¢ ya0BIETBOPAET YCJIOBUAM TeopeMbl 12.1 m mMeeT HEMOABUKHYIO
Touky 5 € $(3), koropas u Oymer pasroecuem mo Hamry B urpe I'. l

CwMenranHoe pacHINpeHNe UTPbI

IIycts B urpe I' MHOXKecTBa cTpaTeruit UTPOKOB KOHEIHBI:
Se={1,...,m*}, a € A. Crparerun s®, Bxojsmue B S, HA3BIBAIOTCS IUCTHI-
MU CTpaTerusiMu Urpoka a. CMelranHasi CTpaTerus UIPOKa @ OLUPEIe/IsAeTCs
KaK BepOSTHOCTHOE pacnpenesenne 7¢ = (7, ..., m%,), rue 7% — BepOSTHOCTh
BBIOOpA unCTOl cTpaTernn s € S% B KauecTBe peajabHON CTpATern UIPOKA
a. MHOXKecTBO CMeIIaHHBIX CTPaTeruii UTPOKA @ — ITO CUMILIEKC

m(L
a __ a __ a a a __ a a __ a
* = {n* = (7}, ....mla) | D 7la=1, 7% >0, s*=1,....,m*}.
se=1
st 3a1aHHOTO HADOPa, CMEITaHHBIX CTpaTeruii

T=(r" acA)ell= I

acA
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def
onpeaeauM p(s|m) = [[ 7% — BepOATHOCTD peaJU3alnuH CHTYAINN
acA
s = (8% a € A). Torma MaremMarnveckoe OXKHJIAHUE BBIMIPHINIA UTPOKA @

Oyaer 3agasarbest Gynknueit u®(m) = Y p(s|m)u(s). Takum obpazom, cme-
seS

AHHOEe paciiupenure urpbl I' B HOpMaJsbHOI hopMe nmeer Bu/I
I'= (A, 1I", u'(7), a € A).

CuTyanun paBHOBecHsI UTPbI I GyJeM Ha3bIBATL CHTYAIHsIMH PaBHOBE-
CHsl B CMEIIAHHBIX CTPATerusgax Urpbl [ MM CMemaHHbIME PABHOBECHAME 1O
Hamry.

Kaxnas dbyakmust u®(7), O4eBHIHO, HEIPEPBIBHA [0 T W JMHEHHA 10 7
npu mobbix duxcuposannbix 0, b € A\{a}. [Tosromy u3 reopembr 12.2
BLITCKACT CJICAYIOMINI Pe3yIbTarT.

Teopema 12.3. B y1060it urpe [' ¢ KOHEUHBIMU MHOZKECTBAMU CTPaTEruit
CYIIIeCTBYET CMeIIaHHOe paBHOBecue 10 Hamry.

g anaau3a B BBIYHCIEHUS CMENTaHHOTO paBHOBecws 1Mo Hamry mosesno
caeIyIoniee yTBeprK/IeHue.

Ymeeporcdenue 12.1. Inst Toro urobwl curyanust 7 = (7%, a € A) Oblia
CMeIaHHbIM paBHOBecueM 1o Harmry, HeoOXoaumMo u J0CTaToOuHO, ITOOLI

a/=||.a\ __ ..a(—=
max u (7||s*) = u(7) Vae€ A.
Bonee toro, u®(7||s*) = u®(7) mag a0060i Takoit crpaTeruu s%, 9ToO
%Zﬂ. > O'

JToKazaTeibCTBO 3TOTO YTBEPZK AEHU S MOJTHOCTHIO AHAJIOTTYHO JI0KA3aTE b=
crBaM JiemMbl 10.1 n Teopembr 10.1.

Ipumep 12.1. Kaxknoe 3 TpexX NpeaNpUATH, UCITOIb3YIONIAX BOJAY U3
MIPUPOTHOTO BOJOEMA, PACIOIATAIOT ABYMS CTPATETHSMU: CTPOUTH COOPYKe-
HHUsI JIJIsl OJTHO 09rCcTKY OTpaboTanHoil Boapl (crparerus 1) nim xe cbpachi-
BATh €e Yepe3 UMEIONNecs OYUCTHBIE COOPYXKeHusd 0e3 OHOI0rnIecKoil 0OuncT-
ku (crparerns 2). [Ipeanonaraercsi, 970 0cOGEHHOCTH BOJOEMA M TEXHOIOTH-
JeCKUX MPOIEecCOB TAKOBBI, YTO B CJIydae, KOrJa He MOJTHOCTHIO OUYHIIEHHYIO
BOJy cOpacbhiBaeT He 0ojee OJHOrO MPEeANpHSATHs, BOJAa B BOIOEME OCTAETCS
[PUIO/IHOM JIJIsI UCIIO/IB30BaHUs U HpepusTus yobiTKa He HecyT. Eciu ke He
MTOJTHOCTHIO OYUIINEHHYIO0 BOJLY COPachIBAIOT HE MeHee JBYX MPeANpusiTuii, To
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KazK/IbII [TOJTb30BaTE/Ib BOJIbI HeceT YObITKH B pa3Mmepe Tpex eaunutl. Haitjgem
BCE CUTYallil PaBHOBECHS B YUCTHIX W CMENIAHHBIX CTPATEerusix OIUCAHHO
UTDBI TPeX JINL,

Ucxonnas urpa [ npencrapaena B Tabu. 12.1.

Taba. 12.1.
st 82| 83| ul(s) | u?(s) | ud(s)
171]1 -1 -1 -1
11172 -1 -1 0
1121 -1 0 -1
1122 -4 -3 -3
2111 0 -1 -1
2112 -3 -4 -3
2121 -3 -3 -4
212 |2 -3 -3 -3

[Toctponm cmemannoe pacumpenne L. Ilyers p® € [0,1], a = 1,2,3, —
BEPOSITHOCTD, ¢ KOTOPOI peanpusaTue a Beionpaer crparernio 1. Bosmoxkubie
curyarnuu B urpe [’ cocTaBasiior MHOZKECTBO

= {r = (',p",p°) | p* €[0,1], a = 1,2,3}.
DYHKIMS BBIUIPHIIIA IEPBOTO MPEIIPUATHS B Urpe 1
u'(m) = p'[=p*p’ = p*(1 = p°) = (1 = p*)p° = 4(1 = p*)(1 = p*) ]+
+(1=pH)[=3p°(1 = p?) = 3(1 = p*)p° = 3(1 = p*)(1 = p*)] =
= (—6p°p” + 3p” + 3p> — )p' +3pp* — 3 =K' (p*, p*)p' + ' (p*, p%).
Ananoruano,
u?(m) = B2 (p', pP)p* + P(p',p%), o’(m) = K (0", 0°)p° + (0", p?),
rie
1p?p°) = 3p°p® = 3, P(p',p°) =3p'p® =3, P(p',p*) = 3p'p® -3,
K (p?p%) = —6p°p° + 3p* + 3p> — 1, K*(p',p’) = —6p'p® + 3p" +3p° — 1,
K (p',p*) = —6p'p® +3p' +3p° — 1.
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[Iycrs T = (p%, a = 1,2,3) — npousBosibHas curyanus pasHoecus. [loso-
JKAM

E =@, F =05, F = E @),

3ameTuB, 4TO eciiu B> 0, Top* =1, a ecsm < 0, To p* = 0, paccmoTpum
BC€ BO3MOZKHBIEC CJIyYaH.

[Iycth B> 0, a=1,2,3; rornap®*=1mu El=—1-— MIPOTUBOPEYNE.

[Iycth B> 0, a =1,2, kK < 0. B sT0oM ciydae curyanusi paBHOBECHS
(1,1,0). Ananornuno, (1,0,1) u (0,1,1) — TakxkKe cUTyalun paBHOBECHUSI.

IIycrob E o> 0, E2,E3 < 0. torma pt =1mp? =p° =0, Eo=-1-
IPOTUBOPEYHE.

AHaﬂOFI/IqHO HET U APYIrux CI/ITyaHI/H/I paBHOBeECHA, COOTBeTCTByIOH_H/IX
CJIYy4aro O,ZLHOI/I NOJOXKUTEJIbHOH 1 ABYX OTpHUIaTEJbHBIX BEJIUYMNH k

IIycrs k° < 0, a = 1,2,3; Toraa curyamus pasrosecus (0,0,0).

[Tyctn k= 0, a = 1,2,3. Pemas nosydeHHYIO CHUCTEMY, HaiigeMm JBe
CUTYyallull paBHOBECHL:
((3—+/3)/6,(3—/3)/6,(3—/3)/6) u ((3+/3)/6,(3+/3)/6,(3++/3)/6).

[Tyctn K= 0, a=1,2, Eg > 0; Torma p° = 1. Pemnrast cCOOTBETCTBYIONTYIO
CHCTEMY, TIOTyaeM CI/ITyaHI/IIO papHoBecus (2/3, 2/3 1). Ecm k" =0, a =
1,2, o< 0, o p®P =0, pt = p* = 1/3, B = 1/3 — mporuBopeune.
AHaJIOFI/IqHO (1,2/3,2/3) u (2/3, 1 2/3) — CUTyaIluu DABHOBECHS.

Hakonen, paccyzaas aHaJIOTHYHO, y6e)I{,ILaeMCH 9TO HET CUTYyaluil pas-
HOBECHsI, COOTBETCTBYIOIINX OJHOM M3 BEJMIHH K , PaBHOIl HYJIO, U IBYM,
OTJIMYHbIM OT HYJIA.

Nrak, B urpe I' geBath curyaruii paBHOBECUS B YUCTHIX W CMENTaHHbBIX
CTpaTEernsdX.

JdoMuHIpOoBanue B Urpax MHOTHUX JII]

[TousiTisg 1 pe3yabTaThl O JOMUHUPOBAHUU CTPATEruil B UT'Pax JIBYX JIHII,
u3jioKenubie B § 10, jierko 0600MAa0TCst Ha UIPHl MHOIUX Jiuil 1.

Onpedeaenue. Byaem roBoputh, aro crparerus h® cmpozo domunupyem
crparermio ¢¢ (h® = ¢g%) ma MHOWecTBe curyamuit S C S, ecm BBIMOTHEHO
mepaBercTso u®(s||h®) > u(s||g?) V s € S. Byzmem rosoputb o caabom
domunuposaruu (h® = g%), ecmm u®(s||h®) > u®(s||g*) Vs € S.

Onpedeserue. ByieM roOBOPUTD, 4TO MHOXKECTBO S ¢mpozo (COOTBETCTBEH-
HO €060) domunupyem muoxkecrBo S (oboznauaercs S = S u S = S co-
OTBETCTBEHHO), €I OHO MOKeT OBbITh TMOAy4YeHO u3 S B pesysbrare I10-
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CJI€JI0BATEILHOTO MCK/IIOYEeHHsT CTPOro (COOTBETCTBEHHO €J1ab0) JTOMHHUDPYE-
MDbIX C'I‘pa’l‘el—‘l/llv;'l7 T.€. CyIeCTBYeT IOCJIe J0BATECJIbHOCTD BJIO2KEHHBIX MHO2KECTB
S=51D25D..D8 =29, nug xkoropoit upu awodom [ = 1,....k — 1 BbI-
IIOJIHEHBI CJIEYIOIIME YCIOBUS:

J— a a a a s
S = @;Sl v i Jo6bIX a € A, g € SP\S[,, Haiijercs Takag cTparerus

ac
h* € S, aro h* = g* (h* = g*) na S;.

[Tponeaypa 1m0cIe10BATETHBHOIO UCKIIUEHUs JJOMUHUDYEMbIX (B CTPOrOM
1M C1a00M CMBICTE) CTPATErnii COCTOUT B CaeaytoreM. Ha mepBom nrare Bbi-
SICHSIEM 1T KazK/IOI0 UI'POKA, KAKHe CTPATEruH SBJILIOTCS JOMUHUPYEMbIMI
Ha MHOYKeCTBe BeexX cuTyanuit S; = S u BeiOpacbiBaem ux. [losyaaem cyxken-
HOe MHOXKeCTBO So. Temeph cTpaTeruu, KOTOpPBIE He OLLIA TOMHHHDYEMBIMU
HA MHOXKeCTBe 51, MOTYT OKa3aThCs JOMUHUPYEMBIME HA MHOXKeCTBe So. Ha
cleaymouieM Hiare Mbl UX BBIKUAbIBaeM, IMOJYy4YaeM MHOZKEeCTBO Sg n T. 1.

Onpedenenue. Byaem ropoputsb, uro urpa I’ paspewuma no domunuposa-
W0, €CIIN JJIs HEKOTOPOTO CJa00 TOMUHUPYIONIEr0 MHOMXKECTBA S JTsl KazK-
aoro a € A bynkmua u®(s) we 3apucutT o1 s Ha S, T.e. Ay MOGHX 5 € S 7
he e SY ut(s) = u®(s||h%).

Onpedenerue. Bygem roBopurb, 4T0 CMEIIaHHAs CTpATErud T Cmpozo
domurupyem crpatermio g@ (7% = ¢%) ma MHOKecTBe cutyamuit S C S, ecm
BRITIOTHEHO HepasercTBo u(s||m?) > u?(s||g?) V s € S. Byaem rosoputs o
caabom domunuposaruu (T = g*), ecan

u®(s||m®) > u(s||g?) Vs e S.

Onpedesenue. ByaeM TOBOPUTD, YTO MHOKECTBO S ¢mpozo (COOTBETCTBEH-
HO €Aa00) oMurupyem MHOKECTBO S B CMEIIaHHBIX crparernsx (06o3Hava-
ercss S = Su S = S COOTBETCTBEHHO), ECIN CYMECTBYET MOCTeI0BATeTLHOCTh
BJIOZKEHHBIX MHOZKeCTB S = S; D S5 D ... D S, = S, /au1s KOTOPOil pH J11060M
l=1,...,k — 1 BBIIOJIHEHDI CJIEIYIONINE YCIOBHS:

1 = @ SP u g mobeix a € A, g* € SP\SP,, Halizerca Takas cTpaTerus
acA

7@ € Sy, aro @ = g% (1% = g%) ma S u Tl =0 Vs* &SP

Crenyroriee yIBepKIeHIE AHATOTTIHO Teopeme 10.4.

Teopema 12.4. 1) Tlycrs muoxkectso S = @ S crporo somuampyer
acA
MHOKECTBO S B CMENIAHHBIX CTpaTerusax. lorga s JI000ro CMeImraHHOIO

paroBecus o Hamy T = (7%, a € A) BBIIONHEHO yCIOBHE:
st mo0bix a € A u s* ¢ S® neobxomumo 7 = 0.
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2) Ilycrs muO)KecTBO S = ) S 1460 ZOMUHUPYET MHOYKECTBO S B CMe-
acA
~a

MAHHBIX cTparerusx u 7 = (7%, s* € S* a € A) — cMelIaHHOe paBHOBECHE
no Hamy B urpe I' = <A, S u(s), a € A) ¢ COKpaIEHHBIMH MHOKECTBa~

mu crparernit. Ompe e inM CUTYaIUio B CMENAHHBIX CTPATErHsIX 7T HCXOMHON
urpwt ' : a5 moboro a € A
7%, ecau s € S%,

—a S

° 0, ecuus®¢ S%
Torna ™ — paBuoBecue no Hanry B ucxoanoit urpe I'.
Mopenu urpoBoii fUHAMUKA

Mogeu 3TOro TUma PasBUTHl KaK albTepPHATHBA CTATHYECKHM ITPHHIIK-
HaM ONTHMAJIbHOCTH (TaKMM, KakK paBHOBecre no Haury, perenust no joMuHu-
poBaHUIO). YKa3aHHbIE MPUHIUILI MPUHATHS PENIeHus] TPeOyIoT I CBOeR
peanu3zanuyu MoJHOR MH(MOPMHAPOBAHHOCTH UTPOKOB OTHOCHTEILHO yCIOBHI
UTPHI (T.€. OTHOCUTEJBHO MHOXKECTB CTpaTeruii u (hyHKIUi BBIUTPHIINIA BCEX
VYACTHUKOB). Bosiee TOro, UrpoKu JOJKHBI OBITH PANUOHAJIBHBI B TIPHHSI-
THH COOCTBEHHBIX PelIeHWil ¥ MpeanoaaraTh TaKylo ¥Ke PalHOHATLHOCTH OT
CBOHMX HapTHEPOB. PaccMarpuBaeMble TMHAMUYCCKHE MOICJIH MPEAbABIAIOT
3HAYUTEJIHHO MEHbIIe TpeboBaHuil K MH(MpOPMUPOBAHHOCTH W PAIUOHAIBLHO-
CTH MIPOKOB U OOJBIIE MOXOXKH HA PEAJbHBIE METObl IPHHATHS PEIIeHIA.

[IpeamonoxumM, 410 KOH(MIUKTHAS CHTyalds ONUCHIBaeTCa Urpoi I' =
<A, S u(s), a € A> ¢ KOHEYHBIMI MHOXKeCTBaMH crparernii S, a € A.
[Tycrs urpa mosropsierca B nepuoabl spemenn ¢ = 1,2, ... Kaxapiii urpox
BeIOUpaer crparernto s%(t + 1) Ha mepuon (mar) ¢t + 1, ucxonst u3 ucmopuu
ht = {s(1) = (s(7),a € A)},<;, cnoxxusIeiicss K 3TOMy nepuoy. Beckoxeu-
HYIO TOCJIeIOBATEIbHOCT cuTyanuii {s(t)} Oymem Ha3bIBATH mpaexmopuet
nponecca. Obo3HauuM 4Yepe3 H MHOXKECTBO BCEBO3MOXKHBIX UCTODHIA, T.€.

H=UJ{n'}.
t>1

[IpaBu/io moBeaeHUst UIPOKA B ITOM HPOILECCEe 3a4aeTCsd 0TOOparKeHueM
p® : H — S CoBOKymHOCTH <F; ne a € A> Ha3BIBACTCS 0eMEPMUHUPOBAH-
HOLM U2POBBIM NPOUECCOM.

OmupegesinM TOHATHE adanmueHo20 nosederus. CMBICT eI0 COCTOUT B TOM,
YTO UIPOK IPOrHO3UPYET BEPOATHOCTH PeATM3AlUMUA CTPATErHii IapTHEPOB
sAMab = (st b € A\{a}), ucxons us npepicropun, U MaKCUMU3MPYeT co6-
CTBEHHLII BLIUTPHIII HA OCHOBAHMH TAKOTO IPOrHO3a. B KadecTse IpuMepa
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PACCMOTPUM MOOeND HAUAYHUIUT OMBEEMOE.
I[Iponece HaYMHAaeTCs ¢ BHIOOPA HTPOKAMH MPOU3BONBHBIX CTPATErHit
s*(1), a € A. damee moce ¢ maros Ha caegyiomeM, (¢ + 1)-M mrare

s*(t+1) € Arg max u®(s(t)[|s), a € A.
sagsa
Takum 06pa30M, UI'POK MAKCUMH3HPYET COOCTBEHHDINH BBIMTPBIII, UCXOMSI U3
HPEJINOIOXKEHUs, YTO JPYIrue UIPDOKU HE MEHSIOT CBOUX CTPATeruil 1o cpas-
HEHWIO C TP/ IYIIUM HaroM.
B Gosee obmmeM caydae MpPeanonokKeHns O MOBEICHUN MAPTHEPOB B MO-
MeHT BpeMenu ¢ + 1 MOXKHO XapakTepu30BaTh HAOOPOM MAPAMETPOB

{A\¢, > 0}, <4, Takum, aT0 Y A = 1. Irpok a c4uTaet, 910 ¢ BEPOATHOCTDHIO
T<t

¢, B MOMeHT ! + 1 moBTOpHTCH Habop cTparernii apyrux urpokos s4\{e} (1),
cayduBiuiics B MoMeHT 7. Mlcxoig u3 3Toro, urpoK a MakKCUMU3UPYeT MaTe-
MATHYIECKOe OKUIaHue CBOero BeIUrphimia. Cje0BaTe/bHO,

s“(t+1) € Arg max AL ut(s(7)]|s?), a € A. (12.1)
SGE a )

T<t

Onpedenenue. Tlycts T — MUHUMATBHOE YUCIO TIEPUOIOB, JJIsT KOTOPOTO
t—7>T=X_=0 Vae A, t, 7. Torga T Ha3bIBaeTCA NAMAMHIO UTPOBOI'O
nporecca (HIPOKYM He MOMHSIT TO, YTO MPOUCXOAUI0 T IIaros Ha3a.).

ITpumepom mporecca ¢ OECKOHEYHON MaMsThIO sIBJASIETCH WTePAIMOHHbIH
nporecc Bpayna aj1st MATPUYIHBIX UTD, H3JI0KEHHBIA B § 5, WJIM aHAJOTHIHBI
nporiecc 11t Gnvatpuarbx urp w3 § 10, e A, = 1/t aaa Beex Takux T
t, uro 7 < t. B obmeM ciaydae mMpaBHJIO NMPOTHO3MPOBAHHS MOXKHO 331aTh
orobpazkernunem p®(sA\e|A?), ompemensiomenm n1g Urpoka a cyGLEKTHBHYIO
BeposTHOCTD peasnzarun s\ B zapucumoctu or neropun ht. Ipu ucnosn-
30BaHUM 1IPABUI NPOrHo3upoBanust p®, a € A, Ha (t + 1)-m mare urpoxu
BBIOMPAIOT CTPATETUH TI0 TTPABUILY

s“(t+1) € Arg max p(sM™Ma | pHua (MY ) a0 e A
S{LE a
SA\{”'}
AanTuBHbBIE TPABUJIA COOTBETCTBYIOT CHUTYAIMH, KOIJA KAasKJABIH UIPOK
CUMTAET MOBEJICHUE TAPTHEPOB, HE 3ABUCSIIUM OT €ro COOCTBEHHOIO BLIGODA.
On 6o HEe yYUTHIBAET BO3MOZKHOTO BJHUSAHUS BHIGODA B TEKYIIHH TEPUO
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Ha [I0C/Ie/yOle HOBTOPeHUs, Jub0 OHU ero He HHTepecylor (He Ciry4aii-
HO JIPYTUM HA3BAHHEM MOJEIN HAWIYUIINX OTBETOB siBJIgeTcs "OIn30pyKOe
npuctocobsienne’).

JlMHAMHKA UTPOBBIX MPOIECCOB ¢ ATANTHBHBIME MPABAJIAMHU TIOBEIEHHUST
OKA3BIBAETCS JIIsl MHOTUX UTP XODPOIIO COTJIACOBAHHON ¢ YKA3AHHBIMU BBIIIE
CTaTUYeCKUMHA IPpUHIOUIIaMHA OIITHUMAJIbHOCTH. HpI/IBO,ZLI/IMbIe HUZKE YTBEPZKIE-
HUd MOATBEPZKIaI0T BO3MOXKHOCTDL HCIIOJb30BaHUA NOHATHNA paBHOBECHA 110
Hsury u JOMHHHDYOIIMX MHOXKECTB /Il OIUCAHUS [OBEJIeHMs HHIUBHUILYY-
MOB ¢ OrDAHHYEHHOI PAIMOHAIBHOCTHIO.

Onpedenenue. [IpaBuio Nporuo3upoBanus p® Ha30BeM GIGNMUCHIM, €C-
7 aa moboit TpaexTopun {s(t)} u moboro mabopa crparernii s\ xoro-
pbiii Berpedaercs B {s(t)} amumb KoHeuHoe 4MCJI0 pa3, cyObEKTHBHAS BEPO-
armocts p(sMaHA?) crpemures k mymo npu t — oo, rae {h'} — nocaeo-
BATEJILHOCTHh HCTOPHI, OTBedatolux Tpaektopun {s(t)}.

Ynpaostcnenue 12.2. Tlokaxkure, 4To B 1iporecce bpayna Urpoku mcrnojib-
3YIOT aJalTUBHBIE TPpaBUJIa MPOTHOSUPOBAHUWA.

Teopema 12.5. [Iyctb nocieroBaTeIbHOCTh MHOYKECTB CUTYaIMi
S =51D8; D ... D S nonydeHa B pe3yJbraTe IOCTIeI0BATEIbHOIO UCKTIO-
YeHHs CTPATeruii, CTpOro JOMUHUPYEMBIX CMEIIAHHBIMU CTPATErHAMHU, W
g* € S¢\S¢,, nna mekoropuix a € A, r € {1, ...,k — 1}. Torna cnpasenuBsI
CJIEIYTOTINE YTBEPKICHUS.

1) dus mo6oit Tpaekropun {s(f)} Mome n HAMIYYIIHX OTBETOB
s*(t+1) # ¢ upu t > .

2) st BCSKON aJaNTHBHOM JAUHAMHEKE ¢ HAOOPOM mapamerpoB {A;,} u
namsarbio T s®(t+ 1) # g% upu t > rT.

Jlokasameavcmeo. 1) TlpennonoxumM cHadama, 910 crparerds g* mosy-
YeHa B pe3yJbTaTe MOCIe0BATEILHOTO UCKIYEHNUST CTPATErnil, CTPOTO J10-
MUHUPYEMBIX YUCTBIMH cTpaTerugMu. [IpoBemeM JoKa3aTeabCTBO METOIOM
MaTeMaTudeckoil maayknuu mo 7. Ilyers s > g% m.e. r = 1. Torma crtpa-
Terus ¢% He ABJIAETCA HAWJYUIIAM OTBETOM Ha JIOObIE CTPATErdh JPYIUX
urpokos. CrenoBaresnbro, s*(t + 1) # ¢* mpu t > 1. Tlycte yTBepKIeHHe
JOKA3aHOo M5 JIIOOBIX cTparteruit n3 MuHoxkecTBa S1\S,. [To mHIyKTHBHOMY
npejanosoxkenuto s(t) € S, mpu awbbix ¢ > 1. [Tosromy, HauMHAag C IHara
T, MOKHO OIPAHUYUATHCH PeAYIUPOBAHHON UIPDOM ¢ MHOXKECTBAMU CTPATErui
Se, a € A. Bozbmem g* € S\S?, . B paccmarpusaemoii pejynuposanHoil
urpe crparerusi g° crporo gjomuHEpyema u s*(t + 1) # s* npu Ja06bIX t > 7.
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[TepeiigeMm K JOMUHUPOBAHUIO CMEIIAHHBIMU crparerudamu. Ilycth cme-
maHHas crparerusd 7% crporo gomMuHupyer crpareruio g, t.e. r = 1. To-
18 JJid JI000H cuTyaIun s(t) HaiiieTcd YncTasd cTparerud s°, Aj1d KOTOpPOi
% > 0w u(s(t)||s*) > u(s(t)||g*). CaemoBarenvuo, s*(t + 1) # g* npu
moObIx ¢ > 1. JloKa3aTeIbeTBO, KaK U JJIs CIydas JOMHUHUPOBAHUS TUCTBIMU
CTpaTerusiMu, 3aBeplraeTcs UHIYKIUed 1o 1.

2) Ilycre s* = g*. Torma crparerus g He SIBJISIETCS] HAUTY IITUM OTBETOM
Urpoka a nupu t > 2, a "HauuHag ¢ wara 1 + 1, oHa He BXOJUT B lipaBble
qactu (12.1) u He BAUSAET HA TOBEJEHHE OCTAJBHBIX UTDOKOB. [loaTomy mpu
t > T 4 1 MOXKHO paccMaTpuBaTh PEAyIUPOBAHHYIO UI'DY C MHOYKECTBAMHU
crpaternit S5 Vb € A. [lanee IpoBOIATCH PACCYZKIEHAA TT0 HHIYKIIH.

[IycTs Teneps crparerusd g* cTporo JOMUHUPYETCS CMEITAHHOW CTpaTeru-
eit 7@ Torma miag mo6oit cutyaruu $(7) BBIIOJHEHO HEDABEHCTBO

St u(s(7)]|s*) > u(s(7)||g"), a orcrona

ZmZA 715" > Y ALt (s(r)llg?).

<t T<t

CaenoBarenbHO, Halijercst Takas crparerus s%, Jjst KOTOpoil 7wl > 0 u
S Xt (s(r)[[s%) > 30, o, Al u(s(7)lg?). Tiostoy s°(t + 1) # ¢* npu
t>1,anput >T +1 crparerus ¢ He BJUseT Ha BHIOOPHI APYTIUX UIPOKOB.
[Tostomy, Haunnaag ¢ mara 7' + 1, MOXKHO paccMaTpPUBATh PeyIHPOBAHHYIO
urpy ¢ MuozkecTsamu crpareruit S5 Vb € A. Jlajee npoBOAsTCH PACCYIKIe-

g 1o nuayknuu. M
Vreepxkaenue 12.2. [Iycrb Tpaektopus {s(t)} coorBercrByer HAGODY
alanTuBHBIX npasua p®, a € A u s(t) =35 upu t > t. Torma 5 —
paBHOBecue o Hamy urpsr .
Zoxazameavemeo. 13 ycaoBus BHITEKAET, UTO
lim p?(sMeh) Bt =0
t—o0
mpu go6bx s\ #£ (38 b € A\{a}). CrenoBaTennho,

lim p* (3%, be A\{a})|n") =1 Vac A (12.2)

[TpejonozxKum, 4T0 § HE sIBJsieTcs cuTyalueil papHoBecus. Toraa Haiijaercs
TaKas CTparerust s HEKOTOPOro urpoka a, 9ro u®(s|[s*) > u®(s). C yuerom
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(12.2) mpu mocrarouno Gosbimom ¢

Z pa(SA\{a} | ht)uzz<SA\{a}7Sa> > Z pa(SA\{a} | ht)ua(SA\{a}7§a)'
sA\{a} sA\{a}

Orcroma s*(t + 1) # 5%, aTo nporuBopednT yeaoBuio. M

Bosbioit nuarepec npeacTaBiagior 00paTHbIe Pe3YJILTATHI — O CXOJIUMOCTH
aJIATITHBHBIX MPOIECCOB K paBHOBecHsiM 110 Hamry (em. Teopemsr 5.3 u 10.5).

§13. Ilo3urnuoHHBIE UTPHI C MOJHOI MHPOPMAIAE

Muorue peanbHble KOH(DIUKTHBIE CATYAIdd HUMEIOT JIIUTEIbHBIN XapaK-
rep. IIx ydacTHuku JAeficTBYIOT HEOJHOKPATHO U C y4eToM MHQOpManuum o
NPEJIIEeCTBYIONEM pa3BUTUU KOHMIUKTA. /[j1g COOTBETCTBYIONUX MOJe e
o0IIe TeopeMbl CyIIECTBOBAHUS PEIIeHUs JIJI UT'P B HOPMaJIbHOI (popme He
MTO3BOJISTIOT HAXOINTH WIN JazKe KOHKPEeTH3NPOBATH ONTHMAJIbHOE II0BEIeHIE
13-3a OOJIBIIOTO YHCIa BO3SMOXKHBIX cTpaTeruii. s pemnreHust THHAMHAIeCKIX
UI'P ¢ KOHEYHBIM YUC/IOM MTPOKOB 9aCTO yA00HO HCIOIB30BATH NO3ULUUOHHOE
npejcranierue urpbl. Hanbosee mpocThiM KJIACCOM NO3UUUOHHBLL U2 SIBJSI-
€TCsl KJIACC KOHEUHOINTATOBBIX MO3UIMOHHBIX UI'P € NMOMHON nndopmaimeit. B
TaKOI UI'pe Ha KazKIOM Iare UIPhl JeJaeT XO/I JIIIb OJUH UTPOK, UM
MOJHYI0 HHMOPMAIHUIO O TEKYIIEM COCTOSHUH, BCEX IMPOUCXOISIINX AeiiCcTBI-
SIX U 00IIei CTPYKTYpe UTPhl. DTO IPEIIOI0KEeHNe OOBIYHO XapaKTepu3yer-
cgd Kak nojinag wadopMmarusa. XopoIo U3BECTHBIMEU MPUMEPAMU TaKUX HUID
ABJIAIOTCA IHMAIIKHW U IITaXMaAThI. MHOFOHIaFOBBIe AHTATrOHUCTHYCCKUE UT'PHI C
noJiHoi mH$opManueir paccMarpuBaiauch B §8. B sTtom maparpade OyayT
MOJIVIeHBI DoJiee O0IIHe pe3yabTaThl.

HamomuuMm npumep 9.1 B3anmoelicTBust mpojabua (Mrpoka 1) u mokyma-
tesist (urpoka 2). Y mpogasia Jpe crparerun: "decrnocts"u "obman". Y mo-
KyIaTejs TakzKe JABe crpareruu: "moseputh'u "mpoBeputs'. MaTpuubl BhI-
ATPbIIIEl HTPOKOB UMEIOT BU/I,

OB MpPOB OB  IIPOB
4 tectH 0 0 p _ uecrn 0o —1/2
- obman \ 1 -1 ) - obmanm \ —1  1/2

Pacemorpum jiunaMuydeckyo MOJIMGMUKAIIMIO UTIPbL: IYCTh IOKYHATE/Ib CIIO-
cobeH 3aMeTUTh, OOBEIIMBAET €ro MpOoJaBell U HEeT, T.e. OH BLIOMpPaAeT CBO
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BApPUAHT ITOBE/IEHNUsI, 3HAs MOBeJeHNe Mpomasia. COOTBETCTBYIOMAsA CXeMa
n3obpaxkena Ha puc. 13.1. 1

(0,0) (0,—1/2) (1,-1) (—1,1/2)
Puc. 13.1

VHATYUTHBHO TOHATHO, YTO PANMOHAJBHBIM MOBE/IEHUEM TTOKYIIATes sB-
JIZeTCsd BBIOOP ONTHUMAJIBLHOTO OTBETA, BBIJEJIEHHOIO HA PUCYHKE YKUPHBIME
JIMHUAMUN. B CBOIO Oo4€epeb, IIpoJaBen; MOxKeT BbI6paTb OIITUMAJIbBHYIO CTpa-
TEeruio, 3Hasd peakluio mokymnarens. Huzxke naercs obo0IIEHEE 3TOTO METO/1a
perenus Jis Jiio60it urpel ¢ nosHoit nugopmarmeit. [IpuseiemM cooTBeTCTBY-
forue (popMaabHbIe OIpeaeIeHus .

Onpedenenue. Koneunvm depesom, WiIim OpuEeHTHPOBAHHBIM Ipadom 6e3
IMKJIOB, HasbiBaercs napa (X, o), rie X — KOHEYHOe MHOYKECTBO BEDIIHH,
win no3unuii, a oroopaxkenne o : X — X comocTapisieT KarKIa0# BepIlinHe
ee OJIMZKAIIEro Mpe/IIecTBeHHIKA, IPUIEM

® CyIIEeCTBYeT eJIMHCTBEHHAS HA%AAbHAA BEPIIHHA T(, TaKasl, 9TO 0 (xg) =
Zo;

e cymectByeT nesnoe [ > 0, uro o!(z) = xg ang Bcex x € X; HauMeHb-
mee Takoe | HazpiBaercs daunotl nepesa (X, o).

Jlobag BepmmHa x, 1ya KoTopoit o '(z) = (), masmBaerca dunanvnot
BeprmHoil mepeBa (X, 0), a MHOXKECTBO BCEX TAKHX BEPITHH OOO3HATAETCSI
uepes 1. JIjng nedpuHaIbHBIX BEPILUH T MHOXKECTBO 0 ' () COCTOUT U3 MpeeM-
HHUKOB T, T.e. U3 CJeIYIONnX 3a x BepinH. Pebpa nepesa (X, 0) Ha3zbiBatoTCsI
ANDMEPHAMUCAMU.

Onpedeaenue. Ilosuyuonrot uepoti ¢ noanoti unpopmavuet; Ha3bIBaLTCA
CAEYIONAasd COBOKYITHOCTD:

G= <A, (X,0), u(z),z €T, a € A; X\T = |J XU X,

acA
VzeX0Ip(x), 2 € ail(x)>,
e
e A — MHOXKECTBO UTDOKOB;
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e (X,0) — KOHEYHOE JEPeBO ¢ HAYAJILHON BEPIINHONW T( M MHOXKECTBOM
T punaIBHBIX BEPIINH;

o R = {X* a € A, X°} — pasbuenne muoxkecrsa X\7T Ha momapHo
HETlePeCeKaIoIHecs MOMHOKECTBA,;

e X% — MHOXKECTBO MO3UIHI, B KOTOPBIX JIeJaeT XoJ UIPoK a € A; X¢
HA3bIBAETCSI MHOYKECTBOM AUYHOLT TO3ULIUNA UTPOKA a.

e XY — MHOMKeCTBO MOBHIINI, B KOTOPEIX "mesaeT xon" cayyai;

o u’:T — E' — byHKIUA BHIUTPHIIIA HTPOKA @]

o 11a Kaxkjaoro € X 3a7aHbl BepOATHOCTH

p(@|z) >0, > p'fr) =1,
x'€o—1(z)

Iepexo/ia U3 MO3UIUA X B no3unun ¥’ € o ().

Pasbuenue R oupejenser, kakoit urpox (wau ciay4ait, ecim z € X°) xo-
JINT B KAXKI0# KOHKpeTHOI HedwHaIbHON Bepmnae x. Ecan xg € X a € A,
TO WIpa HAYMHAETCSA € TOTO, YTO MIPOK ( JOJKEH BHIOpATh CJIELYIONLYIO 34
To BEpUIMHY, CKaxkeM, T; € o (zg). Ecin xy — dunambnag Bepmuna, To
UTpa OKOHYEHA U BBIUI'PBIIIN UTPOKOB cyTh u® (1), a € A. Ecin x; — nedu-
HaJbHAd BepIIWHA, TO UTPOK b, 4714 KOTOpOro x; € X°, mMeeT mpaBo xo7a
1 BLIOUpAET CJICJAYIONLYIO 3a T BEpIIUHY, CKazKeM, Ty € 0 (xq) u .. Ecin
B KaKo#-TO MOMeHT Mbl nomajaem B sepummny = € X (B korTopoii xouur
caydait), TO ¢ BepoATHOCTBIO p(x'|x) MBI mEepexouM K OIHOW U3 BEPIIHH
¥ € o Yx), B KOTOPOIT MpOIOIKAEM IeHCTBOBATD CIOCOOOM, OMHMCAHHBIM
BHIIIIE.

Ecnu urpok a B Bepmune x € X* BbIOMpaeT BEPHIUHY x € J_l(x), TO
TakzKe OyIeM FOBOPUTDH, YTO OH BHIOMPAET COOTBETCTBYIOIIYIO aIbTEPHATHBY
— pebpo JepeBa, COeIUHSIONICro BePIInHbL - U I

Puc. 13.2

Ha puc. 13.2 orMedeHHbIE KPECTUKAMU BEPIIMHBI SBJISIOTCH (DHHATHHbI-
Mu. B Bepmmae 0 X0auT caydail, B OCTAJIbHBIX — UTPOKH 1, 2 m 3.
Yr0o0bI Opeae uTh NCXO/1 TO3UIMOHHON UT'DbI, JIJIS KaXK0H MO3UIHUH JTIO-
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6oro urpoka jio/kHa ObITh YKa3aHa BepIlinHa, Ky1a OH repeiiier. Bregem s
9TOr0 HECKOJIbKO IOHATHI.

Onpedenenue. Crparerneit urpoka a € A HazpiBaercsi orodpazkenue [u®,
Onpeesisiroliee st KazKA0i BepimuHbl & € X HO3UIHI0, B KOTOPYIO OH Iie-
peiier: V x € X% p%(x) € o~ (x). MHOXKecTBO Beex cTpareruil Urpoka a
oboznaunm gepes {u}.

Ha6op takux crparernii u = (u*, a € A) HaswiBaercst cumyayued. s
KaxKJI0r0 © € X [T TAHHON CHTYAI[MH [ MOXKHO OIPEJIEJUTh BEPOSATHOCTD
p(z|p) mepexoma B nosurmio x. [Ipu stom p(zo|p) = 1 — urpa Beerna madn-
HAETCs C NO3UIUU T.

B ofmem ciydae BepOATHOCTH MONACTD B HO3UIUIO T, HEIOCPEICTBEHHO
CAeYIONYIO 3a mo3uiueit urpoka o(x) € X a € A, onpenensercs mo ¢op-
wyae p(z|p) = p(o(x)|p)p(z|o(x), n), rae
1, ecam p*(o(z)) = x,

p(zlo(z), 1) =
0 B OpOTUBHOM Ciydae.

Ecmm ke o(x) € X° — nmosunua cayuag, To Bepogaraocts p(z|o(z), 1) =
p(zlo(zr)) 3amama ycaoBusMu urpbl. Takum obpazoM, s 000 CATyaInn
SIS KazKI0TO UIPOKA a € A ompejesieHo cpeatee 3uadenne (pyHKINH BbI-
UTPHITITA

ut(p) = E(u(z)|n) = m%;p(x\u)ua(ﬂf)

Vnpasrcnenue 15.1. Ha puc. 13.3 pedbpa jgepesBa, COOTBETCTBYIOIINE CUTY-
AllMN I, BBIIEJIEHBI >KUPHBIMI JIMHIAMHE, & (DHHAJIbHBIE TO3UIUN TPOHYMepPO-
Baubl oT 1 70 6, T.e. T = {1,...,6}. Haiiqure BeposiTHOCTH
p(z|p), €T

1
2/ 1
2 5 0
Puc. 15.3
Onpedenenue. Urpa I'(G) = <A, {p*}, u(p), a € A> Ha3bIBAETCS HOP-

ManoHoT Popmoti mo3uImoHHOM urpsl G.

Jns oboit Bepimabl 2z € X MOXKHO PacCMOTPETH MO3UIUOHHYIO MObI-
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I'py, HAUUHAIONLYIOCH W3 3TOU TOYKH:
G, = <A, (X,,0.), XS, X7, ul(z), a € A>,

e

e X, = {z |cymecTByer Takoe nenoe [ > 0, uro o'(x) = z};

® 0, eCTb CyzKenue orobpakenusi 0 Ha X, u 0,(z) = z;

e X°=X"NX,, ac A X0=X"NnX;

o ul(z) =u(x),ecmmax e X,NT.

[yctb = (u*, a € A) — curyanus B urpe I'(G). Obo3naanm yepes p, =
(¢, a € A) — ee cyxenue Ha X, a qepe3 u’(u,) — 3HAUEHHE BBHIUTPHIIIA
UI'DOKA @ B cUTyaluu f,. Takum obpa3om, jjig Jjodoro z € X onpejeieHa

urpa ['(G,) = <A, {pe}, u(u.), a € A> — HOpMasbHast dhopMa JJId UTPhI
G..

Ynpaotcnenue 13.2. Ha puc. 13.4 uzodpazkeno jepeso urpsl G. B dpunaib-
HBIX MO3HIEAX YKA3aHbl BEKTOPHI BRIATPBIeil nrpokos u(x) = (u'(z), u?(x))

niain ’LLC.ZL'OdbL U?pbt.
/ 2
_]_)

(_17 ) ( )

71,2

Puc. 13.4

Sanumure HOpMaJIBHYIO (hopMmy AanHOI urpbsl G u momeirpsl (G,, COOT-
BETCTRYIOIEH crydaiitnoMy BbIOOPY TPaBO#l abTepPHATUBHI.

Onpedenenuve. Curyanusa @ = (g%, a € A) Ha3BIBACTCS COBEPUIEHHBIM
nodwvieposwvim pasrosecuem, urpbl G, ecam 11 KayxKao0i BepiiuHbl z € X cu-
ryamus 1, = (A% a € A), rae @ — cyzxKeHHe cTpaTerud [ Ha MOJABITPY
I'(G.), asnserca pasHoBecueM 110 Hamy B urpe I'(G.,).

Anropurm onpenesieHnsi COBEPIIEHHOIO MOABIIPOBOrO
paBHoBecus (amropurm Kyna)

Asnropurm Kyna cocTouT u3 mocie0BaTeIbHbIX peayKiuit urps G.

[[Tar 1. PaccMOTpuM MHOXKECTBO Z1 npedPpurasbHul BEPIIUH, I KOTO-
PbIX BCe MoC/IeLyIolIIe BepIIuHbl ABjIsaoTcs punanbubivu: Z; = {x | o071 ()
T'}. st Kazk10il BepIuHbl & € Z; AefCTBYeM CAeIyIONM 00pa3oM.

N
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1) Eciin B nannoii sepunne xoaut urpok a € A (v € Z;NX°), to naxomum
ero HAWJIY4IInilt BLIOOD B 9TOM BeplinHe
i%(z) € Arg max u(y)
yco—1(x)
¥ JI0ONPEJIE/ISIeM BEKTOD BBIMI'PbIIIEl UTPDOKOB B BEPIIUHE
def,
u(z) = (u(x), b€ A) = (u"(@*(x)), b € A).
2) Ecn B mannoii Bepummae xoaut cayqail (r € Z;NXY), To npunuceiBaem
9TOl BEpIIMHE CPeJHee 3HAUYCHHE BEKTOPA BbIUIPbIIIEH CPe BO3MOMKHBIX

ATBTEPHATHB
u(z) = > plyle)uly).
y€o1(x)

B pesysbraTe moaydmsin peyiupoBaHHYIO HTPY ¢ MHOZKECTBOM (DUHAb-
HBIX BEPIINH /1.

[MTar 2. g 370it urpbl anaaoruvHo mary 1 HaxoauM MHOZKeCTBO Hedu-
HAJTBHBIX BEPITHH Za, JJIST KOTOPHIX BCE MOCELyIOINNe BEPITHHB B HOBOM
JepeBe ABAAIOTCS (bUHATBHBIMUA: Zo = {z | o ' (z) C T U Z}. dna xax-
JIOIi BEPIITUHBI £ 3TOTO MHOYKECTBA AHAJOTHIHO MYHKTAM 1) 1 2) ompejessem
BoIGOPBI [1%(z) npu & € X® u BeKTOp BbIUIPbIIIeH u(x).

Jlasiee aHaJIOTHYHO MPOOIYKAEM ITOT MPOIECC JIJIsi MHOYKECTB

I3 = {ZE | 0'71({13) cTuzZU ZQ},

Z4 = {l' ‘ O'_I(SE) CTUZ1UZQUZ3}

U T.JI., TIOKA OYePeIHOe MHOYKECTBO Z; He OYIeT COCTOSATH TOJIHKO U3 HAYAIb-
HOi BepmiuHbl To. [Ipu sTOM momyuennas curyanusa g = (%, a € A) 6ymger
COBEPIIIEHHBIM TOABIIPOBBIM paBHOBecHeM ucxomuoi urpsl . Takum obpa-
30M, JIOKA3aHO CJIEAYIONIee yTBePKICHHE.

Teopema 13.1. B s11060it KOHEYHOH TO3UIIMOHHO UT'pPe € TTOJTHOW MHAOP-
Malgeil cymecTByeT COBEpIIeHHOe MOJBIIpoBoe paBHoBecue. COOTBETCTBYIO-
IIH€e CTPATEIUH U BBIMTPBIIIH UTPOKOB 33Jai0TCsd aJropurmom Kymna.

Ynpaoscnenue 13.3. HaliTn coBepIlieHHOE TOJABITPOBOE PABHOBECHE B TIO-
3unuonnoit urpe GG, nzobpazkenuoit na puc. 13.4.

Hpumep 13.1. Mojeib BHYTPUBEJIOMCTBEHHOI'O IKOJIOINYECKOIO KOHTPO-
qsi. IlycTh mepBwIit UTPOK — MpeaNpusiTHe, UMeIee JaBe crparerun: 1 —
OPUMEHSITH YKOJOTHIECKH YUCTHIH CITOCOO TTPOU3BOJICTBA U 2 — TPUMEHSITH
"rpsizubrit”, HO Oosiee demeBbli cocob. BTopoit HTPpOK — KOHTPOJIHPYIONITi
OpraH, NPUHAJIEKAIUN TOMY Ke BeJIOMCTBY, UTO U npeanpuarue. OH nMeeT
ase crparerun: 1 — mrpadosars 3a npumenenue "rps3uoro' criocoba npous-
BOJICTBA, 2 — TPOIYCKATh 3KOJorndeckoe Hapymenue ("3akpbiBarh rraza").

150



§ 13. Ilo3ummonHbie HIrpbl ¢ MOJTHOH WH(pOpMAanuet

Puc. 18.5

Buauaje xoauT mepBblii HIPOK, a 3aTeM — BTOPOil, 3Hasi BHIOODP MEPBOIO.
Ha puc. 13.5 uzobpazxkeno gepeBo urpbi. B uHaIbHBIX BEpIIMHAX JIePeBa
YVKa3aHbl YCIOBHBIE BBIUTIPHININA UTPOKOB. Hampumep, ecan oba urpoka mnpu-
MEHSIOT BTOpPBIe CTPATETWH, TO TIEPBBII BHIUTPAET 2, a BTOPOil mpourpaer 1,
MOCKOJBKY MPHU 3TOM MPOW3OILIO 3arPA3HEHNEe OKPYIKAIOIENH CpeJIbl.

JIerko BT, YTO COBEPIIEHHBIM MOJIBIIPOBHIM PABHOBECHEM B JIAHHOM
ciydae sBasgeTcs Habop @ = (2,2), npusogsamuii Kk ucxomy (2, —1). Oxnako,
B 9TOI urpe cymecTByer paHosecue 110 Harry, 6ojiee BbINOIHOE JIjIsi BTOPOTO
UTPOKA : OH MOKEeT HMCIIOIh30BaTh "crparernto Hakasanus'"(cm. §11) u npu
BBIOOPE TIEPBBIM UTPOKOM BTOPOIi CTPATErHH BHIONPATH CTpaTeruto ' mrpado-
BaTh", 4TO MPUBOAUT K Hcxomy (—5, —2) (HecMoTpsi Ha TO, 9TO ITO €My He Bbi-
rofHo). Tora mepBbiii UTPOK, YTOOBI HE MOTYYUTh —5, TPEANOUTET BHIOPATH
mepBylo crpareruio. B wrore moiyuurcs cutyanns pasaHoBecus pu = (1, 1),
KOTOpast He SIBJISIeTCS COBEPIIEHHBIM TIOJBIIPOBBIM paBHOBecHeM. OTMeTnM,
970 cuTyaruio (2,2) MOKHO TaKKe MOMYUUTh HCKIUeHNEM JTOMUHUDPYEMbIX
crpareruii B urpe I'(G) ¢ marpunamu

TP TPOII TP TPOII
_ Ipgs3 1 1 B Ipg3 1 1
~ ymer \ —5H 2 ’ -~ umer \ —2 -1

Herpyano Bugerhb, 4To crparerus 1 BrOporo Mrpoka ¢aabo JOMUHHDYETCs
crparerueit 2. Ecam ee BbIYEPDKHYTDH, TO MOJIYYaeTCd Urpa, IJe CTpaTerus 2
MepBOro UTPOKA CTPOTO NOMUHEpyeT crparernio 1. B pesyaprare mckiode-
HUS JOMUHUPYEMBIX CTpaTernii ocranercs curyaius (2,2), KoTopas 00bIYHO
1 BO3HUKACT IIPH BHYTPHBEIOMCTBEHHOM KOHTpOJIe. B 3TOM mpumepe urpa
['(G) paspemumMa 110 JOMHUHUPOBAHKIO.

Boobmie aig urp ¢ nosHoit nHdopMalueii TUIIHIHA CUTYaIlUs, KOTIa CO-
BEPIIEHHOE 10/ILIIPOBOE PaBHOBECHE OJIHO, a MPOYUX paBHobecuil mo Hairy,
CBA3aHHBIX CO CTPATETHSIMHU HaKa3aHW, MHOTO.
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Paccvorpum cienytormee sosmyusenue uepvi G: MycTh B KazK 10 NO3UTIAN
C HEKOTOPOI JIOCTATOYHO MaJIOi BEPOSITHOCTHIO € > () BCe UTPOKH OMTNOAIOTCH.
B kaxkmoit mo3unum Urpoka a ¢ BeposaTHOCTBIO 1 — € peanu3yercd HaMedeH-
Hasl UM aJbTepHATUBA, & C BEPOATHOCTBIO £ MPOUCXOJHUT XOJ CAydad U PaB-
HOBEPOATHO pean3yeTcs Jobas Apyras ajJbrepHaTuBa. O003HAYNM Uepes
(G, yKazaHHYIO BO3MYIIEHHYIO UIrpy. OQUeBHIHO, YTO MHOXKECTBA CTpAaTeruii
OCTAIOTCS TAKUMHU Ke, KaK B urpe (G, u ji0bast BepIINHA HUCXOIHON WUIPHI B
BO3MYIIEHHO urpe (G, peaan3yercss ¢ MOJOKUTETLHON BEPOATHOCTHIO TPH
JIIOOBIX CTPATErusix UI'POKOB.

Teopema 13.2. [IycTh B ucxoanoit urpe G cymecTByeT e TMHCTBEHHOE CO-
BepIIeHHOE MOIBITPOBOe paBHOBecHe. Torma s JTiob0ro 10CTATOYHO MAJIOTO
e > 0 B urpe G, cyuecrByer e uHCTBeHHOE pasHoBecue 110 Haimy, coBnana-
IOIlee C COBEPIICHHBIM IOABIIPOBBIM PABHOBECHEM UCXOJAHON UIDLL.

Jloxazameavcmeo nopTopsier cxemy anaropurma Kyna. B sroboit mpe-
duraTBHON MO3UNUKE x € Z; N X cylecTByeT eJIWHCTBEHHBIH HANTY Uit
BLIOOD [%(T) MTPOKA @, OTBEYAIONINII COBEPIICHHOMY MOJBITPOBOMY DPABHO-
Becuio. B mioboit cuTyanuu paBHOBecUs [i TPU JOCTATOYHO MAJBIX € > ()
a%(x) = i*(x), MOCKOIbKY BEPOSTHOCTH OCYIIECTBICHUsT MO3UIUA X TTOJOZK -
TeJbHA U JI000H JApyroil BHIOOp MPUBEJIET K CTPOrO MEHBIIEMY BBIUI'PBIIILY.
Jlamee paccMaTpuBaIOTCA BEPIINHBI U3 Lo, /3, ..., IPOBOJATCA aHAJIOTUIHBIE
paccyKaeHus 0 WHIYKIIUU U JIOKa3bIBaeTcs, 9To [t = [i.

Caedemeue. Ilycts G — TMO3UNUOHHAS WIPa, JJIs KOTOPOH CYIIECTBYET
eIMHCTBEHHOE COBEPIIEHHOE MOJUIPOBOe paBHOBecHe . Torma urpa B HOp-
masibHOl hopme I'(G) paspeniuMa 110 JOMUHUPOBAHUIO, & BHIUTDBILIH UTPO-
KoB u*(f1), a € A, 3anatorcsa aaroputmom KyHa.

B crenyrormem npumepe (puc. 13.6) coBepIiieHHOE TIOIBIIPOBOE PABHOBECHE
CTPOTO Xy7Ke JJIs UTPOKOB, UeM JPyTras CHTYAIIHs.
1

(5,5) (0,6)
Puc. 13.6

152



§ 14. Io3ummonrbple urpbl 00IEr0 BHAA

§14. Ilo3unmoHHBbIE UTPHI OOIIETO0 BUAA

OcHOBHOE OT/IMYHE MO3UNHOHHBIX UT'D C HEMOJHON mHMOpMalueii or urp
¢ TOTHON WHQOPMAaIHell COCTOUT B TOM, UTO UTPOK B MOMEHT NMPUHATHUS Pe-
IIeHUs He 3HAeT TOYHO COCTOSHHUE UTPBI, TO €CTh He Pa3/JudaeT HEKOTOPBIE
BEePIIMHBI MexKIy coboil. OTMeTuM, 4T0o HeToYHass UHAMOPMALKA O TEKYIIeM
COCTOSTHUY THUIIHYHA, JIJIT peaabHBIX KOHMIUKTOB. ObIIee TOHITHE TO3UIHOH-
HO¥ urpbl (¢ HermonHOM nHGOpPMANKel) OTIMYAeTCS OT JAHHOIO BHIIIe OlIpe-
JIeJIEHUs UTPBI C TTOJTHON nHQOpMaIueii B cieaytomneM oTHotmennn. JIist KaxK-
JIOTO UI'POKA @ BBOJUTCA JONOJTHUTEbHOE pa3OueHne MHOZXKECTBA €ro IMO3u-
nuit Ha HHGOPMAIMOHHBIE MHOYKECTBA. UHPOPpMayuor1oe MHorHcecmeo — 3To
COBOKYITHOCTD COCTOSTHUI TIO3UIMOHHON MTPBI, KOTOPbIE UTPOK HE PA3IHIAET
Mexk 1y coboii. HeobxomuMbiM ycsioBueM J1Jjisi BCeX MO3UIU 0JIHOr0 nHdopMa-
IMOHHOT'O MHOYKECTBA SIBJIETCS] OJMHAKOBOE YHCI0 AJIBTEPHATHB, T.€. OCTe-
JIYIOIIMX MO3UIAIA, B KayK/10i Tako# Beprimue. Kpome Toro, nudopMainonuoe
MHOKECTBO He JIOJI?KHO COJIEPXKaTh JABYX HMO3MIUM, TPUHAIIEKAIIUAX OTHOMY
MyTH, COSJIUHSIONEMY HAYAJIbHYIO BEPIIUHY ¢ HEKOTOpOil (buHaabHOi. 3any-
MepyeM 9TH MHOZKECTBA, JIjIsT KayK/I0r0 UTPOKA U 0003HAYNM HHMOPMAIHOHHOE
MHOZKECTBO C HOMEPOM j UTpoka a € A uepes Z%.

Kak u B urpe ¢ monnoit madopMaluei, B MpOU3BOIbHON MO3UIMOHHON
urpe

G = <A, (X,0), u(z),z €T, a€ A; X\T = |J XU X,
acA
Ve XIp(lz), o' € a’l(x)>,
3aIaHbI

e A — MHOXKECTBO UI'DOKOB;

e (X,0) — KOHeUHOE JiepeBo (OpueHTHPOBaHHBIN Ipad Ge3 MUKIOB), Tae
X — MHOXKeCTBO MO3UIHH (BEPIIUH) ¢ HA4aAbHoT BepuuHO#i g u o : X — X
— orobparkeHune, COMOCTABISONIee KaxKI0il Bepmuue nepesa (X, o) ee 6Ju-
JKaliero npeduwecmeen uka, IpuaeM

1) o(zg) = xo,
2) maiigercsa nemoe | > 0, uro o'(x) = 19 V x € X; naumenbliee Taxoe
[ HaszbiBaercs daunot nepesa (X, 0);

o ={ze€X|oz)=0} — MHOKeCTBO (DUHAIBHBIX BEPIINH;

e R ={X" a € A, X°} — pasbuenue muoxecrsa X\T Ha 10mapHO
HelepeceKalonuecs IOIMHOXKECTBA,;

e X% — MHOXKECTBO JIMYHBIX MO3UIMI, B KOTOPHIX JI€JIAET XOJ UI'POK @ €

A.

Y
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e XY — MHONKeCTBO mozunmii, B KoTopux "gemaeT xon' cay4ait;

oy’ :T — E' — QyHKINS BHIUTPHIINA HTPOKA @]

o g Kaxxaoro r € X° 3a71aHbl BepOATHOCTH

p(@|z) >0, 3 pl'fr) =1,
z'€oc—1(z)

nepexo/ia U3 MO3UIEA X B No3unun ' € o1 (x).

Kpowme Toro, ais kazxkmporo a € A 3a1an0 pazduenune

Xe= |y 2%
jeJe

Ha THGOPMAINOHHBIE MHOKECTBAa Z% | j € J% BKIIOYAIONINE IO3UINH ¢ OJI1-
HAKOBBIM YHCJIOM aJIbTEPHATHB, PABHBIM k(7). AJBTepHATUBBI KAZK IO 031-
uuM T € Z% npomyMepoBaHbl ¢JIeBa Hampaso ducaamu ot 1 1o k(7). Urpok a
nesaeT XoJ, He pasandas o3Il u3 Z% Mexkay coboit. YTo6bl 0Tpa3uTh 3T0
obcTosTebecTBO, 0603naunm yepes AlY = {1,....k(j)} muoxkecTBo HOMEpOB
aJbTepHATHB 115 MHGOPMAIMOHHOTO MHOXKecTBa Z% urpoka a € A. Bo Beex
nozunusx r € Z% muoxkecrso Al% uzomopdno MHONKeCTBY nozunuii oL (z).
O6o3naunM 4epe3 &(x, k) BepIIUHY, CJIEIYIONIYIO 38 T U COOTBETCTBYIOILYIO
aJbTepHaTHBe ¢ HoMepoM k € Al% mpu ykazaHHOM H30MOpQU3Me.

Onpedenenue. Yucmoti cmpamezueti urpoka a € A Ha3bIBaeTCsa 0TOOpa-
JKenue (%, onpejesiolee 1 KazKI0ro HHGOPMAIHOHHOTO MHOZKECTBa, £
asnbrepnarusy p®(Z%) € Al%, koropyio urpok Bbibupaer B J1000# U3 BEp-
IIUH 9TOro MHOYXKecTBa. Habop Takux crparernii
= (p* a € A) HaspiBaeTcs cumyayuerd.

BepogarHocTs monacth B nosunuio r € X, HENMOCPEJICTBEHHO CIETYIONIYIO
3a BepIHHON 0 (x) € Z% Npyu HCHONB30BAHUA CATYAIMH /i, ONPEICTACTCS MO

bopmyane p(z|u) = p(o(z)|p)p(zlo(x), 1), rae

1, ecmx ={(o(x), u*(Z2%)),

p(xlo(z), u) =
0 B IPOTHUBHOM CJy4Yae.

Ecmm xe o(r) € X° — nosunua caydada, to BepoaTHOCTh p(z|o(zr),pn) =
p(z|o(x)) 3anana ycropusmu urpbl. Takum obpasom, s Jii00oii curyanmn
[ JUIST KAazKIOT0 UTPOKa a € A OompeJiesieHo cpejiHee 3HadeHrne OYHKIMH Bbi-
HIPBITIA

u'(p) = E(u(2)|p) =Y pla|p)u’(z).

zeT

Onpedenenue. Cmewannoti cmpamezueti 7 urpoka a € A HasbiBaercs
BEPOSITHOCTHOE pacrpe/iejieHne Ha MHOXKecTBe {4} €ro 4ucThIX cTpaTerui,
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CTaBSIIeE B COOTBETCTBIE KAKIOfl CTPATernn [i* BEPOATHOCTD Ty, €e BhIGODA.
Curyanns m = (1%, a € A) B CMEIIAaHHBIX CTPATETUSIX ONPEIEsIeT Bepo-
ATHOCTHOE PACHpeJeNeHne Ha MHOXKECTBe T (pUHAILHBIX ITO3HIMIA:

p(z|m) = Z(ku) (xlp) Vo eTl.

a€A

OzxumaemMblii BEIUTPHINT UTPOKA @ B CHTYAIUU 7 OTPEJIESIeTCsS] KAK MaTeMa-
THYECKOe OXKHUTAHNE

u(m) = Bu®(x)|p) = Y plalm)u’(z).

zeT

YKazaHHBI!l cTOcOD BBeJIeHUS CMENIAHHBIX CTPATeTWil aHAJOTHYEH CIIYIalo
UTrp B HOpMAaIbHOI (hopme. OTHAKO B TAaHHOM KJIacce UI'D OH, KaK MPAaBUJIO,
HeadeKTUBEH, MOCKOJIbKY JlaxkKe Jijisi HeOOIbIINX JI€PEBbEB YUCI0 BO3ZMOWK-
HBIX YUCTBIX CTPATErwii MOXKeT OBbITh O4YeHb BeJUKO. bojiee 3pdekTuBHBIM
SIBJISIETCSI CJIeIYIONINI TO/IX0/T, CBA3AHHBIN C MOHATHEM CMpame2ul nosede-
HUA.

PacemoTpuM cuTyanuio, Korjga UTPOK BHIOMpPAeT BEPOATHOCTHOE PacIpe-
JleJleHne Ha aJbTePHATUBAX TS KAaXKJIOrO CBOEro MH(MOPMAITMOHHOTO MHO-
JKeCTBa M, B CJIy4ae CBOEro BbIOOPA, MPOBOAUT PAHIOMH3ALUIO, TOIb3YIChH
9TUM pacnpejesenneM. [Ipu 3ToM npejmnonaraeTcs, 4To CaydailHbiii BHIOOD
aJbTEPHATHB B PA3JUYHBIX HH(MOPMAIMOHHBIX MHOXKECTBAX MPOU3BOIUTCS
HE3aBUCHUMO.

Onpedenenue. Cmpamezueti nosedenus [ UTPpOKa a HA3BIBAETCS OTOO-
pazkeHue, KOToOpoe KaxKJIOMy HHMOPMAIMOHHOMY MHOXKecTBY £, j € J%,
COIOCTABIIET HADOD

B, k=1, k() Yo =1, i >0, k=1, k(j),
k=1

npuueM p;’ — BEPOSITHOCTH BHIOOpa anbrepHaTubbl k € Al B m060it mo31-
IIMA MHOZKecTBa £%.

Jliobast curyanus 5 = (8%, a € A) B cTparerusix MOBEICHUsT ONMPEIEsIeT
BEPOSTHOCTHOE PACHpE/Ie/IeHIe Ha MHOXKECTBE MO3HIMIT CJIeAYIONM 00pa-
30M:

o(x) € 29, x = {(o(x), k), k € AlY = p(x|B) = p(o(x)|B)py;
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o(x) € X = p(x|B) = p(o()|B)p(z|o(x)).

Oxumgaemprii Beurpsit u®(5) urpoka a B cutyannu = (5% a € A) ompe-

JeJisieTcst Kak MaTeMarnaeckoe oxkuganue ut(3) = Y p(z|f)u®(x).
zeT
Taxum obOpazoM, Mbl ONPEAETUIN JIBA CMEIMIAHHBIX PACIIHPEHUS UT'PbI

I'(G):
IG) = <A, {7}, u*(m), a € A> u['(G) = <A, {6}, u(B), a € A>.
Kak onm mexmay coboit coorrocaTcs? M3ydum 3TOT BOMPOC, HCIOIb3Ys
CJAeIyIONIe TTOHSTHS.

Onpedenenue. Tlosumuss x € X* Urpoka a HA3BIBAETCSA 803MONCHOT IS
CMeIllaHHoO# crpareruu 7® (YucToii crparerud (%), o CyIeCTBYeT Takasl
curyanus m (p), comepxarast 7 (u), aro p(z|r) > 0 (p(z|x) > 0).

Onpedeserue. InpopMalnnoHHoe MHOKeCTBO Z% UTpOKa @ Ha3blBaeTCs
CYULLCMBEHHbLM JITIST CMETIIAHHON cTpaTeruu m (YUCTON cTparernu (1), ecau
HEKOTODast Ho3uus & € Z* Bo3moxkua jjst @ (u®).

O060o3HaYNM MHOYKECTBO MO3UIHIT, BO3MOXKHBIX JjIs cTparerunn u®, depes
Poss u®, a cemeiicTBo nHMOPMAIMOHHBIX MHOXKECTB, CYNIECTBEHHBIX s 4%,
gepe3 Rel p*. Anasoru4dno BBoAgTCA MHOZKECTBO Poss m¢ u cemeiictBo Rel 7¢.

O603HaunM depes [xg, x| myTh, BeAYIIUil U3 HAYATIBHON BEPIIMHBI To Jle-
peBa B BEpUIUHY .

Ynpaostenenue 14.1. llycrs p® — aucras crparerust urpoka a € A. [Toka-
xute, 4To x € Poss u® Torga m TOABKO TOTJIa, KOraa crparerusd pu® B Jo0oi
Beprnae =’ € [xg,x] N X® 2’ # x, BRIOMpaeT aJbTepHATHBY, MPUHAIEKA-
Y10 IYTH [T, z]. B 9acTHOCTH, ecim x € X N Z% — neppag MO3UIHAA, TJIE
UI'POK @ JejaeT Xoa, To ¢ € Posspu® u Z% € Relp® naa moGoil aucToit
crparerun (.

Jlns ememanuoit crparerun @, napOPMAIOHHOr0 MHOXKeCTBa Z% 1 ajlb-
TepHaTuBBl k € Al% mos0KIM

P(x*j)= > mh, Br%j)= > Mo

pe:zeicRel e pe:zeicRel po, ue(Zei)=k
3aecy P(m%,j) — BEPOSTHOCTDH BBIOOPA UUCTOH cTpaTerun p”, s KOTOPOii

MHOXKECTBO Z% BO3MOKHO, a Pp(7%, j) — BepogTHOCTH BLIOOPa aHAJIOrHUHOI
crpareruu (1% ¢ JONOMHUTEIbHBIM yeaoBueM u*(Z%) = k. HerpyaHo Buiers,
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q9TO
k(5)
P(r,j) =Y Pu(x",j).

k=1

Onpedenenue. Crparerueit nopegenus 3%, coomsememsyroweti cMmeua-
HOT cmpamezuy T UTPOKA @, HA3BIBAETCS CTPATErus IMOBEICHUs, ONpeIes-
eMasl CJaeyIoIM 00pa3oM:

. Pk(ﬂ_aaj)/P@Ta,j), ecan 29 c Relf/r‘l7
CL_] . A
P = > o ecan 799 ¢ Rel 7, (14.1)

N
peip(Z49)=k

W3 nocnegaux (popMys1 BRITEKAET, UTO KazKIasd CMEIIaHHAsT CTPATErus O/I-
HO3HAYHO OIpPEJe/IsieT COOTBETCTBYIONLYIO cTparernto nosegenus. OoOpaTHo,
KaykJIOW CTpaTerud MOBEJEHS COOTBETCTBYET MHOT'O CMEITaHHBIX CTPATernii.
Ho onny m3 Hux Bcerga MOYKHO 33/1aTh CAEAYIONIAM 00Pa30M.

Jlemma 14.1. Ecnu pana crpaTerus noBejeHus % Urpoka a U CMelTaHHasT
crparerus m¢ onpejesiena 1mo gpopmyJie

a _ | | aj
7T,ua - pij ’
JjeJe

e p(Z9) = i; € Al ¥V j € J% 1o % ecTb cTpaTerus NOBeJeHUs,
COOTBETCTBYIOIIAd T°.

Jlokasamenvcmeo. Jliobas ducTas cTpaTerud (1% UTPOKa a OIMpeesdeTcs
HabOpPOM 3HAYUEHUI

i = (i | p(Z2Y) =i; € AI¥, j e J).
[TosTomy

k(7)
a __ aj __ aj __
Zﬂu“ _Z sz‘]- - H sz‘j =1
e @ jeJe jedai;=1
[Iycts Z% € Rel 7@, Torna nna k € AlY

Py(n",j) = > Tl =

pe:zaicRel pa, pa(zaiy=k
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- ( Z H pZZa(ZaZ))ij = dkpzj.

pa:zaicRel pa, uo(Zed)=k leJe\{j}

Benuununa dj, or k € Al% He 3aBUCHT, HOCKOJLKY OHa IIpejcTaBider coboil
CYMMY OJIMHAKOBOI'O YHCJIA CJaraeMbIX, He 3aBUcAIUX oT k. OTcioga

k()

k(4)
)= P 5) =Y dipl! = di = p}) = Pu(a”,j)/P(x", j).
k=1 k=1

[Mycrs Z% ¢ Rel 7. Torna

2. ”Za:( 2. [T # Zal)pzj:

pepe(Z99)=k pepe(Zed)=k leJ*\{j}

=11 X lea(Zaprj =7 .

leJo\{j} p*:pe(Zei)=

[IpuBesennas jgeMMa yTBEDPXKIAET, YTO MBI MOYKEM IMOJYUYUTH KAZKIYIO
CTPaTEruio MoBeIeHUA U3 HEKOTOPOW CMEIaHHO! CTpaTeruu.

Hpumep 14.1. Vrpa ¢ napruepom. B 310 aHTaroHuCTUYECKOl UT'PE UT'POK
1 cocTouT u3 AByX areHToB, Ha3biBaeMbix Urpatomuit u [Tapruep. e KapThI,
"crapmasa"u "miammas", conarorea Wrparomemy u urpoky 2. Oba BO3MOXK-
HBIX PAacKJIaJa KapT CUMTAIOTCS PaBHOBEPOSATHBIME. VIrpok co crapieit kap-
TOA mosyvaer JIo1ap OT UT'POKa ¢ MJIAIEH KapTOil U uMeeT aJbTePHATHBLI
00 3aKOHYUThH, JIMOO MPOJIOIKUATH TApPTUIO. Kean napTus mpoaoizKaeTcs,
[TaprHep, He 3Has packiana (M MOJTYYEHHON CYMMBI), MOKET TOCOBETOBATH
UrpaiomeMy MOMEHSIThCS KapTO#l ¢ UIPOKOM 2 MJIM COXPAHUTH CBOIO KapTYy.
CHOBa UMEIONIHI CTApIIyI0 KapTy MOJyYaeT J0JIap OT areHTa, HMEIOIIero
mitaayio (em. puc. 14.1, rae B Kaxk1oil HGUHAIBHON TO3UIUKM 3AIUCAH Bbi-
HIPBITT UTPOKa 1).
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1
VRN
2
Puc. 14.1
Bnecy X' = Z11u Z12) X2 = 72 Ilosromy p' = (p(Z%1), ut(Z'?))
u u? = (p*(Z?')). Marpuna oxumaembix Beiarpeimeit u!(p', g?) mepsoro

UTPOKA eCTh

(1) (2)

3aKOHYUTH TIPOJOJZKUTDH

(3aKOHYNTH, OCTABATH ) (1,1) 0 —1/2
(3akonunThH, MeHATHCs) (1, 2) 0 1/2
(OpomOKHUTD, OCTABHTDL) (2, 1) 1/2 0
(HpomOIKUTh, MeHATBCs) (2, 2) —1/2 0

u((1,1),1) = 1/2- 14 1/2 - (=1) = 0;

u((1,1),2) =1/2-141/2- (=2) = -1/2;

u((1,2),1) =1/2-1+1/2- (=1) = 0;

W((1,2),2) =1/2-1+1/2.0 =1/

u'((2,1),1)=1/2-2+1/2-(-1) =1/2;

u'((2,1),2) =1/2-2+1/2-(-2) =0;

u((2,2),1) = 1/2-0+1/2- (—1) = —1/2;

u'((2,2),2) =1/2-0+1/2.0 =

Pemenne marpuunoii urper (71,72, v) = ((0,1/2,1/2,0),(1/2,1/2),1/4)
obecrearBaeT UrPOKY 1 0:KUJAeMbIHl BBIUTPHIN 1/4, a UTPOKY 2 — OXKHIae-
MYIO TTOTepIo, He mpeBuimailyo 1/4. C ApyToit CTOPOHBI, €CJIU B3STH CTPa-
Teruto nosejenuss urpoka 1 s = pit, 1 —s=pit ur =pi? 1 —r = pi? 10
MOy IUAM, YTO OKHUIAEMBII BBIITPHITIT UTPOKa 1 paBeH
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s/2+2((1—s)r/2)+0—-1/2=(s—1)(1/2—1), ecmm p? = (1),
s/24+2((1—=8)r/2) + 0+ (=2)r/2+0=15(1/2 —71), ecau p? = (2).

JLnst iiobbIX § U 7 UTPOKY 1 rapaHTUPOBAH TOJLKO MHHUMYM H3 ITHX JIBYX
snadenuit. CiieoBaTe/ IbHO, MAaKCUMAaJAbHad CyMMa, KOTOPYIO HTPOK 1 MOZKeT
cebe oDecIIeYnTh, paBHA

max min[(s —1)(1/2 —r),s(1/2—7r)] =0
0<s,r<1

u pocruraercs npu r = 1/2. Takum obpasoMm, cTpaTerny NOBeJEHUS MOTYT
JIATh XyIIIMI pe3yIbTarT, 4eM CMellaHHble CTPATerii. 3aMeTHM, YTO CMeIlaH-
Has CTpaTernd m' = (ﬂ(lm), 7r(1172), 7r(12’1), 77(12’2)) IMeeT COOTBETCTBYIOILYIO CTpa-
Termio nosesenus B = (s,7) = (7 1y +7( 0 T(1.1) T T(a1y)- CresoBaresso,
eCJIM Mbl PACCMOTPUM ONTHUMAJBHYIO cMermaHuyto crparernto (0,1/2,1/2,0)
Urpoka 1, COOTBeTCTBYIONIEH cTparerneil nopenenns oymer s =r = 1/2, u, B
TO BpeMs KaK ONTHMAa/bHAasg CMENIaHHAd CTpaTerus 00ecliedrBaeT MepPBOMY
UI'POKY BHIUIPHINT 1/4, 1azke COOTBETCTBYIOIIAsT CTPATETUs] TIOBEJCHUS JIAeT
eMy ToIbKO 0. DTO pacxoKaeHne oObaCHIeTCS, KOHETHO, He3aBUCHUMOCTHIO,
cosiepzKaeiics B Ipupoie CTpaTernu noBeaenns. ITo0bl MOy YnTh MOM0KH-
TEJLHBIE Pe3yJILTATHI TIPU UCIIOAL30BAHNN CTPATETHI TTOBEJICHUS, HAI0 HAJIO-
JKUTh OrpaHuYeHrne Ha HHMOPMAIKOHHOE pa3dueHue,

Onpedenenue. Urpa G HazpIBaeTCsI u2poti ¢ nosHot namamvro J1JIs HTPOKa

a, ecm u3 Z% € Relp® uw x € Z% cnenyer x € Poss u® anga secex Z%9, x n
a

e

W3 onmpenenenus BEITEKaeT, YTO B UTPe ¢ TOJTHONU MAMATHIO I UTPOKA @
Mobas MO3UIKS U3 CYIIECTBEHHOTO NH(MOPMAITMOHHOTO MHOYKECTBA, ABJIAETCS
BO3MOXKHOI. Tepmun "moaHast mamsaTh'o3HAYAET, UITO UI'POK MOZKET TOUYHO
BOCCTAHOBHTD, KAKHE AJIbTEPHATUBHI OH BHIOUPAJT BO BCEX CBOWX TPEIBITYIITHX
xomax (cM. ympakuenne 14.1).

B npumepe 14.1 urpa GG He siBjisieTCst UTPOI € TOTHONH TAMSITHIO IS HTPO-
ka 1. JeiicTBuTenbro, mH(MOPMAIIOHHOE MHOXKECTBO Z'2 cymmecTsenno nis
crparerun p' = (1,2), MOCKONBKY, €CIM MIPOK 2 HCIOIB3YET CTPATETHIO
p? = (2), To nosumua y € Z'? peammsyerca ¢ BeposaTHOCTBIO 1/2. Onmaxo
Apyras nosunus r € Z12 He apiagercs BO3MOXKHOM i crparerud b, Tak
kak Vrparomnuii, moaydus cTapiyo KapTy, 3aKAHIUBAET UTPY.
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Nrpa ¢ moaHoil maMaThio JJIst BCeX UIPOKOB MPEBPAIIAETCS B UIPY € TOJ-
HOIl mHMOpMaImeil, ecin Bce ee NHPOPMAIMOHHBIE MHOYKECTBA, COAEPKAT 10
OJTHOI BepIIWHE.

[Iycte w € T — ¢buHAJBHAS MMO3UIHNSA, & UTPOKY G TPUHAIJIECIKAT HEKO-
TOpas MO3UNUSA TYTH [xg,w]. TIpeamonoKumM, 4T0 ero MOCTeIHss TO3UIHI
T € Z% N [rg, w] umeer anbrepuarusy ¢ Homepom t € Al tak:ke npunaji-
JIeZKAILY1o myTH [Zo, w|. [Tomoxkum

S(w) = {pu* | Z% € Rel p*, p*(Z%) = t}.

Haxkowner, mycTh BesmvuHa ¢(w) paBHA WJIW MPOU3BEJIECHHIO BEPOATHOCTEN
ANILTEPHATUB CIy9asi, TPUHAJICKAIINX IYTH [Xg, W], Win 1, ecnm TAKOBBIX
ner. Ha puc. 14.1 nna punanbhoit Bepmuabs w  c(w) = 1/2, SY(w) =

{(1,1),(2, 1)}
Jemma 14.2. Illyctb G — urpa ¢ moTHON NMAMATHIO IJIs BCEX UIPOKOB.
Torga aya awoboit curyanuu = (u®, a € A) u jgyis Beex w € T

c(w), ecmm p* € S*(w) Vae A,

p(wlp) =
0 B IPOTHUBHOM CJIyYae.

Jlokasamenvcmeo. OueBHIHO, JOCTATOUYHO MOKA3ATh, 9TO €CJIH
pu* € S*w), a € A, To Kaxkgas crparerusi 4 BHIOUPAET aJbTepHATHBHI UT-
pOKa a, IpUHAJIIeKAIINe MYTH [Tg, w] (ecau TakoBblie cyiecTByor). Ho ecm
pu® € S%w), ro Z% € Rel u® u, Tak kak G — Urpa ¢ MOTHOH MAMATHIO, TO
x € Poss u®. Tloaromy p® BoiOupaer Bce aJbTe€pPHATUBBLI UTPOKA @, ITPUHAJI/IE-
JKalue myTH o, w| (eMm. ynpaxkaenne 14.1). W

Caedemeue. Ilycrs G — urpa ¢ NOJHONR TaMSITBIO JJIsi BCEX UTPOKOB. To-
ria [ Ji000i CHTYalMn B CMeIaHHBIX cTparerusax m = (1%, a € A) no3u-
st w € T BO3ZHHKAET ¢ BEPOSTHOCTHIO

p(w|m) = Z Hﬂ' oplwlp) = Z H7T ac(w (14.2)

1 a€cA ppteSe(w),acA acA

Jemma 14.3. Ilycrs G — urpa ¢ moaHo# naMaThio 11 urpoka a. [lo3unnn

z € 79 €&(z,k) m x € Z% npunagnexxar mytu |1, w|, w € T, npudem T

crenyer 3a z.! Torga muoxkecrsa S; = {u® | Z% € Relp®, p®(Z%) = k} u
o ={u"| Z% € Rel u*} coBnamparor.

!B wacrrocTn, x Moxer cosmnacth ¢ £(z, k).
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Jowxazameavcmeo. Ilycrs p® € S,. Torna Z* € Rel u®, u, tak kak G
— Wrpa ¢ TMOJHONW MAMATHIO Jjid UTPOKa a, To z € Poss u®. ChemoBare/ib-
HO, cTparerus (® BHIOMPAeT BCe ajbTepHATHBBI UTPOKa a Ha myTu [0, z]. Ho
,ua(Zal) = k, u, 3Ha4UT, ¢ BLIOMPAET BCe aJbTEePHATHBBLI UI'POKA @ HA IIYTH
0, z]. CnepoBarenbno, x € Poss u®, Z% € Rel u® m u® € Ss.

[ycts p® € So. Torma Z% € Relpu®, u, tak kax G — urpa ¢ mojHoi
maMsIThIO JJist Urpoka a, 10 = € Poss u®. CrenoBarenpHo (CM. ynpazkHeHHe
14.1), z € Poss u® u p®(Z%) =k, re. u* € S;. W

Crenytoree yTBep:KIeHIe TOKA3BIBAET, YTO B UI'PAX € MOJHOH MaMATHIO
MOYKHO OTPAHWYIUTHCA MMOMCKOM paBHOBecuil mo Hamry B cTpaterugax mosejie-
HHUSI.

Teopema 14.1. [lyctb § — curyalus B CTpaTEerugx MOBEICHHS, COOTBET-
crytomias (mo dbopmysnam (14.1)) TpOU3BOIHHON CUTYAIUN T B CMEIIAHHBIX
crparerugx B urpe (G, B KOTOpOil Bce TMO3UIMHU UMEIOT 110 KpaifHeit Mmepe aBe
anbrepHaTuBbl. Torma st Toro urobsr u®(5) = u*(mw), a € A, mig Bcex m
v i 006X 3HaveHnit GyHkmmit poimrpeima ut(w), a € A, w € T, Heob-
XOIUMO H JOCTATOYHO, 4T0Obl (G GbLIa MIpOil ¢ HOMHON MAMATBIO JJId BCEX
UTPOKOB.

Zokxazameavcmeo. HeobxomumocTs. [lyeth G He sIBIsIeTCS UTPOH ¢ MOJ-
HOI TaMATHIO /ISt HEKOTOPOIO UIPOKa, a. Toraa J0MKHA CyIECTBOBATH H-
crasg crparerus (% W TaKWe JBe IO3UIMH T W i B HEKOTOPOM HMHpOpMaIm-
oHHOM MHOKecTBe Z% urto x ¢ Posspu® u y € Possu®. Boibepem crpare-
ruo [i% g xKoropoit ¥ € Possji® m a*(Z%) = t # u*(Z%). llpu sTom
CyIlecTBYeT TakKas NMosunus 2 € [rg,z] N Z%, B KoTopoii k-ad aabTepHATH-
Ba, NPUHAJJIEKAIIAs [Tg, ], cTpaTerueil 1% BeIOUpaeTcs, a crparerneil u® —
uer. [lycTh [i — Takasi curyanus, cogepzxkamast 1%, aro p(x|p) >0, aw € T
— dbunanbHasg MO3UIMsI, CIeayomas 3a , 4 Kotopoi p(w|i) > 0. B ur-
pe G mpumepa 14.1 (em. puc. 14.1) a =1, k=2, t =1, 1 = 1,j = 2,
:ul = (172)7 ﬂl = (271)7 ﬂ2 = (1)

[Monozkum 7@ = (1/2)pu®+ (1/2) % st cOOTBETCTBYIOLIEH CTPATErd 110~
Besiennst 3 oimonueno p = p = 1/2. Tycts cutyamms § B cTparermsx
nosejienust coorsercTryer curyanun m = fi| |7 Torna p(w|B) < (1/4)c(w) <
(1/2)c(w) = p(w|r). Onpeneaum ajis urpoka a GYHKIHIO BHIUTPLIIIA CJIETY-
OIIM 00pa30M:
uo(w') = 1, w =w,

0, weT, w #w.
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Torga 3 mocaeauero nepasencrsa ciaegyer, 9to u®(3) < u®(m) (mporuBope-
qne).

Jocrarounocts. Tpeanonoxum, aro G — urpa ¢ mMOJHOH MAMATBHIO /s
Beex Urpokos. Torga mocratodno mokasars, uro p(w|f) = p(w|m) ana Beex
w € T. Bo3bMeM HEKOTOPYIO (PUHAIBHYIO TO3UIIHIO W.

[ycrs z € 2991, ..., Tr(a) € Z%r(@) — [O3UIUE UIPOKA @, PACIIOIOKEHHBIE
B IOPSIIKe CJIeJ0BAHUS BAOIb IyTH [To, w)], a ky € Al .. k. € Al%r@
— HOMepa COOTBETCTBYIONIMX AJbTEPHATUB, MPUHAJIEKANIUX TYTH [Tg,w)].
Bamernm, uro Z% € Rel u® nng Beex pu® (M. ynpazxuenue 14.1). TTostomy

P(x*ji)= > ma=1
,ua:Z“jleR,elu“

Bes3 morepu obuiHocTn MOXKHO CUYNTATD, YTO BCe WHMOPMAIIMOHHBIE MHO-
KecTBa, %2, ... Z%r@) cymecTBeHHB Ajig cTpaTernu . JleHCTBUTENLHO, B
nporuBHOM ciaydae p(w|f) = p(w|m) = 0.

B sannbx 0003HaYeHUAX

S*w) = {p" | Z9@ € Relp®, p*(Z*®) = kyq)}.
N3 nemmbr 14.3 ciepyer, 4To
P, (7% 1) = P(n% j.), r=2,..,7r(a).

OTcrona BEITEKaeT, 9TO /I COOTBETCTBYIONIeH ¢ cTpaTerun nosejaenud 3% =
(py, ke Al“, j € J*) no dbopmyaam (14.1)

r(a) r(a)
H b H ﬂ-a ;jr = Pkr(a) (Waajr(a)) = Z 7TZa. (14.3)

peese(w)

Ncnonb3ys ciejgcrBue jemMbl 14.2, noaydaem

p(wl|B) = c(w) | Hp“” =

ac€Ar=1
(143 H Z e = (W) Z H (14—2)1) (w|r). A
a€A peeSe(w ueeS(w),acA acA
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Ynpaotcnenue 14.2. Iamenum npasusia urpbl u3 npumMepa 14.1. Tlepsbim
nejaer xo urpok 2. OH BBIOHpaeT BapHaHT PACKAala IBYX KapT (crapriei
u miajmieit) Urpawomemy u ceGe. Vrpatomuii, He 3Hasi PacKIala, MOKET
OCTaBUTb KAPTHI B IPEKHEM IOJIOKEHHUH, JTUOO IMMOMEHSTh X MecTaMHu. 3a-
teMm, IlapThep, Habmogasmuii 3a geiictBusasMu Vrpaiomiero, TakkKe MOZKeET
BBIOpPATH OJIHY U3 JIBYX aJIbTEPHATHB: HE TPOIraTh KapThl, JUOO MOMEHATH UX
MecTtamu. Vrpok, UMEIONnii B UTOre CTAPIIyI0 KapTy, MOAy4YaeT OT JIPYroro
UT'POKA JIOJIAP U JOMOJHUTETHHYIO CYMMY, ONPEJIe/ISeMYIO TIO CIeYIONEeMY
npasuwity. Ecau urpok 1 mMeeT CTApIIyio KapTy B Pe3yJbTaTe OJHOrO (I
JIBYX) ee MepeMeleHuii, TO OH MOJYYaeT OT MIPOKA 2 JOMOJHHTEJbHO JBa
(nm Tpu) posutapa. B ananornvnoil curyanun Urpok 2 mosydaer OT UIPOKa
1 gomosHUTENBLHO OAMH Jostap (win JgBa gomnaapa). Ecmm mociae pasgadn,
KapThl HE MepeMelaJanucChb, TO AOMOJHUTEIbHBIC BbINJIATHI HE TIPOU3BOJIATCH.
YcTaHOBUTD, YTO ONHMCAHHAS aHTArOHHCTUYecKasd urpa G sBJIsSeTcs UTI'Poi ¢
HOJIHOM MaMATHIO JJIsi 000uX MIpokoB. HallTu onTuMaJibHbIEe CTPaTeruu IMo-
BeAeHUd U 3HAYCHUEC UI'PDLI.

§15. KoomepaTruBHBIE UTPHI

Koonepamuenvie WTPBI OTHOCATCI K HECMPAME2UYECKUM HUTPaAM, B KO-
TOPBIX UTPOKH JIEJISIT HEKOTOPOE KOJIMIECTBO (JIEHEKHOTO OX0/Ia, Pecypea u
T.I.), HCTIOB3Ysl KAKOH-THO0 TPUHIUIT ONTHMATBHOCTH.

Ipumep 15.1. Wrpa "mxaz-opkecrp". Branenen nounoro kayda B Ila-
puxke obermaer $1000 mepmy, nmuanucty u yaapuuky (urpoku 1,2 u 3) 3a
COBMECTHYIO MIPY B ero Kjaybe. BolcTymaenue Jay3>Ta IeBIa U ITHAHKCTA OH
pacuenusaer B $800, ynapuuka u nuanucra — B $650 u oxporo mmanucra —
B $300. JdysT mesen—ynapuuk 3apabaroiBaer $500 3a Beyep B OmHOI CTaH-
UK MeTpo, neser 3apabarbiaer $200 3a Beuep B OTKpbITOM Kade. YaapHuK
OJIMH HHYEro He MOKeT 3apaboraTh. Kakoe pacmpemenenne jnoxoma B $1000
clIe/IyeT CUATaTh PAa3yMHBIM, VIUTHIBAs OMHCAHHBIE BO3MOXKHOCTH HI'POKOB?

[Tycts A — muozxkecTBo HOMEpOB urpokoB. [logmuoxkecrsa K C A B ko-
ONEPATHBHON TEOPHH HA3BIBAIOTCI KOGAUYUAMUY. DYHKIHS U, COMOCTABJIS-
forast Kaxkaoii koanuunu K ee noxox v(K'), HA3BIBAETCS Tapakmepucmue-
ckoti. XapakTepucTuieckas (pYHKIU v HA3BIBACTC CynepaddumueHoti, ecan
v(KUT)>v(K)+v(T) nng mobeix Henepecekaomuxcs Koaauimuii K u 7.
VesoBue cynepajjaurupioctu o3nadaer, 4ro upu K N7T = () noxo Koauuuu
K UT ne menbiiie cymMmbl 10x0/10B Koasuinit K n T'. B nanbHeiiniem BMecTo
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v({i, j,...,1}) 6ymem mucars v(ij...0).

B npumepe 15.1 A = {1,2,3}, a xapakrepucrnueckast GpyHKIHSI v MpH-
HEMaeT creaytomue 3madenus: v(1) = 200, v(2) = 300, v(3) = 0, v(12) =
800, v(23) = 650, v(13) = 500, v(123) = 1000. Herpyano Bumers, 410 v
cynepajauTuBHa. Eciu 61 yenoBre cynepaJiuTHBHOCTH 3/1eCh HAPYIIAI0Ch
(cxazkem, mpu v(1) = 400), To cobpaTh Bech cocTaB My3bIKaHTOB 3a $1000 6bI-
JI0 ObI TPY/IHO, €CJIM TOJBKO K COBMECTHON MIDE UX HE NMPUBJIEKAIOT JAPYIHe
CTUMYJIBL.

Onpedesenue. Koonmeparnsaoii urpoii ( mam urpoit B ¢hopme xapakrepu-
crudeckoil GyHKIMM) Ha3biBaeTcsa napa K = <A, v>.

VCTaHOBUM CBsI3b MeXKJy UIDAMH B HOPMaJsIbHON (hopMe u KoomepaTHB-
apivm nrpan. [pemonoxiy, uro B urpe I' = (A, 5%, u’(s), a € A)
MHOYKECTBA CTPATErHH HIPOKOB KOHEYHbI, & BHIMIPHIIIA — JeHeKIble. Vrpo-
KI MOTYT OCYHIECTBIIATD NOGOWHVE NAGMEINCU, T.€. TEePEPACTPENETATH MEK-
1y €o6oii noayuennsie Boiurpbimu. Onpeesny XapakTepucTuiecKyto (hyHk-
nuio. s xoannunu A ecrectBeHHo mOMOKUTL V(A) = max %u“(s). Jns

ac

soboit koaymmuu K # A u cutyanun s 0603HAYHM
def
sK=(s"aeK)e SK = ® Se.
acK
Teneps curyanuio s MOXKHO 3aMUCATH B BHJIE S = (SK, SA\K). ITycts urpa I’

nMeer nNocmoAHHYo CYmmy, T.e.

Z u®(s) = const.

a€A

Mg rakux urp v(K) MOXKHO OIPeIeTUTh KAK 3HAUYCHNE aHTATOHUCTHYECKO
urpbl kKoasmun K nporus ee ponosnHenuss A\ K

K — <SK, SA\K’UK<SK7 SA\K) d:efzua(sk',SA\K)>'
aeK

VYnpasncrnenue 15.1. Jlokaxkure, 9ro g urpbl ' ¢ mocrosHHo# cymMMOit
XapakTepucTuieckas (pyHKIUS ¥ CYIepaJi/IMTUBHA U

oK)+ v(A\K) = v(A) VK C A. (15.1)

Onpedenenue. ToBopsiT, 910 KooneparupHasi urpa K = <A,v> nMeer Io-
CTOSTHHYIO CYMMY, €CJIH I Hee BbIoaHeHo yeaosue (15.1).
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Hpumep 15.2. PaccmorpuM JiBe mapbl MaTPHIL

2 3 5 6
1 __ 1 _ .
e (i) = )
7 -1 ~1 2
2 __ 2 _
() ()

[TepBbiii UrpoK BHIOUpaeT HOMED CTPOKH i, BTOPOH — HOMep cTosbna j, a
Tperuii Urpok BbIOEpaer HOMep mapsl r € {1,2}. BBIUIpHIIT 1epBOTrO UIPOKA
paBeH a;;, Broporo — by, a rperbero — ¢i; = 10 —aj; — 0j;. rpa I' umeer 1o-
crostaHyto cymmy v(123) = 10. Haiinem v(1). [TepBoiit urpok urpaer mpoTus

koasumun {2,3} B urpy ¢ mMarpuuei
(1,1) (1,2) (2,1 (2,2)
1 2 7 3 —1
2 4 2 1 3
BoiuepkuBast nepBblii 1 BTOPO#i cTONOIBL 1 peniag urpy 2 X 2, HaX0 UM 3Hade-

aue urpsl v(1) = 5/3. I3 yciaosus mocrosacTBa cymMmbl v(23) = 10 — v(1) =
25/3.

Vnpaoscnenue 15.2. B ycnosusix npumepa 15.2 naiijure 3HadeHUs XapaK-
repucrudeckoit ynkunn v(2),v(13),v(3) u v(12).

Onpedenenue. Jleaescom naspiBaercs BekTop y = (y*, a € A), ymosie-
TBOPAIOIINNA YCITIOBUAM

Syt =w(A), y* > v(a) Yae A

a€A

Jenex y 3a/1aeT pacipeiesienue Bhiurpbima v(A), yI0BIeTBOPSIONIEe YCI0-
BHIO UHOUBUIYaAvHol pasymmocmu y* > v(a) YV a € A. Ilycts Y — mMHOKe-
CTBO BCeX JeJierkelt.

I3 cBoiicTBa CynepaJIuTHBHOCTH XapPaKTePUCTHICCKONH (DYHKIMU U BbI-
TekaeT HepasencTBo Y, v(a) < v(A).

a€A
Onpedenenue. Kooneparupnas urpa K = <A,v> Ha3BIBAETCSA HECYULE-
cmeennot, ecin Y v(a) = v(A).
acA

B necymecrsennoii urpe jgesex y = (v(a),a € A) — enuncrsenubiii. B
JasibHeiiem Oy1eM PacCMATPUBATD TOABKO CYIECTBEHHBIE UIDHI.
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Onpedenenue. /IBe KoomeparmBHbIe UIPbl K = <A,v> u K' = <A,v’>
HA3bIBAIOTCS 9KEUBANEHMHBILMY, €CIN HafiayTca Takue dncia ¢ > 0 u

d*, a€ A, aro v'(K) =cv(K)+ > d* VK C A.
acK

[Tepexox or urpsl K K 3kBUBaIeHTHON nrpe K' MOKHO CBSI3aTh C H3Me-
HEeHHEM B ¢ pa3 jeHe:knoil exauuuupt. [losoxurenbuasg peanduna d* HHTEP-
IPETHPYETCs KaK JOMOJHATENbHAS BBIILIATA UTPOKY a. Ecau ke Beamdnna
d* orpunaresbHa, TO —d® MOXKHO PACCMATPHBATH KAaK ILIATY UTPOKA @ 32
yaacrue B urpe. Jlenex y urpel K nepexoaut B menex z urpbr ' ¢ Kommo-
nearamu z¢ = cy* +d* Va € A.

Onpedeaenue. ToBopar, aro kooneparupHas urpa K’ nmeer
(0 — 1)-pedyyuposarnyro dopmy, ecin v'(A) =1, v'(a) =0 YV a € A.

Jlns kooneparuBuoil urpel K sxksuBasienTHas urpa K’ umeer
(0 — 1)-peayrnupoBaruyo dhopmy, ecIu
c=wW(A) = > v(a)tu d = —cv(a), Va € A.
acA
Vnpascnenue 15.3. Insg urper " nzxaz-opkectp ' HaiiTn SKBUBATEHTHY O UT-
py B (0 — 1)-pexyuupoBanuoii dbopme.

B koomeparuBHOIt Teopum HET eqwHOrO TOHATHS ''pazymHOro'menexa.
Bonee Toro, pasinanasie coobpazKkenns "onTuMaIbHOCTH  TPUBOIAT K PA3HBIM
MHOZKecTBaM "pa3yMHBIX " qesterkeit. PaceMoTpuM IBa MOAX01a, OCHOBAHHBIE
Ha NOHATUSX Adpa u eexmopa Illenau.

Onpedenenue. MHOXKeCTBO meserkeit

C={yev| Yy > u(K) VK £ A}

aeK

HA3BIBACTCS sIPOM (MJIH C-IpOM OT aHrsmiickoro ”core”).
Jlenex y, NpuHAIEKANAN A1y, YAOBAETBOPSET yCJI0BUIO 'TPYyIIOBOit
pasymHocTn": Bemrphit v(K) moboit koaannun K He TIPEBOCXOIAT ee JI0JIN

> y® no Jesexky y.
acK

BaiiMeMca BBIBOJOM YCIOBHS CYIICCTBOBaHHA siapa, T.e. korma C # ().
[Honoxxkum

C'={y e EM| ) y* > v(K) VK # A}.

aceK

Vnpaostcnenue 15./4. Jokazkure, aro gaapo C' CymecTByeT TOrga U TOABKO
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I'JIABA III. NT'PBI MHOTI'MX JINII

TOT/Ia, KOTJIa

min Z y* <wv(A). (15.2)

B yenosun (15.2) min Y y® 3anmimeM ¢ TOMOIIBIO JIBOMCTBEHHOMN 38, 1a1
Y qea

JIMHEMHOT'O TTPOTrPaMMUPOBAHU S

min » y* = max E Mo(K),
yeC PYI
acA K#A

rje

A={A=\SK#£A)| Y M=1Va A N>0VK# A}

K:aeK

[Tocmemanit MaKCIMYM MOXKHO OpaTh TOALKO 1mo MuoKecTBY A’ KpaifHumx To-
dek (BeprnuH) MHOrorpanHuka A (cM. ynpaykuaenne 5.5). OKOHYATEIBHO HEOO-
XOJMMOE U JIOCTATOYHOE YCJIOBHE CYIECTBOBAHMSA $/IPa 3alUCHIBACTCH B BUJIE

D N(K) < v(A) VAN (15.3)

K£A

BekTopbr u3 MHOKeCTBa A HA3BIBAIOTCA COAAGHCUPOBAHHULMU NOKPUMUAMU
mHO)kecTBa A, a BekTophl u3 muoxkecta A’ — npusedenmmvimu (i mu-
HUMAAbHOMY) COATAHCUPOBAHHBIME MOKpbITHsiMu. s koanumun K C A
OIPeIETUM BEKTOP

1, ae K

‘A‘ . a o ) )

X(K) e BV x*(K) =

0, a¢ K.

DTH BEKTOPBI SIBJISIIOTCS CTOJIOIAME MATPHIIBI CUCTEMbI YPABHEHUI, 381210~
meil MEOKeCcTBO A.

Jlnst Toro 9ToObl cOAJAHCHPOBAHHOE MOKPHITHE A OBLIO NPUBEICHHBIM,

HEOOXOIMMO | JIOCTATOYHO, 9T00b cuctemMa BeKTopos {Y(K) | AX > 0} 6bu1a

JIMHEHHO He3aBUCHMOM. DTOT (paKT JOKA3BIBAETCA aHAJOIMYHO YIPAKHEHHIO
D.5.

Onpedenenue. CemeiicTBo B Koaaunuii Ha3bIBACTCA COGAGHCUPOBAHHBIM,
ec/id Hal/IeTCsl TAKOe MPUBEJICHHOE COAJTAHCUPOBAHHOE MOKPBITHE A, UTO

B={K|\ >0}
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§ 15. KoomrepaTuBHbIe HIDBI

[Tpumepom cbHasaHCUPOBAHHOIO CeMelCcTBa KOAJHUIUN dBjgeTcs pa3oue-
Hre B mHOXKecTBa A Ha MOMApHO HEIMEpPECeKarolnecs MOAMHOXKeCTBa. [lis
COOTBETCTBYIOIIETO MPUBEJIEHHOIO COATAHCHPOBAHHOIO MOKPBITUS A KOMIIO-
peatsl \X = 1, K € B. OTMeTuM, 9TO A7 TAKOTO MOKPBITHA HepaBeH-
crBo u3 (15.3) BeimonHsiercst "aproMarndecku', B CHITY CyTIepaJIuTHBHOCTH
xapakTepuctuieckoin gpyukiuu. [losromy npusBejennbie cOajaHCupOBAHHbBIE
MOKPBITHUSI, OTBEYAIOITe pa30neHnssM MHOXKeCcTBa A, B maabHeleM He pac-
cvarpuBaiorcs. CrpaBeaans u 6ojee OOIMUIT Pe3yIhTaT.

Ynpaotcnenue 15.5. Ilyctb niid npuBeeHHOTo cHAJIAHCHPOBAHHOIO IO-
KPBITHA A\ HaiiayTcs Takne Koammumun 1T u L, ato TN L = 0, AT > A\ > 0.
[Tokazkure, 94TO MOKPBITUE [i C KOMIIOHEHTAMHU

AN\ K =T,

<« Jo. K=1,
S B3 K=TUL,
A K+T,LTUL,

ABJIAEeTCAd NMPpUBEICHHBIM C6aJIaHCI/IpOBaHHBIM n

D MNYE) <Y pfu(K). (15.4)

K+A K+A

U3 (15.4) Beireaer, aro vepaseHcrsa (15.3) JocTaTOMHO NPOBEPATH TOJb-
KO JIJIS CYWECNBEHHDLE TPUBEJCHHBIX COATAHCUPOBAHHBIX TOKPBITHH A\, /115
KOTOPBIX HE CYIIECTBYIOT Hemepecekamumxcsa koagunuii T u L ¢ noaoxu-
teapHpiME AT 1 AE.

Haiiem HeoOXoaumMoe 1 JOCTATOTHOE YCIOBHE CYIIIECTBOBAHUS S/Ipa B KO-
oneparuBHOi nrpe Tpex sui. KommonenTtwl BekTopa A € AY ymopsmoum
caemytomum obpazom: A = (AL A2 A3, A2 A3 A12) | [Tepeuncium Bee npube-
JTleHHBIe cOATaHCHPOBAHHBIE HOKPHITHSA MHOXKeCTBa, A:

A1) =(1,1,1,0,0,0), A(2) = (1,0,0,1,0,0), A(3) = (0,1,0,0,1,0),

A(4) = (0,0,1,0,0,1), A(5) = (0,0,0,1/2,1/2,1/2).

C ydeTom pe3yJibTaTa yOpazxKHeHHUs 15.5 CyIIeCTBEHHBIM TTOKDBITHEM SBJIs-

ercst TOJbKO A(D) U yC/iOBHE CyLIECTBOBAHUS $Jpa 3aIUCHIBACTCH B BUJIE
0(23) + v(13) + v(12) < 20(123).
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I'JIABA III. NT'PBI MHOTI'MX JINII

Vnpaostcnenue 15.6. J1nst KooneparuBHOR urpel " mzka3-opkectp ' mpoBepbTe,
aro spo C cymiecrsyer. M3o6pasuTe npoekiuio siapa Ha maockocTsb (y', y?)
1 HafiuTe ero BepIIWHBHI.

B Tabaume 15.1 mepeunciienbl Bce CylIeCTBEHHBIE TPUBEIEHHBIE cOaIaH-
CHPOBAaHHBIE MOKPBITUS MHOXKECTBA A UI'PBI Y€THIPEX JIHII.

Taba. 15.1

B M KeRB
A\{a}, a=1,2,3,4 |[1/3,1/3,1/3,1/3
{1,2,3},{1,2,4}, {3,4} 1/2,1/2,1/2

{1,2,3},{1.4}, {2,4},{3.4} | 2/3,1/3,1/3,1/3
{1,2,3},{1,4}, {2,413} | 1/2,1/2,1/2,1/2

Ocraabuble CynieCTBeHHbIE€ TMOKPBITUA OTINYAIOTCA OT YKa3aHHBIX IepecTa-
HOBKaM#H HOMEPOB HUI'POKOB.

PaccMorpuM gacTHBIN ciydail KOOMEpAaTUBHOM UTPHI, KOT/IA YCIOBHE CY-
IIECTBOBAHUS f/Ipa MOXKeT OBITH 3allMCaHO B MPOCTOil (hopme.

Onpedenenue. Kooneparupnas urpa K = <A,v> Ha3BIBAETCH CUMMEN-
PUYHOT, €CIN XapaKTepucTudeckas (pYHKIHS ¢ 3aBHCHT TOJIBKO OT YHCJIA
urpokos B koasmuun: v(K) = v VK C A,

Ynpaotcnenue 15.7. Tlokaxkure, 94T0 JIJIsi CUMMETPUYHON KOOHIEPATUBHOM
HUT'DbBI IC AAPO C TOrJa U TOJIBKO TOT'Ja CyHIeCTBYET, KOI'Jla BBIIIOJTHECHLI HEPa-
BEHCTBA

K]
VK| < WU|A| VK CA. (15.5)

Hemocrarkom sapa gBisiercss TOT (PakT, YTO OHO MOYXKET He CyIIeCTBO-
BaTh. Jlokaxkem, uro C' = (), ecim koomepaTupHasa urpa K = <A,'U> uMeeT
nocrosguuyio cymmy. leiicrBuresnsno, eciu y € C, To

Dy = u(A\{a}) = o(A) — v(a), y* = v(a).
b#a

[Tocienime Ba HEPABEHCTBA MOTYT BBIIOJHATHCS TONTBKO KAK DABEHCTBA.
Orciona y* =v(a) Va€ Au Y y* < v(A) (mporusopeune).
acA

VKazaHHBIM HejocTaTKoM He obsagaer BekTop Illemin. Oupenesnnm ero,
HCIIOJIb3YS BEPOATHOCTHYI0 MHTepnpeTaiuio. [lonoxum v(() = 0.

170



§ 15. KoomrepaTuBHbIe HIDBI

Onpedenenue. st urpoka a € K semmunua v(K)—v(K\{a}) nazbiBaercs
6K.Aa00M UTPOKA B KoATUINIO K.

[Tycrs koanunusa A 06pasyercsa B pe3ysbrare CIAYIONIero CaydaiiHoro
nporecca. CHadasa ¢ BeposTHOCTHIO 1/|A| BbIOMpaercs urpok a;, 3areMm u3
ocrapriuxcst |A| — 1 urpokos ¢ BepositHocTbio 1/(|A| — 1) BbiGupaerca ur-
POK (o ¥ IPUCOEIUHAETCS K UTPOKY a1 M T.JI. B pesyjbTaTe ¢ BEPOATHOCTHIO
1/]|A]! 6y e BrIGpama ImepecTanoOBKa HTPOKOB a1, ..., G)4). MozKHO mogcunTaTh
BKJIQJ] HTDOKA (; B KOAJIUIHUIO {a1, ..., q;}. Takum obpazom, s KazxKJ0ro ur-
poKa @ ero BKJIaJ (B Kakyi-To Koamuuio K) Oyaer ciaydaiiHoil BeJIndnHOi,
npunnMaiotieit 3nadenne v(K) — v(K\{a}) (rme a € K) ¢ BeposTHOCTBIO
(] = DA} = [KDY] AL

OmupemenM Tenephb clenuanbblii genex ¢ — pektop lemnu. Ero kom-
IIOHEHTA gDa PaBHa MaTeMaTHUY€CKOMY OXKHAaHUIO BKJIaJa UI'POKa a, T.€.

o= >0 EED LD ) — ot

K:aeK

[Tposepum, 1aTO

Z (K] =)A= [KDE 1 (15.6)

|A]!
K:aeK
HeitcTBUTEIBLHO,
4|
(K= DA = KDY (=)A= D)
D P

Yucesmo KoaJuiuil, cogepkaniux [ UiI'poKoOB U CpeId HUX HTPOKa G, PABHO

(14] - 1!
(= DHA - D)

-1 -
Cla1 =

[TosToMy B moc/ieineii JIBOIHOM cyMMe NpH JII0O0OM [ BHYTPEHHSS CYMMa PaB-
ma 1/|A|. Orcioga u crenyer (15.6).

Ynpaotcrnenue 15.8. Tlokaxkute, uro Bekrop lemmu ¢ = (¢% a € A)
SIBJISIETCS JIEJIE2KOM KOOIEPATHBHOM HUTPBHI.

Ynpaotcnenue 15.9. Boinumure sBHble (hOPMYJIBI /I MOJCYETa BEKTOPA
Hlenymm B urpe Tpex Jmn. Halitu BekTop Illemnm njsg koomepaTuBHOR ur-
pot " kaz-opkecTp"u nokazarTh €ro NPUHAIIIEZKHOCTD syIpy. [IpoBepuTsh, 14T0
eciim v(123) ymenbmuTs Ha $3 , 1o Bekrop lenam siapy He nmpuHaIeKUT.
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I'JIABA III. NT'PBI MHOTI'MX JINII

Ynpaostcnenue 15.10. TlokazaTh, 4T0 JI1d CUMMETPUYHON KOONEPATUBHOM
urpst Bektop e ¢ = (vja/|A], ..., v14)/]A]).

KommenTapuii m 6ubanorpadus k raase 111

§ 12. Oupesesienne cuTyaluu PaBHOBECHS JIjis UI'Pbl MHOIUX JIUI [IPU-
waexkut k. Hamy [76]. Teopema 12.1 nokazana C. Kakyranu [47| u nc-
NOJIb30BaHA, JII JIOKA3aTEIbCTBA TEOPEMbI 2.3 O BOTHYTO-BLITYKJIOH (DYyHK-
nuu. Teopema cylecTBOBaHUS CUTYAllMH PABHOBECHS B UI'PAX C KOHEYHBIMU
MHOXKecTBaMu cTpareruil nokasana JIxk. Hamewm [76]. Tam ke mpuBejeHbl
CBOWCTBa CHUTYyallmii paBHOBECHUs B CMeEIMaHHBIX cTpaTerudx. [Ipmmep 12.1
npunaexxutr H.H. BopobneBy [34]. Onpezenenue urpbi, pazpemmmoii mo
JOMUHHPOBAHWIO, BBeieHo . Mymenom [71].

§ 13. OcHOBHBIE TIOHATHS TEOPUH TO3UIINOHHBIX UT'P onpereaeHsr JIxk. ¢hon
Heitmanom u O. Moprenmrepraom B [72]. Tlonnas dopmanuszaimst 3Tux urp
nposejiena Y. Kynowm [58]. Oupeesnenne coBepIieHHOro MOJBIIPOBOIO PaB-
nosecus npunaiexut P. Cenreny [98]. Teopema 13.1 o cymiecrBoBanuu cu-
Tyallii PaBHOBECUsI B MO3UIIMOHHON UTpe ¢ MOAHON mHMOpMaIueil JoKa3aHa
[.Y. Kynowm [58]. Konrnenuus BO3MyIEHHOR UIPBI, B KOTOPOil HTPOKH MOTYT
omubaThCs pH BBIOOpe cBoux crpateruii, Beegena P. Cenxrenom [99).

§ 14. Tlpumep 14.1 u Teopema 14.1 00 IKBUBAJIEHTHOCTH CMEIITAHHBIX CTPa-
Ternit COOTBETCTBYIOIIUM CTPATETHSAM TTOBEIEHUs B UTPAX C MOJHOM MaMsIThIO
npunaiexut [.Y. Kyny [58]. JIpyrue pe3yabTarsl 10 T€OPHH MO3UIUOHHBIX
urp cM. B cbopruke [82]. C Mozie1iMu MHOTOIIIATOBBIX HEAHTATOHUCTUIECKHX
UI'D MOXKHO O3HAKOMUTBCs B |22, 23, 71, 91].

§ 15. OcHOBBI KoollepaTuBHON Teopun 3asioxKenbl JIxk.pon Heiimanom n
O. Moprenmrepaom B [72|. TIpumep xkooneparusnoit urpsr " mxkas-opkectp”
npunagiexkut [LI1. fdury (em. [71]). Ionsrue aapa onpeneneno . JIxxmi-
acom B [44]. Heobxoammvoe u 10CTaTOuHOE YCJIOBHE CYMIECTBOBAHUS sIipa ¢
UCII0JIb30BAHHEM HOBBIX KOMOMHATOPHBIX O0OBEKTOB — MPUBEJICHHBIX cOATAH-
cUpOBaHHBIX MOKpbITHH — moaydeno O.H. Bougapesoit 8 1962 roay B [13],
rJie, B YaCTHOCTH, ONUCAHbI IPUBEJIEHHbIE COAIAHCUPOBAHHbBIE IIOKPBITUS JIJ151
urp Tpex u dervipex jui. O.P. MeHbnkoBa B KaHINIATCKON AUCCEPTAIIH
(bakynbrer BMuK MT'V, 1978 rox) nepedncinia Bee npuBejieHHbIe cOaIaH-
CHPOBAHHBIE TOKPBITHSA JIsd UT'D IIATH U IIECTH JIUI. Pe3yabraTr ynpakKHeHus
15.5 B3ar u3 [109]. Teoputo 1BOHCTBEHHOCTH JHHEHHOTO MPOTPAMMUPOBAHUS
cMm. B [5]. P. Ayman |7] onpejesu nonsitue siapa Jijisi KCPbl B HOPMAJIbHOI
dbopwme. Psn pesyasraTos B sToMm Hanpasaennn nonydern A.A. Bacuabsim (cM.
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§ 15. KoomrepaTuBHbIe HIDBI

|22|, rne umeercs takzxke 0630p pabor no reopuu gapa). B.B. Moposzos u
M.X. Ab3amxyzKaeB BBeIU JUCKPEMHBIE KOOMEPATHBHBIE UI'PHI, B KOTOPBIX
3HAYCHHA XapaKTePUCTUIECKOH DYHKINU U KOMIIOHEHTHI JleJIezKeil — IesTbe
qucaa. Jasg Takux Urp momcK Jesieska U3 siapa CBOJUTCS K 3ajade IeJ0dnc-
JIEHHOTO JIMHEHHOTo mporpamMupoBanus. B [68] npemnoxen adbdexTuBHbIi
AJTOPUTM €€ PENIeHUst JJIs UT'D IEeCTH JIMIL.

Bekrop [lemnn 611 onpegenen B [102], roe nmeercss akCHOMATHYIECKOE
ero obocroBanue (cM. takzke [31]). C apyrumMu KOHIENIUSIME ONTHMATHHO-
cTu B KoonepatuBHoi Teopun (pemenneM dbon Heilimana-Moprermirepua, n-
sapom [maiiaepa u 1p.) MOXKHO 03HAKOMUTECS B [55, 31, 78|. @ynmamen-
TaJIbHBIA 0630 PE3yJIbTaToB 110 Teopun Urp cm. B [93].
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I'NIABA 1IV. BBEJIEHUE B MATEMATNYECKYIO
9QKOHOMUKY

B »aT0ii ry1aBe paccMaTpuBalOTCS MPOCTeIne MaTeMaTHdecKue MOJEN
HPOU3BOJICTBA, PACIIPEIeeHUs | MOTPeOIeHN.

§16. Moaenau HePeryJupyeMbIX PHIHKOB

BazkHyio posib B 9KOHOMHYECKOH TEOPHUU HUIPAET HOHATHE PBIHKA. PhI-
HOK — 3TO MeXaHH3M OOMeHa TOBapaMH, BK/IIOYAIOIINN /BA THIA areHTOB:
npousBoguTesn (MPoAaBIbl) U morpeburenn (mokynaresnn). Kazkapiii areHT
CaAMOCTOSITE/IHHO TPUHUMAET pereHne 00 yIacTuu B 0OMeHe, NCXOIs 13 CBOUX
HHTEPECOB M IIpeiaraeMbix yciaopuit. OOBIIHO KazKIblil IpOIaBell Ha3Hava-
eT ycJIoBHs OOMeHa B BHIE IeHBI Ha CBOH TOBap, a MOKYHATEJIH BBIOMPAIOT,
CKOJIbKO UM KaKOI'O TOBapa KyuuTh. Ho cyliecrByIoT u Apyrue BApUaHThl PbiH-
KOB.

B sr1oit rrtaBe paccMaTpHBAIOTCS TPH OCHOBHBIX MOJIEIN PBIHKA OTHOIO
TOBapa;

1) PBIHOK B YCJOBHSIX COBEPUICHHONH KOHKYDEHIMHU, WJIM KOHKYPEHTHbI
PBLIHOK, Ha KOTOPOM MHOI'0 MEJKHX areHTOB-IPOU3BoAuTe el u morpedbure-
nef;

2) MOHONOJIM3UPOBAHHBIN PBIHOK, HA KOTOPOM OJIMH TPOM3BOIUTE b
MOHOIO/IHACT B3aUMOJIEHCTBYET ¢ DOJIBITUM YUCIOM MEJIKHX MOTpeOUTe el

3) OUronoJIus, TO €CTh PHIHOK, HA KOTOPOM HECKOJIBKO (bUPM KOHKYPH-
PYIOT, B3ANMOIEHCTBYSI ¢ MHOYKECTBOM MEJIKHX MTOTpeOuTeIeil.

Y gmTaTres ¢ MaTeMATHIeCKHM CKJIAJI0M yMa 31eCh BO3ZHHKAIOT BOIIPO-
cBHl: 9TO o3HadaeT "menakuit"arent, "OobIIOe YNCIO MEIKHAX TOTpebuTetei' n
1.7 Caegyer OTMETHTD, YTO JOCTATOYHO IOJIHbIX M TOYHBIX OTBETOB HAa 110-
JIOOHBIE BOMPOCHI He ITOJIyIeHO J0 HACToAIero Bpemenn. HeKoTopbie moaxoan!
1 OIEHKN M3JI0KeHbI B maparpade, MOCBAIEHHOM OJUTOMOIUN. Y Ka3aHHbIE
XapaKTePUCTHKH CJIYZKAT HEKOTOPBIM 000CHOBAHIEM CHOPMYJIHPOBAHHBIX A~
JIee TIPeIITOJIOKEHN O TOBEIeHUN areHTOB.

KoukypeHTHBII PPIHOK O/THOTO TOBapa

PaccMOTpUM PBIHOK OJIHOPOTHOTO (T.€. He PA3JIHIaoIIerocsi Mo Ka4ecTBy )
TOBapa, TaKoro Kak HedTh Wi Myka. [Ipemanonoxkenne, Jgexkaiiee B OCHOBE
MO/JIeJIM KOHKYPEHTHOI'O PhIHKA, COCTOUT B CJIEJAYIONIEM: HA PBIHKE CKJIAJIbI-
BaeTCS eJIMHAs IIeHa P Ha TOBAP W HU OJWH HPOU3BOAUTEJIb AN MTOTPEONTE b
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§16. Momesin HeperyimpyeMbIX PBIHKOB

HE MOXKeET IIOBJIMATHL Ha Hee MHIAUBUAYAJIbHBIMHA ﬂeﬁCTBI/IﬂMI/I, T.€. Ka}K,ZLbII;‘I
areHT NPUCIOCAbIMBAETCA K PHIHOYHON LeHe p.

Haunem ¢ onucanus moseJeHusl Npou3BoguTe el Topapa. Ilpeamonaraer-
¢el, 9TO KazK bl N3 HUX CTPEMHUTCA MAKCHUMHE3UPOBATEL NPHOBLIL OT ITPOU3BOI-
cTBa ToBapa. O603HaunM Uepe3 A MHOKECTBO IpeIIIpUITHil, MOCTABISIONIIX
TOBap Ha PLIHOK. B mpocreiiem ciyuae KOHKpeTHOe npejnpusarie a € A xa-
pPaKTepu3syercd MaKCUMaJIbHBIM O6’beMOM BBIIIyCKa, HJIN HpOI/I3BOﬂCTBeHHOI>‘I
MOIITHOCTBIO, V'@ 1 ydeavrotll cebecmoumocmuio TpogayKTa (B pacdere Ha e/1u-
muiyy) ¢®. Tlpu sToM cTparerueii npeanpusTust sBJsieTcst 00beM Bbimycka V.
dopMaIbLHO MOBEJCHNE NIPOJABIA a4 XapaKTepuiyeTcs dynwuyueti npediodice-
nus S*(p), KOTopas yKa3biBaeT ONTUMAJbHbIH 06'beM POU3BOJACTBA B 3aBU-
CHMOCTH OT 1I€HbI. PaccMoTpuM, Kak onpenensercs S(p) B JaHHOM Cirydae:

0, ecnmu p < ¢,
S%(p) = Argogrg%a[‘/(p—c )] =110V, ecm p=c
Ve ecau p > c%,

rae V(p — ) — pynryus npubolau.

OTMGTI/IM, qT0 CbYHK]_[I/IH opeaaozKeHnud dBJaAeTCA TOYeIHO-MHOZKECTBEHHbIM
oTOOparkKeHneM, T.e. OJHOMY 3HAYEHHIO apryMeHTa MOYKET COOTBETCTBOBATH
eJioe MHOXKeCTBO 3HadeHH# (yHKmuu. OOmas XapaKTepUCTHKA PBIHKA €O
CTOPOHBI MIPOU3BOAMTENEH — ITO cyMMapHas DYHKIHS ITPeII0KEeHN

S(p) = > S%p). Dra bynkuus ykaspiBaer o0IIee KOJIXIECTBO TOBAPA, I10-
a€A
CTaBJId€eMO€ Ha PbIHOK B 3aBHUCHUMOCTU OT IICHBIL. yHOpH,ZLOLH/IM npealnpudarund

0 BO3PACTaHUIO yIeJbHBIX cebecrommocteii, T.e. mycth ¢t < ¢ < ... Torma
rpaduK QYHKIUN NPEIIOKEHUs st CAy4Yasd TPeX IIPOU3BOANTE/ICH BhITJId-
JIAT CJIEJIYIOIIMM 00Pa30M:

S(P
LA I

V4 V- |

|

Vi~ | }

| |

-
R c p

Puc. 16.1

B kauectBe mpumepa Oosiee 001Ieil MOJIEJM MPOU3BOJCTBA PACCMOTPUM
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I'JTABA IV. BBE/IEHUE B MATEMATHUYECKYIO SKOHOMHUKY

HpeINnpuaTne, Ha KOTOPOM MMEIOTCS TPH BHUJA NPOU3BOJACTBEHHBIX MOIIHO-
creii (CTAHKOB) /IS BBIIIYCKA TOBapa. KayKablii BHJI XapaKTePH3YeTCs BeJIi-
YHHAMH YIeJbHON ceGecTOMMOCTH ¢ I MAaKCHMAJILHOro 00beMa BhImycKa Vo,
riei=1,2,3uc! <c® < Ilpu BHIIOJHEHUN 3aKa3a Ha BBIIYCK V eJ1MHHIL
TOBapa NpeJnpusTue CTPEMUATCI MUHIMU3UPOBATE U3IeP:KKH TPOU3BOJICTBA.
Beisicuum, kak 3aBucut nojnas cebecroumocts C (V') or obbema BbillyCKa 1pu
ONTUMAJILHON 3arpy3ke MomtHocTeil. Q4eBuIHO, ITO PENPUITHE B MEPBYIO
odepe/ib UCTIOIB3YeT MOIIHOCTH ¢ MUHUMAJILHON yJIebHON cebecTONMOCTHIO
BBITTyCcKa. Ecam ux He XBaTUT, TO OYAYT 3aefiCTBOBAHBI MOIIIHOCTH BTOPOTO,
a 3aTeM TpeThero tuma. Takum obpazom, rpaduk C(V) umeer cieayommit
BH /I

VI VIRV VIRV
Puc. 16.2

B obuem ciyuae npeanpustue a xapakrepusyerca dpyukuueir C(V) ce-
HecTOMMOCTH BBIITYCKa B 00beme V' Ha ganHom npeanpugruu. laaee npeamno-
JlaraeTcs, 9To 3ra MyHKIus 3a/1aeT ooiue u3aepkku. [Ipexe, vem cchopmy-
JUPOBATH CBOHCTBA DYHKIINH U3/Iep:KeK, HAIIOMHUM ONpejiesieHre BBITYKJIOMH
(BoruyToit) dbyukmuu (cMm. §2).

Onpedeaenue. Pyuxuus C(V) nazpiBaercs swnykaot (eoenymotl), ecau
Iist mo0bIx aByX Touek Vi u Vo m moboro uncna 0 < ¢ < 1 cupaBeyinBo

uepasenctso C(tV) + (1 —t)Va)) < (2)tC(V) + (1 —t)C(Va).

OTMeTHM HEKOTOPBIE CBOMCTBA BHIYKJIBIX (DYHKINH, H3BECTHBIE U3 Kypca
MATEMATHIECKOI'O AHAJIN3A.

Boinykiiast byukiusa C'(V), onpegenennast Ha nosyocu V' > 0, Henpepbis-
Ha B J1000it Touke V' > 0.

Boimykitas u neyouiBatomias ¢hynkuus C(V') HempepbiBHA U B TOUKe
V =0.

Hutst Beinyksioit dyuxuuu C(V) B j11060ii Touke V' cylecrByor JieBocro-
pornsist C_ (V) u npasocroponmsisi Cy (V) npomssoausbre. TIpuaem, ecin
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V<V, 10 Cp(V) < C_(V).

Mg nudpdepennupyemoit byukuun C'(V) HEOOXOIUMBIM U JTOCTATOTHBIM
YCJIOBUEM BBLILYKJIOCTH gBJsieTcs HeyObBanue 10 V npon3soguoi C (V).

Jlns aazk bl auddepeHnupyeMoit hyHKINT aHATOTHIHBIM YCIOBAEM sIB-
JISIeTCs HEOTPUIATEILHOCTL BTOPOii mpoussoxuoii C'(V).

Byaem mpegnonarats, uto dbyukmus uzaepxkex C(V) obragaer ciemayio-
IMUMU CBONCTBAMU:

C1 MOHOTOHHO BO3pacTaeT 1Mo V ;

C2 C(0)=0;

('3 daBiagercd BHIYKJION DyHKITHeH;

C4 C_(V)— oompu V — oo.

O6cyaum cBofictBa C'1-C'4 ¢ MpaKTUIECKONR TOUKN 3PEHUS.

[IepBoe cBOiiCcTBO OYEeBUAHO: YeM OOJbIIe 00BEM BBIIYCKA, TeM OoJblie
obIIe M3AePKKH.

Bropoe ycioBue KaxkeTcs OrpaHuIUTEIbHBIM, TAK KaK Y IIPeIIPUAITHS MO-
I'yT OBITH TMOCTOSIHHBIE H3AePKKU. OIHAKO 3TH HU3AEPKKH HEe UTPAIOT POJIH
upu pacdere DYHKIMA OPEJIOKEHHsT (CM. HHXKE), & WHBECTUIIMOHHbIE MPO-
IECCHI MBI HE PACCMATPUBAEM.

Tperbe u geTBEepTOE CBOMCTBA O3HAYAIOT, UTO Y I€/IbHBIE U3IEPIKKI C+(V)
PAaCTyT U CTPEMSITCSA K DECKOHETHOCTH € yBeJndeHneM oobeMa Bhillycka. B 1o
JKe BpeMsl U3 MPOU3BOJICTBEHHONW MPAKTUKYW W3BECTHO, UTO MPU MEPEX0/Ie OT
OIIBITHOI'O ITPOU3BOJICTBA K MACCOBOMY BBINIYCKY BO3HUKaeT 3PdeKT MaciITa-
0a, T.e. yIeJbHbIE U3JEPKKHA YOBIBAIOT ¢ pOCTOM 0ObeMa Bbimycka. OJIHaKo,
JlaHHBIHA (P PEKT BOZHUKAET TOI/A, KOJIA HPEANPHUSITAEC MEHSeT CTPYKTYPY
ocHOBHBIX (hoH10B. PaccmarpuBaemas 3/1eCh MO/ b OTPaKaeT paboTy mpe/i-
MPUSATHS B CTAIMOHAPHBIX YCIOBUSIX.

Janum opmanabaoe obocHOBaHme cBoiicTBa C'3. OTMETHM, 9TO paccMar-
pUBaeMble BeJNIHHbBI (MAKCHMATBHbIH 00beM BBIITYCKA, PeATbHBIH 00heM, 13-
JEPZKKH) OTHOCATCS K HEKOTOPOMY (DHKCHPOBAHHOMY MEPUOLY BpeMeHH. Pac-
CMOTPHM JIB€ TeXHOJIOTHH, XapaKTepU3yIomuecs oobeMaMu BblTycka Vi n V.
Bysem uepesosarb 91 TexHosoruu (1yCTb J0Js BPEMEHU © UCHOAB3YeTCs
OJiHA TexXHOoJoTHdA, a noss Bpemenn (1 — ¢) — apyras). Takum oOpaszom, Mbl
BeiycruM oobem  tV) + (1 — t)Vs ¢ msnepxkamu  tC(Vy) + (1 — ¢)C(V3).
Caenosarensuo, C(tV) + (1 — t)V3)) < tC (Vi) + (1 — t)C(Va).

Ynpascrnenue 16.1. Kakue peasibabie (pakToOpbl HE yYTEHBI B 9TOM PaCCy-
KJIeHUN !
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Jns dyuxmun cebecronmocru C(V'), ynosaersopsiomnieit ycropusm C'1-
C4, dbyHKIEA npeaaoKeHnst TPeANPUATHs ONPeIeIIeTcss Kak

§%(p) = Argmax(pV’ — C*(V)),

rae pV —C%(V) — dyukius npubblin. 3aMeTnM, 9T0 371€Ch HET OTPAHNIEeHUSI
cBepXy Ha 00beM V' BBIIYCKaeMOro TOBapa.

Ymeeporcdenue 16.1. Ecnin bynkuma C*(V) yaoBreTBopsieT CBOHCTBaM
C1 — C4, to dbyukus S*(p) yIA0BJIETBOPSET CJEMYIONIAM CBORCTBAM:

S1 S°(0) =0

S2 A1t KazKJI0T0 P MHOYKECTBO S%(p) BHIYKJIO U OTPAHUYEHO, & TPpahuK
orobpaxenus:t S*(p) Gr(S*(p)) ={(p,V)|p>0, V € S%p)} 3amrnyr;

S3  S%p) me yOuiBaer mo p , T.e. ;s JOOBIX p < p' W IS JIHOOBIX
Ve S%p), V' € S*(p') einoaneno nepasencrso V < V.

Joxasamenvcmeo. S1. O4eBrIHO, TOCKOILKY IPH HYJICBOH HEHE MPOU3-
BOJCTBO TOBapa He BLITOIHO.

S2. Oyukuust pV — jmueiinas no V, a C*(V') — BbliyKast, CJ1e10BaTe/ b
Ho, byukius pV — C*(V') apisiercst BorayToii. MHOKECTBO TOYEK MaKCHMY-
Ma y BOrHYTOil (hDyHKIUH BHITYKJI0. S%(p) €CTh MHOXKECTBO TOUEK MAKCUMYMa
renpepbiBaoit byukmun pV — C*(V). CiegoBaTebno, MHOKECTBO S(p) 3a-
miuyTO. [lo cBoitctBy C4 dynkuus uznepxex C'(V) pacter 6picTpee 060t
smHeitnoit dyukmuu. [Toaromy npu jobom p > 0 HalijgeTcs Takas BeJIUYIHHA
V(p), aro pV —C*(V) <0 VV > V(p). Orcioga BeiTeKaeT OrpaHNIeHHOCTh
MHOXKecTBa S%(p).

S3. BosbmeM p < p' u 3adbukcupyem npoussosibhbie V € S%(p),

V' e S84p'). Ecn V! = 0, To meoGxoammo C'y(0) > p' > p. CrenoBarenbHo,
S%p) = {0} u yrBepxaenue nokazano. [lycts V' > 0, V' > 0. Torma u3s
yCI0BHs MaKcuMyMa, (DYHKIUH TPUOLLIN BBHITEKAIOT HEPABEHCTBA

Ct(V) <p < CLV), Co(V) <y <OV
Orciona ¢ yaerom p < p' Haxoaum C%(V) < C’i(V’ ). U3 Beimykaoct byHK-
uuu C*(V) ciaenyer nepasencrso V < V'.
I'paduyueckuit meToa mocTpoeHnsd PYHKINHN MPEAJI0XKEHUS

1) Ilycrs C*(V') — rnagkas dbynknus. Ecin MakcuMyM npubbLIH JOCTH-
raeTcst BO BHyTpeHHeil Touke V* > 0, 10 p = C*(V*) = V* = (C*) " (p) =
S(p). Eciu makcumym jgocruraercs s mnyJe, 1o p < C(0). Ipu p = C*(0)
S4(p) = [0, 5%], rme St = sup{V | C*(V) = C*(0)}.
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Crpoum rpacux obparnoit gynkuun (C’“)_l(p). st sToro orobpasum
rpaduk dynknun C*(V') cummerpnaHo oTHOCHTEIBHO OuccekTpucel. Ha ocn
p coeuuauM HOJTB ¢ Toukoit C*(0) u momyunm rpaduk byukuun S%(p).

2) C meragkoii dbyHKIMeH MOCTynaeM aHAJIOTHYHO: CKAYKAM (DYHKIHH

C*(V) 6yayT cOOTBETCTBOBATH TOPU3OHTAJIbHBIE OTPE3KH Ha Tpaduke QyHK-

mun S(p).

Ipumep 16.1. Oyukunsa u3aepkeK 3adaHa CAeIYIOINIM 00pa30M:

pC*(V)
V/2, 0<V <2,
cov)y=4{Vv-1  2<V<3
V39—1, V>3 [T ‘
|
=
- 1%
Puc. 16.3
TpebyeTcst TOCTPOUTH (DYHKIHIO IpetoKenns S(p).
1) Crpomm dbyurmmo C(V):
1/2, 0<V <2
Cov) =141, 2<V <3,
V2/3, V>3
v

Puc. 16.4

2) Crponm dbyukmmo S%(p) kak obparmyio k C4(V):
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0, 0<p<1/2 + 5(p)
[0’2]7 p:1/27
Sa(p) = 2, 1/2<p<1,
2,3, p=1,
3, 1 <p<3,
V3P, p>3

Puc. 16.5

Ynpaostcnenue 16.2. Haiinure dyukiuo npegioxenns S*(p) no 3aganHoil
byuxmun uzaepxkek C(V) = max|[V, V2]

DyukIuda copoca

Mp1 ommcasu moBejeHue npousBoguTesieit. O6parumMces Tenepb K Jpyroi
CTOPOHE PhIHKA U PAaCCMOTPHUM IOBeJIeHUe BTOPOI I'PYIITIBI areHTOB, 1eiCTBY-
IOIUX Ha PBIHKE, — MOTpeOuTe e,

IIycts B — muoxkecTBO morpebutesieit ToBapa; b € B — KOHKpeTHBIH
NOTpeOuTeNb, KOTOPHIH XapakTepusyercsa @ynxuueti cnpoca D°(p), ykasbia-
folieit, Kakoit 00beM ToBapa roToB KYIUTh NOTpebuTessb b mo nene p. Odmeit
XapaKTePUCTHKON IOBeIeHUs] BCETO MHOYKECTBA NMPHCYTCTBYIOIINX Ha PHIH-
Ke morpeburesieil IBASETCS CYMMapHas GYHKUUA CNPOCe, KOTOPas ONpeie-
astercs caepyronmmM obpasom: D(p) = S DP(p). Jlnsa mauama paccMOTPHM

beB

HECKOJBKO ITPUMEPOB (PYHKIIUU CIIPOCA, OTJIETHHOIO MOTPEOUTE I,

Ipumep 16.2. Ilycts K® — nemexxkublit KanuTaa norpeburesna b. IloTpe-
OMTeJIb TPATUT Bech KallMTasl Ha IOKYIKY ToBapa, Toraa D°(p) = K°/p.

Hpumep 16.5. Kak u B mpeablayiieM nNpuMepe, moTpeduTenb b xapakTe-
pU3yeTcs pa3sMepOM HMEIOMIErocs y Hero JaeHexkHoro kammraia K°. Orimuane
COCTOUT B TOM, 4TO MOTPEOUTE/Hh MOYKET HOTPATUTH CBOIl KalMTaJ HE TOJb-
KO Ha 3TOM PBIHKE TOBapa, HO y HETO €CTh BO3MOYKHOCTH MOKYMAaTh TOT YKe
TOBap B JPyToM MecTe 110 (PUKCHPOBAHHOI TeHe 1°, KoTopas Ha3bIBaeTCs pe-
3eperoti yenot s TaHHoro norpedbutess. CMBICT STOR BEJIUYIUHBI COCTOUT
B TOM, 4TO HOTPEOUTE/IO HEBBIT'OHO MOKYIIATh TOBAP HAa PacCMaTpUBAEMOM

PHIHKE, eC/IM [EeHa IPeBHmaet 12, T.e. Ipu p > r’ HOKYIKa He IPOU3BOIAUTCH.
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DyHKIUS CIPOCA JJIsi TAKOH MOJIe/JM HMeeT BH/

K®/p, p<rb
D(p) =4 [0,K%/p], p=1"
0, p > 7.

JaauM arbTepHATUBHYIO WHTEPIPETAIINIO TOHATHS PEe3EPBHOI MEHbI: Y JaH-
HOT'O TOBApa CYIIECTBYET 3aMEHUTE b, IIeHa Ha KOTOPBIiT (DHKCUPOBAHA U PaB-
ma r’. TlosToMy B ciaydae, KOTJa IeHa IPOLYKTa MPeBhIIaeT r°, moTpebuTeIs
b mokynaeTr 3aMEeHHUTE/b.

Jlo cux mop MBI TpenoIaraan, 9TO BeCh JIeHeKHbIN KaluTal noTpeduTe-
JIsl pacxojyercsd Ha mpuobperenue ToBapa. OJHAKO HA MPAKTUKE KOJTUIECTBO
JIEHET, KOTOPOE PaCXO/IyeTcs Ha JaHHBIII TOBAP, MOXKET MEHSTHCS B 3aBH-
cumoctu oT TeHbl. O0beM MoTped/eHnsT MpeIMeTOB HePBOil HEOOXOIMMOCTH
(OCHOBHBIX MIPOYKTOB MUTAHKS, HEOOXOMUMOM OJI€ZK/IBI  T.I1.) OOBIIHO CJ1a60
3aBHCHT OT IleHbl. Hampumep, nazke npu 3HAYATETHHOM POCTE MEHBI Ha XJIe0,
JIOIM OYIyT TMOTPeOIATh TO 2Ke camoe KomumdecTBo xjaeba. C apyroit crto-
POHBI, €CTh TOBAPHI TUIIA IIPEIMETOB POCKOIIN (JPATONEHHOCTH, HPEJIMEThI
HCKYCCTBa M T.1.), CIIPOC HA KOTOPBIE CHJIBHO 3aBHCHT OT KOJeOAaHWii IeHbI.
DTO MPOUCXOIUT OTYACTH MOTOMY, UTO MPU POCTE IEH HA OJHU MPEIMETHI
DOCKOIIHA JIOJIN, KaK MPaBUJIO, MPEANOYUTAIOT MOKYIATh JAPYTHe IIPeIMeTHI,
KOTODBIE MTOJIOPOKATN B MeHbIIel crenenn. CBOMCTBO DYHKIMY CIPOCA H3Me-
HITHCSl B 3aBUCUMOCTH OT HEHbI HA3BIBACTCS IAACMUYHOCTILIO cnpoca. Dop-
MaJIbHOe omnpeeserue Oyaer gano mo3zxke. C comepkaTeIbHON TOUKN 3PeHUsT
9MACTUIHOCTh XaPAKTEPU3YET CTENeHb 3aBUCUMOCTH 00heMa CIPOCa OT MEHBI
Ha TOBap.

Ipumep 16.4. PaccmorpuM npuMmep HEJTACTUYHON (DYHKIUU CITPOCa:

—b

vV, p < rb,
D'(p) =S [0,V'], p=r,
0, p > b

Bo Bcex MpWBEIeHHBIX BBIIE MpuMepax dyHkmus cnpoca DP(p) — 3To
TOYEYHO-MHOKECTBEHHOE OTOOPAKCHHE, YIOBIETBOPSIONIEE CIIeTyIOMIHAM CBOM-
CTBAM:

D1 soimykioznaunocrs ( 3nadenuem (ynknuu cupoca D°(p) s jio-
6oro p siBsiercs nbo ToYKa, OO OTPE30K);
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D2 samxmyrocts (rpacdux orobpamenus D°(p)

Gr(Db(p)) ={(p,V) |0 <p<oo, V& Dp)} asnaerca 3aMKHYTHIM);

D3  wmonOTOHHOE HeBO3pactaHue ( mpu JObX p < p’ 1 JIOBIX
V € Db(p), V' € D*(p) Buimonneno nepasencrso V > V');

D4 D%p) — 0 npu p — oo (IpW HEOTPaHWHYEHHOM BO3PACTAHUH TCHBI
CIIPOC CTPEMUTCS K HYJTIO).

O6cy M mopobHee CBOMCTBO MOHOTOHHOTO HEBO3pacTaHWs (CBOHCTBO
D3). 910 cBOHCTBO TOBOPUT O TOM, YTO TIPH POCTE IHEHBI Ha TOBAP CIIPOC
Ha HETO He YBeJHYHBAeTCs (& MHOTIA U YOBIBAET, €CIH YUeCTh JOMOJIHUTE b-
HO cBoOlicTBO D4). BO3HUKAET BOMPOC: JJIsl BCEX JIM TOBAPOB BBITIOIHEHO 3TO
cBoiicrBo? B 3KOHOMUKE M3BECTHO HECKOJBKO 9K30TUICCKHX MPUMEPOB TOBa-
POB, CIIPOC HA KOTOPBIE HE YJIOBIETBOPSIET, 110 KpaiiHell Mepe B OlIpe I/ IeHHbIE
IIPOMEXKYTKH BPEMEHHU, CBOHCTBY MOHOTOHHOI'O HEBO3DACTAHUA.

Hpumep 16.5. zsectno, uro B Upiianuu B rojiojHbie rojibl, KOrJa HeHa
HA& KapPTOIIKY CHJIBLHO MOBHIIIAIACH, 00bEeM ee TOTPedIeHIS TOXKE BO3PaCTAI.
C dgem 310 ObLIO cBsizaHO! B 0ObIUHBIE TOABI B PAIMOH OCHOBHONH MaCChl Ha-
ceJieHusl BXOJIMJIM KapToOIlKa B Msico. Korja meHa Ha KapTOMIKY 3HAYUTE/b-
HO IOBBIIIAJIACH, JEeHEr Ha MsICO yKe He XBaTaJj0, W JIIOJH IIePeXOIHIn Ha
nuTaHue oaHoil Kapromikoii. [IoaToMy KapTomKH TpeboBaJIOCh OOJBIIE, TeM
OOBIYHO.

IIpumep 16.6. TpagunmoHHas AMOHCKAas BOJIKA — cake. KCTh HECKOIBKO
COPTOB cake, MpHYeM KaK XOPOIIEero KadecTBa, TaK M IJIOXOTo. VI3BecTen ciie-
Jyronuii pakT: KOr/ia 1eHa Ha HU3KOKaYeCTBEHHBIN cake pacTer, To 00beM ero
noTpebJieHnst B 3TOT MOMEHT TOXKe yBeJmunBaercs. Jlejio B ToM, 9TO onpejie-
JIEHHAST TPYTIa JNI, CTPAIAM0IIAsA aJIKOTOJIbHON 3aBUCUMOCTHIO, HYKIAETCS
B OIIPEJIe/IEHHOM /103 TUCTOrO aJIKoro/si. OHU, KOHEYHO, MIPEJIIOYIH Obl TUTH
XOpoInil cake, HO KOTJa IeHa Ha cake CHUJIBHO PACTeT, UM JJId TOJTYIeHUs
cBoeit CyTO"IHOIU/I HOPMBI aJIKOI'OJIA HPUXOJUTCA OTKA3bIBATbLCA OT XOpOoUIiero
cake B MOJIb3Yy I10X0r0. OTHAKO MPUBEIEHHBIE IIPUMEDPHI JOCTATOYHO PEIKN
U HETHUIIUYHLI, a JJId 6OJIbH_[I/IHCTBa TOBapPOB CBOMCTBO MOHOTOHHOT'O HEBO3-
pacTanus (GpYHKIIMU CIIPOCA BBIIOJIHACTCS.

IlpuHnun KOHKYPEHTHOTO paBHOBECHUS

Wrak, Mbl OMUCAJIN TOBEJIEHHE JBYX IPYINI areHTOB HA PbIHKe (IpPOU3-
BOJIUTEJIEH TOBApA W MOTPeOUTENell) B 3aBUCHMOCTH OT TeHbl Ha ToBap. st
MOJIyYeHU s TTOJHOTO NPEJCTAaBJICHUd O MOJIEJ I KOHKYPEHTHOI'O PhIHKA OJHOT'O
TOBapa OCTAJOCHh BBIACHUTH, KaK OMpPEJIesseTcs MeHa P Ha PhIHKE.
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Ha koHKypeHTHOM pbIHKE IIeHa TOBapa ONpeJessieTcs U3 IIPUHINIA, KOH-
KYPEHTHOTO PaBHOBECHS.

IIpunyun xonwypenmmozo pasnosecus Baavpaca. B ycroBugx copepimen-
HOM KOHKYPEHIIMU HA PHIHKE YCTAHABIMBACTCS LEHA P, KOTOpasd GAJIaHCHPYET
CIIPOC U TIPEIOKCHNE HA TOBAP M HASBLIBACTCA UEHOT KOMKYPEHMH020 PAGHO-
secus (MM BAIbPACOBCKOIT 1eHod). POpMAIbHO ITa HEHA ONPEIETAeTC 13
yernosus D(p) N S(p) # 0, rae S(p) — dyHKIMS CyMMAPHOIO TIPe/IOKEHHSL,
a D(p) — byHKIHST CyMMapHOTO CIPOCA.

Takum obpa3oM, IeHa KOHKYPEHTHOI'O paBHOBecHs 00JiajaeT TeM CBOii-
CTBOM, 4YTO CYIIECTBYET 00beM TOBapa, KOTOPBIl MOXKET OBITH MPE/ITOKEeH MO0
9TOM 1leHe u MOzKeT ObITh HOTpedJIeH 110 3Toi 1eHe. Ecin dyHknuu cupoca u
MPEeJIOKEHNS — OJHO3HAYHbIE (DYHKIUU, TO MPUHIIAI KOHKYPEHTHOTO PaB-
HOBECHST MOYKHO C(hOPMYJIMPOBATH TIPOIIE: 0 PABHOBECHOIT TleHe CIIPOC paBeH
IIPE/IJIOKEHHIO.

[Tostrast hopMyTUPOBKA MIPUHITHIIA HATHHAETCS CJIOBAMU: "B YCJIOBUSIX CO-
BepIeHHO KOHKypeHun..." . UTo moHnMaeTcs oI yeA08UAMY COBEPUWEHHOT]
konxypenyuy? ComepxKaTebHo Banabpac oxapakKTepu30Bal UX KaK HAJTHINE
OOJIBIIOro YnCaa OJU3KUX IO CBOUM XapaKTEPUCTUKAM MPOU3BOIUTEIEH U MO-
TpebuTesei, KaxKIblii 13 KOTOPBIX He MOYXKeT BJIHSIThH HA PHIHOYHYIO TeHy (T.e.
BCE OHH MaJibl [I0 CPABHEHHIO ¢ 00muMu o0beMaMu peiHKa). Kpome Toro, Bce
MPOU3BOUTENN U TOTPEOUTEN PACIIONATAIOT TTOTHON HHGpOPMAIHE O PhIH-
K€ U MOr'yT CBOOOJIHO BBHIOMpPATh cebe MapTHEPOB J/id 3aKJIIOUEHUs CJETKH.
dcHo, 94TO TaKoe ommcaHue He sBJIsSeTCs KOHCTPYKTHBHBIM. Bo3bmeM KOH-
KPETHBII PBIHOK, HA KOTOPOM JeidcTBYIOT 20 MpOU3BOIUTEICH MPOAYKIIAN H
500 nmorpeduTeseil, xapakTepu3y0IMXcs olpe/ieJieHHbIMEU napamerpamu. Fc-
O/IB3YsI OTnpeenerne Baabpaca, HeTb3sl CKa3aTh, HAXOIUTCA JIM 3TOT PHIHOK
B COCTOSTHUH COBEPIIIEHHON KOHKYPEHIINW, TaK KaK ITO ONpeIeeHne duCTO
KadecTBEHHOE U He JIaeT KOJIMYECTBEHHBIX KPUTEPUEB.

CBoiicTBa paBHOBECHOI1 I[€HbI

Byaem ucnonbzoBars 3anuck D(p) — S(p) > 0, ecsiu V' > V' npu Bcex
V € D(p), V' € S(p). Anamoruano, 6ynem nucarb D(p) — S(p) < 0, ecan
V < V' upu Bcex V € D(p), V' € S(p).

Ymeeporcdenue 16.2. Ilyctsb dbyHKIMs npejiokenus S*(p) KazKI0ro mpo-
u3BogMTeNd a € A ymoBiaerBopsieT yciaoBuaMm S1-S3, a dyHKImMS cmopoca
D®(p) kaxoro norpedurens b € B — ycnosuam D1-D4. Torna pasnobecHas
IIEHA BCEIJIa CYIIeCTBYeT.
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I'JTABA IV. BBE/IEHUE B MATEMATHUYECKYIO SKOHOMHUKY

Jlokasamenvcmeo. Samernm, aro dbyukims npegioxenus S(p) = > S*(p)
acA
yaosierBopsier yeiaosusm S1-93; a dyuknus cupoca D(p) = > D%(p) —
beEB
yeopusim D1-D4.

[Tockombky S(0) = 0, To u3 MonoTonHocTH GyHKIHK S(pP) U 3AMKHY TOCTH
ee rpacduka BbiTekaeT, uTo S(p) = 0 B HEKOTOPOH MAJIO MOTYOKPECTHOCTH
rouku 0. C apyroit cropoust, pyHkuuio cupoca D(p) B 3TOI MOTYOKPECTHOCTH
MOXKHO CYHTATh mosokuTenbHoil. [Tosromy pasuocts D(p) — S(p) > 0 upwm
MAJIBIX .

Hnst mocrarouno Gospmmx p dbyakius S(p) HomoKATEIbHA (JOCTATOYHO
B3aTh p > C%(0) A/Is HEKOTOPOro mpousBoguTens a € A) u He yObIBAET, a
D(p) — 0 npu p — oo. 3uaqur, D(p) — S(p) < 0 upu Gosbiux p .

Bocmop3yeMest aHATIOTOM TEOPEMBI O TIPOMEKYTOTHOM 3HAYCHUH HETpe-
PBIBHOI (DYHKIMHU, H3BECTHOM U3 MaTEMaTHIECKOTO aHAIN3A: €T HEeIIPEPhIB-
Has GYHKIUA NPUHAMAET NPOTUBONOIOKHBIE 110 3HAKY 3HAYEHUs HA KOHIIAX
HEKOTOPOTO OTPE3Ka, TO BHYTPH ITOI0 OTPE3Ka CYIIECTBYET TOYKA, B KOTOPOIi
dyuKImMg 0bpalaeTcs B HOJb.

Kax y»ke TOBOPIIOCH, CBOHCTBO 3aMKHYTOCTH HAJIOTUYHO CBOHCTBY HEmpe-
poierOCTH. Tak kak D(p) u S(p) — 3aMKHYTBIe (DYHKIHHI, CI€I0BATETHHO, HX
pasnoctb D(p) —S(p) Toxe 3amrnyTas dbyuknus. [losTomy cymecryer Tod-

Ka P , B KOTOPOIl 9Ta Pa3sHOCTh IPUHUMAET HYJIeBOE 3HAUEHUE, B TOM CMBICITE,
aro 0 € D(p) — S(p).- A

Ymeepocdenue 16.3. Tlyers pl, p? — JABe IeHBI KOHKYPEHTHOT'O PaBHO-
Becust. Torma Jobas mena p € [p',p?] Toxke sBjsieTcs PaBHOBECHOI, T.e.
S(p) N D(p) # 0.

Aoxasamenvcmeo. @ynkuus D(p) — S(p) MonoToHHO He Bo3pacTtaer. Tak
Kak 9Ta (pyHKIUd npuHuMaer 3Hadenue 0 B Toukax Pl u P%, TO U BO BCex
IIPOMEZKYTOYHBIX TOYKAX OHA IPUHUMAET TO ke 3HaueHue. Cjien0BaTe/1bHO,
D(p) N S(p) # O nna modoro p € [pt, p°]. M

HOKa)KeM, 9TO Ha CaMOM Jiejie BO3MOXKHBI CUTYalllull, KOT'JJa paBHOBECHAaA
IeHa oIpejessieTcs He e IMHCTBeHHBIM 00pa3oM. B Takux ciydasax u3 yTBep-
Kienus 16.3 Oy1eT cjieloBaTh, YTO CYHIECTBYET MEJIblil OTPEe30K PaBHOBECHBIX
IeH.

Hpumep 16.7. IlycTh Ha pBIHKE €CTh BCErO TPH HMOTPEOUTENA C HedJla-
CTUYHBIMU (DYHKIUAMEU clpoca. Pe3epBHbie LEeHbI Jjis ITUX noTpedurTeiei
pasubl 71, %2 1 r3 coorBeTcTBenHO. B 3TOM catyuae cymMapHas GyHKIIS CIIPO-
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§16. Momesin HeperyimpyeMbIX PBIHKOB

ca GyJeT UMeTh CTymeHdaTsii Buj. IlycTh, KpoMe TOro, Ha PHIHKE €CTh JBa
IpeIPUATHA-TTIPOU3BOANTEA ¢ (PUKCHPOBAHHBIME YAEJLHBIMI CeHeCTOMMO-
cTAME ¢, ¢ 1 MaKCHMaJIbHBIME o0beMaMu npomssoiactsa V!, V2 coorset-
crBerno. CieqoBaTebHO, CyMMapHOe TIpeIoKeHne TaKyKe dBJIdeTcs CTY-
merdaToil gpynkmmeii. Torma Bo3MOXKHA CACIYIONAd CATYAIN, H300pazKeH-
Hag Ha puc. 16.6, rae moayydnscs meablii OTPe30K PABHOBECHBIX MEH P.

V V

] T v

|
|
+
+

p
Puc. 16.6 Pue. 16.7

T3 R
=

|

|

|

|

|
p

BaMeTI/IM7 YTO BO3MO2KHa W [Apylasd CuTyalud, KOI'/Ja PaBHOBECHAsA IICHA
P eJIMHCTBEHHA, HO HE €MHCTBEHHBIM 00pPa30M OIPEJIEAIeTCS PABHOBECHDI
obmem V (cwm. prc. 16.7).

V3 npuBeIeHHBIX BBIIIE YTBEPKIEHUNR MOXKHO CJIeJIaTh BBIBOJ, YTO MHO-
JKECTBO PABHOBECHBIX TEH — 3TO JIUGO TOYKA (eJIMHCTBEHHAS [EHA D), JTuGO
CYIIECTBYET OTPE30K PAaBHOBECHBIX 1ieH [p', p?].

3aMeTuM, 4TO CJIydau, IPOUJLIIOCTPUPOBAaHHbIE HA pUCYHKaX 16.6-7, neru-
MAYHBI U HOCAT BBIPOKJIEHHBIH XapaKTep, TaK KaK MPH MaJOM BO3MYIIEHUN
apaMeTpoB MOJIETH IpadUKH CMEIIATCd U IepecedeHne Mo meJoMy oTpes3-
Ky IpeBpalaercs B nepecedenue B Touke. [Ipu 3T1OoM BO3MOXKHA O/HA U3
n300pakKeHHbIX Ha ciaeayoiieM puc. 16.8 curyarmit:

Vi V
§ {-mmm | VT
| :
| |
p p p p
Puc. 16.8

B TunudHbX caydasx (Wad, HHBIME CJIOBAMH, B YCJIOBHSAX OOIIEro MOJIO-

185



I'JTABA IV. BBE/IEHUE B MATEMATHUYECKYIO SKOHOMHUKY

JKeHUsT) PABHOBECHASI [[eHa W PABHOBECHBIN 00beM OIIPEIeJISIIOTCS €JMHCTBEH-
HBIM 00pa30M, 9TO U HPEINONAraeTCd B JAJbHEHIITEM.

§17. MoHoONOIM3NPOBAHHBINA PHIHOK

PaccmoTpuM curyaruio, Korja Ha PhIHKE NPUCYTCTBYET JIMIIH OJTHa (pupma-
HpPOU3BOJIUTE b, KaK 1 paHblile, MIPOU3BOIUTE/b XapaKTepu3yeTcs cebecTon-
MOCTBIO TOBapa, T.e. pynkumeit u3aepzxkex C(V'), KOTopas MOKa3bIBaET, CKOIb-
KO JieHer HeoOXOIMMO 3aTPATHTh, YTOOBI ITPOM3BECTH TOBap B obbeme V.

[Torpeburenn Ha 3TOM pPBIHKE TOJaraioTcsd Meakumu. Vx nosejenue xa-
pakTepusyercsi cyMMapHoii pyHKIuell crpoca D(p), NOKA3bIBAIOIIEH, KAKON
o0beM ToBapa OyJIeT KYILJIeH IPH 33/ IaHHOI 1ieHe p. PupMa-MOHOIIOJIUCT yCTa-
HABJMBAET IEHY Ha TOBap p U 00beM ero mpouspojcrsa V. Takum obpasom,
cmpamezueti mononoauy saeisiercs mapa (p, V).

Ilonck onTMMAaJIbHOI CTpaTerum MOHOIOJINNI

Obcyaumm 3a1ady TOHCKA ONTHMAJIbHON cTparerun MoHomornu. OHA co-
CTOWT B BBIOOpE IeHBI Ha TOBap p* W o0beMa MPoU3BOJACTBA V¥, MaKCUMU-
3UPYIOMMX TPUOBLIL MOHOIOINU. 3a/1a9a PEIIaeTCs MPU CAeAYIONNX Orpa-
HUYCHHUAX! II€Ha HeOTpullaTeJIibHa, a O6”beM BBIIIYCKa HEOTPpHUIATEJICH U He
PEBOCXOJIUT CTIPOCa (TPOU3BOJNUTEIIO HET CMbICIA TPOU3BOANTE GOJIbIITe TO-
Bapa, 4eM MOTPeOUTENN TOTOBbl KynuTh). POpMAIbHO Ta 3a/a9a CBOJIUTCSI
K HAXOXKJICHUIO ONTUMATLHON CTpaTeruu

(p*, V™) € Arg max (pV = C(V)). (17.1)

(p,V): p>0, 0SV<D(p)

Bynem sanuceiBath dyukmmio copoca B Buge D(p) = [D~(p), D (p)], tae
D~ (p), Dt (p) — HmkHsgAs U BepxXHdAst rpaHunbl jag D(p). Ananoruusas 3a-
UCh OyAeT MCIOMb30BATHCH U Jist (DYHKIUH [PEIOZKEHUS:

S(p) = [57(p), ST ()]

Pemenne ontumusanuonnoil 3agaqu (17.1) mposegem B JBa yTamna.

Dran 1. Onmumusayus no obsemy npu GurcuposarHot yeHe

DukcupyeM JIOOYIO TIEHY P W ONPeIeJNM ONTHMAaJIbHOe 3HadeHne V*(p).

BaMeTuM, 4TO JIJIsi MOHOIOJM3UPOBAHHOIO PHIHKA MOYKHO TaK Ke, KaK
U 11 KOHKYPEHTHOTO PBIHKA, BBECTH (DOPMAIBLHO (DYHKIHMIO TPE/IT0KEHUST
S(p) = Arg r‘r/lgg(pV — C(V)) n naiitu paBHOBECHYIO II€HY D, TaKyl0, 4TO

S(p) N D(p) # 0.
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§ 17. Mononom3upoBaHHbBIH DBIHOK

Ymeeporcdenue 17.1. Ecnn p —paBHoBecHas 1ena, 1O

S(p), p <D,
Vi(p) € ¢ S(p) N[0, DF(p)], p=p,
D*(p), p>D.

Jlokazamenvcmeo. Ilyers p < p. 3ameTnm, 9TO ecin OTOPOCUTL B 3a/ate
(17.1) orpanudenue Ha 06beM, TO ee perieHHe IPU (HDUKCHPOBAHHOM P COBIA~
Jaer co 3HadenneM (pyHKIMH Tpeioxenust S(p) B Touke p. CrenoBarebHo,
Tak KakK S(p) ABJSETCs PelleHneM 3aa9i ONTHMU3AINH Ha Oosiee MIPOKOM
MHOKECTBE, TO 3HAYeHHe ONTUMU3UPYeMOro (byHKIHoHATA B S(p) He MeHblIle,
geM B Touke V*(p). Oxnako mpu p < p dbyHkius npeioxenns S(p) yaosie-
TBOPsIET OrpaHudeHuio Ha o0bem, T.e. ST(p) < D™ (p). D10 ycaoBue BbIIOI-
HSETCsA, TaK Kak QYHKIHSA S(p) MOHOTOHHO He yObIBaeT, a D(p) MOHOTOHHO He
BO3pACTaeT U, CJIeJ0BATEJIbHO, s Joboro p < p pasuocts D(p) — S(p) > 0
(em. puc. 17.1). CaenoBarenbho, B 91oM caydae V*(p) € S(p).

Vi 1pV = C(V)
D(p)
5(p)
7
~ 8
P p D(p)S(p) 4
Pue. 17.1 Puc. 17.2

[Iycts p = p. B arom ciyuae Ha10 B34Th ONTUMAJIBHBINA 00bEM ITPOU3BO/I-
CTBa, HO TAKOI, KOTOPHI MOTPEOUTENb B COCTOSHIE KynuTh. Cie10BATEILHO,
B 91TOM Ciyuae V*(p) € S(p) N[0, DT (p)].

Haxkonen, nycts p > p. Onrumusupyemasi B 3amade (17.1) dbyHkims
IpeICTABIAET COOOU pPA3HOCTDh JIMHEHHOW W BBINYKJIONH (DYHKIUNA H, CJIeI0-
BaTe/JIbHO, caMa sBJjisercsd BOruyroil (gpynknueit. [Ipuyem, kak ObLIO 3ame-
YEHO B MPEIBIAYIIEM MYHKTE J0KA3aTeIbCTBA, MAKCHMYM €€ JTOCTUTAETCS B
S(p). Buaunt, paccmaTpuBaemast byHKIHs Bo3pacTaer Ha orpeske [0, S~ (p)].
llpu p > p B cuiy orpaHwveHus Ha 00beM MpeJIOXKEHUS MAKCUMAIBHO JI0-
MyCTUMBIM 00beMOM Tpon3BojicTBa Oyaer DT (p), Tak Kak B 9TOM cjIydae
DT (p) < S™(p) (em. puc. 17.1 u puc. 17.2). CaegoBaresbHo, B 3TOM CJ1ydae
Vi(p)=D"(p). =
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I'JTABA IV. BBE/IEHUE B MATEMATHUYECKYIO SKOHOMHUKY

Dran 2. Onmumudayus no yexe
Nrak, Mbl onpeenim OnTUMAIbHBI 00beM 11 KaxKJI0i (PUKCUPOBaH-
HO¥T 1eHbl. Terneph HaliieM ONTUMAJIBHYIO MOHONOJIBHYIO TIECHY.

Ymeepotcdenue 17.2. 1) Monononust Beerja Ha3HAUACT [EHY p* HE HUKe
PaBHOBECHOI1, T.e. p* > p.

2) Ecan dynkuus cupoca D(p) — ogHO3HATHAS U TVIaJIKasi B OKPECTHOCTH
TOYKHU P, TO MOHOTIOJINS HA3HAYAET IeHY p* BBHINIE PABHOBECHOM, T.e. p* > P.

Jlokasamenvcmeo. 1) CHadana MOKaykeM, 9TO IMEHA MOHOIOJUH He HHU-
xe, yeM p. bepem j00yio neny p < p. B cuty npeapliyniero yTBepiKIeHus
17.1 ontumanbnoe 3uadenne obbema V*(p) € S(p). Pacemorpum anbrepna-
tuBHyIo cTpareruio (p, V*(p)). Ham ussectro, aro D(p) N S(p) # (). Torma
13 MOHOTOHHOCTH (bYyHKIMIT cupoca u Ipejjloxkenus ciegyer, 1aro D(p) >
S(p) V p < p. Crenoparesnbro, crparerus (p, V*(p)) aomycruma, T.e. TOT xKe
obbeM ToBapa V*(p) MozkeT GBITH peaan3oBaH mo GobIIeil nene p. 3aMeTnm,
9YTO U3EPKKH MPU ITOM HE U3MEHATCS, TAK KAK 0O'beM BBIITYCKA OCTAJICSI TEM
JKe. 3HAYHUT 00Iasi BRIPYYKa MPOU3BOIUTEIS OT MPOJAXKH IO IeHe p Oyaer
BbIIIIE, YeM OT IPOJaXKK 110 1eHe p < p. tak, MOHOIIOJIMCT BCEIyIa HAZHAYAELT
MeHy p* He HUKE D.

2) TlokazkeMm, 9TO A5 OJHO3HAYHONW M TJIAJKOH B OKPECTHOCTH TOYKH P
dbyukmum cnpoca D(p) MOHOTIOIUCT HABHAYMT TeHY Bbilme p. 113 yTBepK Ie-
uust 17.1 creayer, uro V*(p) = D(p) npu p > p, a Ipu p = P MAKCAMAJIBHO
BO3MOXKHBIH 00beM V*(p) € S(p) N[0, D(p)] pasen D(p). CremosaresnHo,
3aj1a4a ONTHMU3AIME TPUOBLIN MOHOIIOJUCTA NPH p > P TPUHUMAET BUI

max(pD(p) — C(D(p)))-
Berancanm nponspognyto dbyukmun npubslan W(p) = pD(p) — C(D(p))

W(p) = D(p) + D(p)(p — C(D(p))). (17.2)

Tlpu p = § ee smauenue pasuo W(p) = D(p) + D(H)(p — C(D(p))). Tlo-
ckonbky D(p) € S(p), a S(p) aBageTcs penreHneM 3391 ONTHMU3AIIH, TO
p = C(D(p)) u Bropoe craraemoe Bhipazkenus (17.2) pasmo mymo. OTKy-
1a creayer, aro W (p) = D(p) > 0. Msl mokazamm, 9t0 HyHKIHS TPHOBLIH
W (p) Bo3pacraer B TOUKe P. 3HAYMT, MOHONOJIUCT HAZHAUYUT LIEHY BbILIE HEHbI

KOHKYPeHTHOro paBHOBecusd. ll

Ynpasienenue 17.1. llyers dynkums nznepkek pupmoi-mononoaucta C (V)
pasua dyukuun C*(V) us npumepa 16.1, a dynxuus cupoca D(p) = 3/p>.
Haiiiure onTuMa bHy0 MOHOIOIBHYIO TIEHY p*.
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§ 17. Mononom3upoBaHHbBIH DBIHOK

Sameuarue. HackoIbKO MOHOTIOUCT 3aBBICHT TEHY 110 CPABHEHHIO C IIe-
HOI KOHKYPEHTHOT'O PABHOBECHS, OY/IET 3aBUCETH OT KOHKPETHOT'O BU/1a (DyHK-
KA CIIPOCA, TOYHEE, OT CKOPOCTU €€ YObIBAHHA IOC/Ie PABHOBECHON IIEHBI.
Ecnu npoucxomut peskoe yObIBaHue, TO MOHOIOJbHAS IeHa OyJaeT MaJo OT-
JITYATHCSI OT KOHKYPEHTHOH, ecyiu ke yObIBaHue (PYHKIUN CIIPOCA ITPOUCXO-
JAUAT MEJJICHHO, TO Pa3sHULA MEXK/1Yy LEeHOH, HA3HAYEHHON MOHOIIOAUCTOM, U
PaBHOBECHOI Oy/1eT 3HAYUTETHHOMN.

Onpedenenue. Dyuxuus cupoca D(p) HasbiBaeTcss medaenno youearoued
Ha OTpe3Ke [p1, pal, ecatu poD(pa) > pD(p) Y p € [p1,p2], T.€. cnpoc 6 denesrc-
Hom evipastcenuy pD(p) mocTHraeT MAKCHMyMa B TOYKE Do.

ITpumep 17.1. Tlyers D(p) = K /p. Torma cupoc B JeHe:KHOM BbIDaKeHIH
pasen nocrostuuoit Benuunue K. CienoBarenbHo, Takast GYyHKIUS SABISIETCH
MeaIeHHo yopiBaromneil. K aroMy Kiaccy oTHOCATCS Takxke (DYHKIUU BHIA
D(p)=K/p*, 0 <a<1.

Onpedenenue. s rnagxoit dyuknuu cupoca D(p) ssacmuunocmvio Ha-

_[D(p)|  |dD(p)/D(p)|
e(D(p)) = O T

Ona nokasbiBaeT, Ha CKOJBKO IPONEHTOB H3MEHUTCsT 00beM CIpoca TPH 13-
MeHeHUN IEeHbI Ha OAWH ITPOIEHT.

OrmeruM, uro eciu saacruanocts e(D(p)) = 1, to D(p) = K/p. Buicoko-
anacmuunoll cnpoc (Ha TPeJMeThl DOCKOIIHN) XapaKTePHU3YeTCs 3HAUCHUSIMU
e(D(p)) > 1, nusko asaacmuunwid cnpoc (Ha npeaMeTbl epBOH HEOOXO1H-
moctn) — sradenusivu e(D(p)) < 1. B skoHOMHYECKO JTepaType, KOraa
TOBODSAT 00 3JACTUIHOM CIIPOCE, 0OBIYHO MOIPA3YMEBAIOT BHICOKOTACTHIHBIT
CIIpoc.

Ymeeporcoerue 17.3. Ecau snacrnanocts dbynkunn crapoca e(D(p)) <1
Ha OTpe3Ke [p1, pa], T0 D(p) MeyieHHO yOBIBAET HA JAHHOM OTPE3Ke.

Vnpascrenue 17.2. Jlokaxkure yrBep:kaenue 17.3. UTo M0XKHO cKa3aTh
PO MOBeJeHNe MOHOIIOJNK B CJIydae, KOIJa CIIPOC MeJJIEeHHO YOBIBAeT?!

Ymeeporcoenue 17.4. Tlycts mist HEKOTOPOTO 3HAYEHUsT P > P (PyHKIUS
cupoca D(p) merenno yosiBaeT Ha orpeske [p, p|. Torma mis onTuMaTbHOR
MOHOIOILHON IE€HBI BLIIIOJHEHO HEPABEHCTBO p* > P.

HOﬂCHHM CMBbICJI YTBEPZKACHU A IIOKaA 9/ IaCTUIHOCTb MaJla, MOHOIIOJIMU BbIl-

T'OAHO yBeJIMYNBATDH LECHY.
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I'JTABA IV. BBE/IEHUE B MATEMATHUYECKYIO SKOHOMHUKY

Joxazameavcmeo. llpeanonoxkum or nporuBHOro, 4ro p* < p. bByuem
mpofaBaTh TOBAP TIO TieHe P, coxpanss obbem Bepyukn V = D(p*)p*/p. To-
ria V < D(p*), m37ep:KKH CHU3ATCA, a IPUOBLTb COOTBETCTBEHHO BLIPACTET.
OcTaeTcs IPOBEPHTD, YTO MOKHO IIPOJIATH 00beM V 110 niene p. eficTBuTenn-
HO, U3 YCJIOBHS MeIeHHoro yossanus D(p) > D(p*)p* /b, otkyma V < D(p),
T.€. TaKOil 00bem npogarh MoKHO. CJe0BaTeLHO, PEII0N0KeHIe HEBEPHO.
|

MbI mOKa3a/iM, ITO MOHOIIOIBHBIA PBIHOK ILTOX JJIs moTpedburens. B cie-
JayioineM naparpade obcykaaercs, Kakoil yiepd MOHOIOIUS HAHOCHT KO-
HOMHKE B IEJIOM.

§18. Mozaeap AByXOTpacjaeBOii SIKOHOMUKNI

Teopema 06 OnITUMAJIBHOCTA KOHKYPEHTHOTO PaBHOBECHUA

[HenrpanbHas po/ib MOHATHS KOHKYDPEHTHOIO PaBHOBECUS B COBPEMEH-
HOMl SKOHOMMYECKOI TeOpHH OIpeJessieTcsd cjeayomnmn cBoiicrBamu. Bo-
HePBBIX, COIVIACHO THNoTe3e Banbpaca, 9KOHOMUKA B YCJIOBHAX COBEPIIEHHOM
KOHKYPEHIINH eCTeCTBeHHBIM MyTeM IPHUXOJINUT B COCTOSHHE KOHKYDPEHTHOTO
paBHOBecus. BO-BTOPBIX, 9TO COCTOSHUE SBISIETCA ONTUMATBHBIM B OINpee-
JIEHHOM CMbICjie. B COBOKYIHOCTH 3TH JiBa CBOMCTBA MOXKHO MHTEPIIPETUPO-
BaTh B TOM CMBICJIE, YTO PBIHOK B YCJIOBHUSAX COBEPIIEHHON KOHKYPEHIIMH 5B~
JISIETCS WI€AJHHBIM SKOHOMUYIECKUM MeXaHu3MoM. OTCIo/a TIOHSITHO TO BHU-
MaHWe, KOTOPOe VesseT STOH KOHIENIUHA TPAIUIINOHHAS SKOHOMIIecKas Te-
opus.

OHaKO K TaKO# WHTEPIPETANNN HAJ0 OTHOCUTCS ¢ OCTOPOXKHOCTHIO. OT-
MeTHM JBe BaykKHble mpoliembl. [lepBasg — 3To oTcyTcTBHE TeopeTniecKu 00-
OCHOBAHHOT'O KOHCTPYKTHBHOTO OTpeJieIeHrsl YCIOBUI COBEPITEHHONU KOHKY-
PEHIIMK, O YeM YK€ IILJIa Pedb Bbillle, BTopas — He3MDMEKTUBHOCTD PhIHKA DU
HPOU3BOJICTBE 0COOOI IPYIIIBI TOBAPOB U YCJIYT, HA3BIBAEMbBIX OOIIECTBEHHbI-
mu Ostaramu. [locsteaneit mpobsieMbl MBI KOCHEMCsT B mTaparpade, MoCBAIIeH-
HOM HAJIOTOBOMY DeryJIMPOBAHUIO, TJe 00CYKIAITCI MPUIWHBI CYITECTBOBA~
HUS TOCYJapCTBEHHOTO, MJIH OIO/IZKETHOTO, CEKTOPA SKOHOMUKH W TPUBOSATCS
MOJIe/ii, OOOCHOBBIBAIOIIUE 11€J16CO00PA3HOCTDL I'OCY/IAPCTBEHHOIO PeryJnpo-
BAHUSI.

HecMmoTpst Ha oTMedeHHBIE CTIOKHOCTH, TEOPEMbl 00 ONTUMAJTBHOCTH KOH-
KYyPEHTHOI'O PaBHOBECUs UMEIOT 00Jibliioe 3HadeHue. B srom naparpade Mbi
nokaxkeM ''Teopemy Oarococtosiaus' mrst AByXOTpAC/I€BOil IKCIOPTHO-
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§ 18. Mogeab gByxXOTpacaeBoii SKOHOMHKH

OPUEHTUPOBAHHON SKOHOMUKMU.

PaccmorpuMm 9KOHOMUKY, COCTOSIIY IO U3 IBYX oTpacieii. [lepsas orpacinb
¢ MHOZKeCTBOM mpeanpuaruii A 100bBaer pecypce (Hampumep, Hedrs). Kax-
Jloe TpeITpUATHe XapaKTepu3yeTcd MaKCUMAJIbHBIM 00beMOM BhIycka V@ u
YVAETbHBIMU ce0eCTOUMOCTSAMEI J0OBITOr0O pecypca c¢®. B srom ciaydae dpyHK-
nusl NIpejIoKeHns NMeeT BUJL

0, ecmu p < c?,

a :A __ A0 — a —= a
S(p) rgogrgéga[(p ")V [0,V], ecim p=c
Ve, ecan p > c.

Bropas orpacib 3aHnMaeTcsa nmepepaboTKoi 106bITOro pecypcea. Kaxkmoe npe-
npusTe b BTOPOi OTPaCIn XapaKTepU3yeTcs MaKCHMAJIbHBIM 00 bEMOM IIepe-
paborku WP, e bHBIME 3aTPATAME CBIPbs HA €MHHAIY TOTOBOI IPOLYKIHHI
d’ u IpouNME M3AEePKKAMH Ha eIMHUILY KOHeIHOTo mpoaykTa & . [Ipemmomna-
raeTcsd, YTO KOHEUHBIN IIPOAYKT IIPOIAETCsI Ha BHEIIHEM PBIHKE U €ro HeHa ¢
HAa 9TOM PBIHKE (DUKCHPOBaHA.

PacemorpuMm cHavama cuTyamnumio, Korma obe OTpacin SBJISIOTCI KOHKY-
PEHTHBIMH, T.€. TaM MHOI'O HeOOJILINIUX MPEANPUATUIl, U IIeHA HA ChIPbe Ha
BHYTPEHHEM DPBIHKE CKJIAAbIBAETCI U3 YCIOBUS PABEHCTBA CIPOCA U HMPEIJIO-
skernst. OmpeseanM CIpoc Ha ChIPbe M0 IEeHe P CO CTOPOHBI TPeANpUATHS b.
O6o3HauuM 4epes

Pri(p,W) = (¢ — &"W/d" — pW

NPpHUOBLIL MpeJIIpUaTHs b B 3aBUCUMOCTH OT LeHbl p u obbema W mnepepa-
O0TAHHOTO CHIPbs. [lycTh mpeanpusTHe CTPEMHUTCS MAKCHMU3HPOBATH CBOIO
npubbLIb. Torma cupoc Ha CHIPpbE ONMPEIessSIeTcs U3 YCIOBUS MAKCAMU3AINH
9TOil TPUOBLLIN:
Db(p) = Arg max Pr’(p, W).
Welo,w?)

Bamerum, 9T0 (DYHKIWSA TPUOBLIH Prb(p, W) nuneitna no W u Bce 3aBucur
or 3Havennd kodddunnenta npu W. O6oznaunm uepes 1’ = (¢ — &) /d°
pesepenyto yeny mpeanpuaTa b. Ecam meHa Ha chIpbe 6ObIIe, deM 10, To
HIPEANPHUSITAIO HE BBIFOJHO ero nepepadarbiBarb. OKOHYATEIBHO MOy YaeM
BbIpakeHue /st (PYHKITHH CIIPOCaA

0, ecmn p < 1P,
DP(p) = < [0,W?)], ecim p =1,
wb, ecma p > 1P,
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I'JTABA IV. BBE/IEHUE B MATEMATHUYECKYIO SKOHOMHUKY

[TpeamonoKumM, 9T0 HpegAnpusiTust H00bIBAOIIEH OTPAC/IN YIOPSA0YEHBI 110
BOBPACTAHHUIO yIAEABHBIX cebecronmocteit, T.e. ¢! < ¢? < ¢ < ..., a npeanpu-
ATHA IepepabaThiBaIoNeil 0TPACc/IH YIOPAI09eHbl 10 YOBIBAHUIO Pe3ePBHBIX
nen, T.e. 1 > r? > ... Ilocrpoum rpacduxu (byHKIHI cIIpoca U IpeIo-
JKeHHs U OIpeIeInM PAaBHOBECHYIO TleHy. BO3MOXKHEI IBa THIA IepecedeHis
rpadUKOB, YCTONYUBBIEC K MaJ/IbIM BO3MYIICHUSM IIAPAMETPOB MOJICJIM:

a) V. 6) V

g

Puc. 18.1

3/ech p — paBHOBECHAsI TeHA. PacCMOTPUM CUTYAIUIO, KOT/Ia PBHIHOK sIB-
JasgeTcd KOHKypeHTHBIM. Torma B mpon3BoacTBe OyAYyT yIaCTBOBATH Te MPe/I-
OpugaTUs JIoObIBaoNieil orpaciau, y kotopsix ¢ < p. Ilpu stom, ecau ¢ <
D, TO OYAYT MOTHOCTHIO 3arPYKEHBI MPOM3BOJICTBEHHBIE MOIIHOCTH JTAHHOTO
npejnpusaTusd. B ciiydae paBencrsa ¢ = P MOUIHOCTU JI0OBIBAIONIEIO IIPEJI-
HPULATUS @ MOTYT OBITH 3arpyKeHbl YACTUYHO, YTOOBI COAJTAHCUPOBATH PaB-
HOBeCHOe Tpejtozkenne (caydaii 6)). 13 npeanpusaruii mepepabarbiBatomieit
oTpaciu OyIyT 3aHATHL Te, ¥ KOTOPBIX 7° > P, u ecau r° > P , TO MOIIHO-
CTH IpeIIpusaTHa OyIyT 3arpyzKeHbl IOIHOCTBI0. B cyuae pasencrsa 1’ = p
MOIIHOCTH TepepadaThIBAIONIETO MPEANPUATHS b MOTYT ObITH 3arpyZKEHbI Ya-
CTHYHO, 9TO ¢OATAHCHPOBATD IPEIIOZKEHHE (B CIydae a)).

Bo3MoxkHBI TaK)Ke CHTyallnn, KOrJa IIeHa Wik 00beM OlpeIesaeTcs Heo/l-
HO3HAYHO (cM. mpumepbl 16.7 u 16.8). OxHako, Takne CUTYAIUH SBJISIOTCSI
CTPYKTYPHO HEYCTONYUBBIMU, MOCKOIBKY CKOJIb YT'OJIHO MAJBIMU BO3MYIIe-
HUSIMH TapaMeTpPOB MOJIeJI MOXKHO TepeiiTh K OJIHOMY M3 JBYX paHee pac-
CMOTPEHHBIX cIydaeB. azee mpeamooxKumM, 9T0 paBHOBECHBIE ITeHA U 00beM
OTIPEIENSIOTCS OTHO3ZHATHO.

Buisicaum, kakoit Oygaer npuObLib npeupusdTuil 00enx orpacjeil B CUTY-
anuy KOHKYPEeHTHOro paBHoBecus. O0mas npuObLIb JOOBIBAIOIIEH OTPACTH

> (p— c*)V* coorBercTByeT mwiomaan (GhUrypsl, OrPaAHUIEHHON OChIO TIeH,
a:c*<p
BePTUKAJIBHON JIMHUEH p = P, COOTBETCTBYIONIEHl PABHOBECHOI IleHE, W T'pa-
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§ 18. Mogeab gByxXOTpacaeBoii SKOHOMHKH

dburom dyukun npegroxkenns S(p) (em. puc. 18.2).
1% Vi

e por? rlp
Puc. 18.2

[IpubpLib nepepabaTbiBaiomeit orpacin » . (r’ — p)W? — sro miomann
b:p<rd
durypbl 06pazoBaHHOIl OCHIO 1EH, BEPTUKAJIbHON JIMHHEH P = P, COOTBET-
cTByIOIIeil paBHOBECHOIT 1ieHe, u TpadukoM dbyHakmun cnpoca D(p) (eM. puc.
18.3).
O61mIas mIoma b 3alITPUXOBAHHBIX Ha puc. 18.2 m 18.3 duryp — 3t0

IPUOBLTHL Bl SKOHOMUKY B COCTOSTHUYM KOHKYPEHTHOIO PABHOBECHsI (CM. PHC.
18.4).

V Vi

Puc. 18.5

Ob6cyanm, KakuM OyeT COCTOSHWE 3TOW IKOHOMHUKH, €CJIU YCTAHOBHTCH
MOHOIOJIAS B OTHOU W3 oTpacieil, a Apyras oTpacjib OCTaHEeTCS KOHKYDEHT-
noii. /Inga onmpeneneHHocTH OyaeM CYUTATh, YTO MOHOMOIU3UPOBAHA JTOOBI-
BAIOIIasl OTPacjb. 10Tja MOHOMOJNS B JOOBIBAIOIIEll OTPACAN YCTAHOBUT U
o0beM, U TIeHY Ha CHIPhe, CTPEMSICh MAKCUMU3UPOBATEH CBOIO MPUOBLIb.

Honycrum, aro dbyukius cupoca D(p) siBisieTcst MeJJIeHHO yOBIBAOTIEH
na orpeske [p, r?]. Cormacno yreepzKaenuio 17.4, onTuMaabHas IeHa 1T MO-
nonoymu p* > r2. Ilycrs ana onpenenennoctu p* = r2. Torma obbeM 100bI-
un cocrasur D(r?) u npubbLib MoHOIOMM GyjleT paBHa IIOMA I QUryDH,
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I'JTABA IV. BBE/IEHUE B MATEMATHUYECKYIO SKOHOMHUKY

OrpaHUYeHHON ropusoHTaIbHOM munueir V = D(r?) , rpadukom byHKIUI
npejjioxenns S(p), ocblo MeH M BepTHKaJbHOIN junuelt p = 12 (cM. puc.
18.5).

ObcyamM pe3yJIbTaThl TOCTIOICTBA MOHOIIOIMY Ha PhIHKe. BO3HUKAIOT /1Ba
OCHOBHBIX HETATHBHBIX 3(pdeKTa: BO-MEePBBIX, JJIs SKOHOMUKH B MIEJIOM Teps-
eTCsl 9aCTh TPUOBLIN, U BO-BTOPBIX, YCTAHOBUJIACH JUCIPONOPIHUSI, TOCKOJIBKY
MOHOIIOJTHSI 3aXBaTuJia cebe JbBUHYIO J0JII0 MPUOBLIN B yIepd BTOPOii oTpa-
CJIH.

HomycTuM Teneph, 9To 00e 0Tpacan MOHONOAu3upoBaHbl. Toraa nena, Ko-
TOpasg YCTAHOBUTCS HA PBIHKE, OyIeT OMPeIeaThes MTyTeM IePeroBOPOB MezK-
jiy srumu Mononousmu. CKopee BCEro, Hu OJIHa MOHOIIOJIMS HE COTJIACUTCS,
9TOObI IPyTras MOHOTIOIUS YCTAHOBU/IA MOHOIIOJBHYIO IEHY, U B PE3Y/IbTaTe
ePeroBOPOB YCTAHOBUTCS TMPOMEKYTOUHAS IEHA MeZKJIy WX MOHOTIOhHBI-
MU TeHaMu. BroiaHe MoxKeT OBITH, YTO OHHM CTOBOPATCA O IleHe, OJMU3KOH K
KOHKYPEHTHOMY PABHOBECHIO, UTO BBITOJIHEE NIl SKOHOMHUKH B IEJIOM, 9eM
npepaymuit Bapuant. PeajibHasi TeXHOJOTHYECKAsl EIMOYKA COJACPKUT HE
JIBE OTPAC/IHN, a HECKOIbKO. PaccMOTpuM OCHOBHBIE 3BEHBSI:

1) mobbraa Chipbs;

2) TPaHCIOPTUPOBKA;

3) nmepepaboTka;

4) onToBast TOPTOBJIS;

5) PO3HHYHAS TOPIOBIIS.

JI7IsT OTKJIOHEHHST OT KOHKYPEHTHOTO PABHOBECHUsSI JOCTATOYHO, ITOOBI XOTsI
OBl B ONHOM W3 3BEHbEB BO3HUKJIA MOHOMOMHA. B poccuiickoit 3KOHOMUKe
BO3HUKHOBEHHE TAKHX MOHOIOJIBHBIX CTPYKTYP YaCTO CBA3aHO C MPECTYT-
HeIMU rpynnavu. Vvmu, Hampumep, T0Ar0e BpeMs KOHTPOJIUPOBAJCS COBIT
JIETKOBBIX aBTOMOOU/IEil. ABTOMOOM/IN CKYTIAJUCh HA MPEANPUATHIX 10 IIe-
HaM, OJTU3KUM K ¢e6eCTOMMOCTH, U TIOTOM MPOJABAIICH B POSHIIHON CETH IO
MOHOMO/TBHBIM [IEHAM.

[IpakTuueckuit BBIBOJ W3 PACCMOTPEHHBIX Mojiesieff COCTOUT B TOM, UTO
HAJI0 aKKYPATHO OTHOCUTHCA K JEMOHOMOIH3AINuu oTpacieil. Horna 6omee
BBITOJIHO MMETh MOHOIIOIMY B HECKOJIBKUX OTPAC/IAX, 9eM B OHOU. [Ipu 3Tom
1o Kpaiineit Mepe o01ast TPUOBLID JJIsi SKOHOMUKHU OY/IET BBIIIIE, YeM B CIydae
OJIHOT'O MOHOMOMKCTA. [IprucBoenne M OCHOBHOI YacTH MPUOBLIN HA MTPAKTH-
Ke MOXKeT TPUBECTH K Pa3PyIIeHNI0 BCell TeXHOTOTUIECKON MermovYKy.

PaceMoTpuM 9KOHOMUKY ¢ aHAJOTHIHON TEXHOJOTHIECKON CTPYKTYPOI,
HO B YCJIOBUSAX UEHMPAAU0BAHH020 NAGHUPOSaHUA. [Tokakem, 4T0 1 11eH-
TPAIU30BAHHO YIIPABISAEMON SKOHOMUKHN ONTUMA/IbHBIN IJIAH COOTBETCTBYET
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§ 18. Mogeab gByxXOTpacaeBoii SKOHOMHKH

COCTOSIHUIO KOHKYPEHTHOI'O PaBHOBECHSI.

PaccmarpuBaem Ty Ke mMomenb ¢ JaByMs orpaciagmu. [lnanoBerit opran
YCTAHABJIWBAET 3aaHNE JJIsT KAYKJIOTO MPEAMPUASTTHS. HJIaHOBOG 3aJIaHNe IS
NPENPUATALA @ JOOBIBAIONIEH OTpacan 0603HaqHM KaK V', a Jyisi Ipepusi-
Tusi b mepepadaTbhIiBaOIIEil OTpACIN Kak W Honxen CO6JIIO,ZLaTbCH baJiaHc,
T.e. CyMMa JIOOBITOIO CHIPbs JOMKHA PABHIATHCI CyMMe IepepaboTaHHOTO ChI-
Pbsl, & TaKyKe JIOJ2KHBI COOTIONATHCS OrPAHNIEHHST HA MOIIHOCTH:

S W =NV, V'<viacA W <W beB. (18.1)

beB acA

Haoop (V*, a € A, Wb, b € B), ynosaersopsitonuii cucreme (18.1), Ha3bI-
BACTCA JONYCMUMBLM NAGHOM.

3aaua IEeHTPATN30BAHHOTO IJIAHUPOBAHUS — HANTH ONMUMAALHOIT NAGH,
T.€. JOMYCTUMBIH TIJIaH, MAKCUMUBUPYIITUN JOXO0 CTPAaHbl OT NPOU3BOJICTBA U
9KCIopTa mpoayKTa. J1oxom, cOOTBETCTBYIONINT JOMYCTUMOMY TLIAHY

(V*, a € A, Wb, b € B), paBen

q ZT—: —an Z Zrb —anva.

beB a€A beB beB a€A
[TocKO/IbKY 9KOHOMHMKA — IEHTPaJM30BaHHasi, TO BHYTPEHHUX LEH MOXKET U
HE OBLITH.

Ymeeporcdenue 18.1. ONTUMATBHBIH TTAH COOTBETCTBYET COCTOSTHHUIO KOH-
KYPEHTHOI'O PABHOBECHSH, T.€. IJd KaXKJOI'0 HPEeAIPUATHS HAA0 YyCTAHOBUTD
3aJlaHue, KOTOPOE COOTBETCTBYET OOBEMY BBIIMYCKA 3TOTO TPEINPUATHS B
YCJIOBUSIX KOHKYPEHTHOT'O PABHOBECHSI.

Joxasameavcmeo. Babukcupyem neny p € [c!,r!] m pra momycrmmoro

mwnana (V°, a € A, Wb, b € B) 3anuiiem J0X0/ B BUJIE
—a —=b
Z(p—c“)v —i—Z(rb—p)W : (18.1)
acA beB
Be3 norepu obuinocTu Oy/1eM CYUTATH, YTO
1 def 1
S v wE Y w
I:p>cl I:p<rl
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Onpenemm 1iesioe k U3 yCaoBust

k+1

k
Y Vi<w(p) <)V
=1 =1

0

Ecm k = 0, To ycnosno momaraem » . V! = 0 u mepsoe (cTporoe) HepaBeH-
=1

CTBO 311eCch oTCcyTCTBYeT. Torma miaH, MakcuMusupyommit qoxon (18.1) mpu

dpUKCHPOBAHHOM p, onpejesieTcs 1o popMyIaM

(07 p<ca,
7 e pzcash, —b 0, rt < p,
Ve = K _
W(p) -V, p>c", a=k+1, Wb, b > p.
=1
L0, p>c* a>k+1,

CoOTBeTCTBYIONMIAS BEJIMYMHA JOX0AA PaBHA ILIOMAAN (DUTYDhI, OrPAHHYeH-
HOW OCbIO IIeH, Topu3oHTaIbHON Juanelt V = W (p) u rpaduravn dbyskumii
cipoca u npejioxkenud (cM. puc. 18.5, rae p = r2, W(p) = W+W? k = 2).
[Lromaas 3Toil burypsl MakcumaabHasg upa p = p. Bl

OO0cy M 3TOT pe3yabTat. Y TBEPZKIeHIe TOBOPUT O TOM, YTO B TEHTPAJIH-
30BAHHO yIPaBJIAeMON SKOHOMUKE MaKCHMaJIbHAs 001ast MPUOBLIbL TaKas ¥Ke,
KaK U B COCTOSHHUHM KOHKYPEHTHOrO paBHOBecHs. BO3HWKaeT BOMpPOC: 3aveM
BCE TH TEePEeXOJIbl OT KAIUTAJIN3MA K COIHUATI3MY U O0OpPaTHO, €CJIM U TaM 1
TaM HAMJIYYIIAA pe3yabTaT OJUHAKOBBIH? 110 B TOM, 94TO B YCAOBUAX IEH-
TPAIN30BAHHOTO YIIPaBIeHUS ONTUMAJBHBIN TJIAH HE yIaeTCd peaqn30BaTh
Ha npakTuke. [LraHoBbIi opran Jg0MzKeH IMeTh IIPaBIuBYI0 HHGOpMAIHIO 00
u3JepKKax U obbeMax Mpou3BojcTBa. Ho mpeanpusarne He 3amHTEepecoBa-
HO B IpEeIOCTaBJIEHUU NpaBauBoil mHMopManuu. [Ipu miranoBoit sKOHOMHKE
CHUZKAETCS TaKyKe KQ9eCTBO MPOJYKIINHU, & 3HAYUT PACTYT U3AEPKKH IIPOU3-
BOJICTBA B MOCTEAYIONINX 3BEHBIX TEXHOJOTHYECKON IMerH.

Yro KacaeTcd pPbLIHOYHONH IKOHOMHUKH, TO OHA MOXKET O0eCIevYuTh ONTHU-
MaJIbHBIH PE3yJIbTAT, €CJIM CKAAIBIBACTCS KOHKYPEHTHOE paBHOBecue. Kak Mbl
MOKA3aJ/I1, JeHCTBUS MOHOIOJIUU, MAKCUMU3UPYIOHIEHl TPUObLIb, TPUBOJAAT K
3HAYUTETBHBIM OTKJIOHEHUSAM OT 9TOTO ONTHUMAJIBLHOTO pe3yabTaTa. Peaibabre
PBIHKU OOBIYHO HE SIBJISIIOTCH MOHOIOJIbHBIMU, B HUX YYaCTBYIOT HECKOJBKO
areHToOB C KaxJ0# croponbl. Barknas Teoperudeckas npobjieMa — OIEHKA
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§ 19. Mozean omuromoimam

BO3MOZKHOTO OTKJIOHEHUS OT COCTOSAHUS KOHKYPEHTHOTO PaBHOBECHS IS Ta-
KHUX PHIHKOB. /Ig ee ucciemoBanus pa3pabOTaHbl MOJEN HECOBEPIIEHHOM
KOHKYDEHIIUH, WU OJIUT'OIOJIUN, PACCMATPUBAEMbBIE B CJIeYIONIEM Maparpa-

de.

§19. Mozaean oJUroIoJINN

BBerennoe BhITIIe TOHATHE KOHKYPEHTHOTO PABHOBECHS XapaKTePU3YeTCs
CJIEJIYIOIIMMHUA CBOUCTBAMHU.

1. ToBap Ha pBIHKe POJAETCS MO eTUHOM TIeHe.

2. Kaxkiplii 1pou3BOIMTE b U TOTPEOUTEIH OIPeeasieT 00beM IIpe I IozKe-
HUsT (COOTBETCTBEHHO, CIIPOCA), MAKCHMHU3HUPYs CBOIO NPUOBLIBL (MOJE3HOCTS)
pu JAHHOU IICHE.

3. llena ycranapiumBaeTcs TaKHM 00pa3oM, 4TO OaJIAHCHPYET CIpPOC H
peJIoKeHne.

Paccmorpum tenepb Mojie/ib pbiHKa, HA KOTOPOM JEHCTBYeT HECKOJIbKO
pOU3BOIUTE el TOBapa, KaxKJIbIfi M3 KOTOPBHIX 00/1a/71aeT onpeaeeHHbIMA
BO3MOXKHOCTAMHU BJIUATH Ha PHIHOYHYIO IIEHY U YYUTHIBACT 3TU BO3MO2KHOCTHU
IIpH BBIOOpE cBoeii cTparernu. [lorpeburesteil mo-npexKHeMy cYUTaEM MEJTKH-
MH: OTIEJbHBIN MOTpeOUTEeIb He OKA3BIBAET BAUAHUS Ha IMapaMeTPhbl PHIHKA.
Poinok ¢ takoit crpyKTypoil HasbiBaercs oauzonoauet. Lleab ucciaegoBanus
9TOil MOJIEJIM — OTBETUTH HA CJAEIYIONIe BOMPOchl: [Ipu KakKuxX yc/JOBHSAX Ha
CTPYKTYPY OTPAC/IN-IPOU3BOJIUTEIIA TOBAPA PHIHOK IIPUJIET B COCTOAHNE KOH-
KypeHTHOro papHoBecus? Kak 3aBUCUT OTKJIOHEHHE OT KOHKYPEHTHOI'O PaB-
HOBecHsl (110 TeHe U 00'beMaM BBIMYCKA) OT CTPYKTYPHI orpacan? Hackoiabko
3pDEKTUBHO aHTUMOHOIIOJIbHOE 3aKOHOJATE/IbCTBO U KAKUE MEPbI PeryJinpo-
BaHUsI MOYKHO TPEJIOKUTH JIJi NOBBITIEeHUsT 3(DQMEKTUBHOCTH PHIHKA?

Mopens onurononnn no Kypao

PaccmarpuBaercs 0Tpacib 3KOHOMHUKHM, BBITYCKAIOMAS OJHOPOIHBIA TO-
Bap. B orpac/ib BXoJauT m npesupudTuii-iipousBoAUTEIEH, KaxkKI0e U3 KO-
TOPHIX XapPaKTePU3yeTCsl MOCTOSHHBIMU VIEJbHBIMU Ce0eCTONMMOCTSIMH ¢ U
MaKCHMATbHBIM 00beMoM mpon3BojacTBa V@ a € A = {1,...,m}. 3anana ox-
HO3HauHas (yHKusa cnpoca Ha ToBap D(p), npudem D(p) yObiBaer mo p u
D(p) — 0 mpu p — 00. XapaKTepHbIM NPUMEPOM (DYHKIUH CIPOCA ABJISIETCSI
bYHKIUS BUIA

D(p) = K/p*, a>0. (19.1)

Crparerueii npennpusarus a € A sBiagercs oobem Bbiycka v € [0, V] Te-
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Ha Ha PbIHKE YCTAHABJIMBAETCH TaKUM 00pa30M, 4TOObI (DaKTHIECKOe Ipe/I-

JIO’KEHME TOBapa y . v COOTBETCTBOBAJIO crpocy Ha Hero. O603HAIMM depes3
acA
v = (v* a € A) BekTOD BBIIIyCKa ToBapa. Torma reHa Ha peIHKe Oy1eT paBHA

p) =D D v ). (19.2)

acA

[TpubbLLIL TPONBBOANTEIISA @ 3ABUCUT OT BEKTOPA BHITIYCKOB U U ONPEILIsIeTCs
KakK

u®(v) = v*(p(v) — ). (19.3)

[Tpu BeIOOPE 0OBEMA BBIYCKA KazK10€ MPEeIIpUaTHEe CTPEMUTCH MAKCUMU3H-
poBaTh cBOIO TPHUOLLTHL. [losydaercs, 910 ¢ OJHON CTOPOHBI, €CJIU PA3HOCTH
IEHBl U YICIBHONH ¢e6ecTONMOCTH MOIOKUTENbHA, T.e. p(v) — ¢* > (0, To npu-
OBLTH BO3PACTAET C YBEJUUEHHEM 00beMa 3a CUeT MePBOr0 COMHOKHUTEST v°.
Ho ¢ apyroit croponb, 1ieHa yObIBaeT ¢ yBeJndeHueM 00beMa BbIIIyCKa B CH-
ay (19.2). eiicrBurennro, dbyukuus cupoca D(p) npeanosaraercsa yobBao-
meit u obparnas K Heit dpynxkuua D~(V) raxkwxe yopisaer. CiegoBare/bHo,
IPHOBLITH MOXKET YOBIBATH € YBEJIUIEHHEM 00beMa BBHIIIYCKA 33 CUET BTOPOTO
comuokuTes B (19.3).

Ormernm, ato B Touke v = 0 dbynkuun u®(v) umeor ocobeHnocTh. Ecre-
ctBenHo onpeeauts u*(0) = 0.

Mu1 OoInmucaJan BSaHMOﬂeﬁCTBHe HpOHSBOﬂI/ITeJIeﬁ B BuJAe UI'PBI B HOpMaJlb-
HOIl dopme:

= <A, 0, V), u(v), ve ®[0,V], a e A>,
a€A

rae A — MHOXKecTBO MIDOKOB (mpom3BoauTeseii Topapa), [0,V — muOKe-

CTBO JIOIYCTUMBIX CTpaTeruii Urpoka a (MHOKECTBO JOIMYCTUMBIX O0ObEMOB
BBIYCKA), u”(v) — BBIMIPHII (OpUOBLIL) UTPOKA A.

OTmernm, 9To ecin Vlij& D=Y(V)V > 0, o dyuxuus
u®(0][v®) = v*(D~ ! (v*) — ¢*) paspwiBHa B Touke v* = 0. B 3r0M Ciiyuae pas-
Hosecue 110 Hamry B urpe I' MoKeT He CymiecTBOBaTh (CM. HUZKE yNPasKHEHUE
19.1).

Ilouck paBuoBecuit mo Hamy aja monean Kypao

Haiiiem paBnoBecus no Hamry jij1g 310ii urpsl, T.€. Takoii Habop crpareruit
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§ 19. Mozean omuromoimam

U= (1% a € A), 9r0 KaxKa0€e IpeANpusaTIe BHIIYCKaeT 00beM TOBapa

7" €A “\ D! o+t = ). 19.4
v rgvar§3>éa]v Z v 4w c (19.4)
beA\{a}

O6o3HaunM vepes ul,(v) 4acTHYO TPOU3BOAHY0 dyHKIWH u’(v) 1Mo me-
peMeHHO# v® B TOUKE V.

Jemma 19.1. Ecnm v — pasuoBecue mo Hamry, 70 ¥ # 0 u BBITOJTHEHBI
cenyone HeoOXOIMMbIe YCIOBHS:

1) 7" =0= u,.(v) <0;

2) 7" € (0,V*) = ul.(v) = 0;

3) v =Ve=ul.(v) >0.

Joxazameavcmeo. [Tokazkem, 9T0 cUTyalusi pABHOBECHSI U HE MOYKeT ObITH
Hysaesoit. /leficTBuTE/ILHO, TPEJIIOI0KIM, 9T0 U = 0 — cuTyalus paBHOBe-
cuga. B ey cpoiicta D4 dyukuuu cnpoca, D71 (V) — oo mpu V. — 0 + .
[TosTomy npu goctaTouno mauioMm v > 0

u’(0[[v*) = v (D~ (v") — ¢*) > 0= u?(0),

YTO IIPOTUBOPEYUT OIIPEACJICHUIO CUTYalluHl DaBHOBECHI.

Yeaopust 1)-3) aBasgieTcs HEOOXOAUMBIME YCIOBHSIMU JIJIsT TOYKH MAKCH-
myma 0% quddepennupyemoit dyukiun u®(T||[v*) ogHON MEepeMeHHON v HA
orpeske [0, V] (cm. 3amaqy (19.4)). W

Beraucnum nponssoanyo GYHKIHH TPUOBLIN 0 00beMY BBIITYCKa v¢ Kak
MIPOU3BOJIHYIO POU3BEICHUS:

wha(v) = D7 Y o | ="+ 0" /D(p(v)). (19.5)
beA

Ymsepoicdenue 19.1. Tyers ¢t < ¢ < ... < €™, T.e. IpeJIpUATHS YIIO-
PsiJIOYEHBI 110 BO3PACTaHUIO y/IeJbHBIX cebecroumocTeit, a (pyHKIuMs crpoca
D(p) — nuddepennupyemas u ybpiBatomast. Torma Haiigercss Takoe mpej-
npusitue k, aro B paBHopecun 1o Hamy 7¢ >0, a=1,2,...,k, 7 =0, a =
k4 1,...,m, npuuem c*1 > ¢~

Zokxazameavcmaeo.

1) Ilycrs ¥ — pauosecue no Hamy. Tlo semme 19.1 7 # 0. Bosbmem
takoe k, aro v* > 0. IToxkazkeMm, 4TO TOrIR
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I'JTABA IV. BBE/IEHUE B MATEMATHUYECKYIO SKOHOMHUKY

D‘1< > Eb) — * > 0. Cornacuo semme 19.1 uz o% > 0 creyer
beA

u!, (V) > 0. U3 popmyust (19.5) nosyuaem

DY) — = /(o)) > 0,

beA

nockosbky D(p(7)) < 0.
2) Tlokazkem, uto % > 0 npu a = 1,...,k—1. JlomycTuMm OT IPOTHUBHOIO,
aro 7% = 0 pyis wekoroporo a € {1, ...,k — 1}. Torga

we(0) = D7 (07) = e+ 7/ Dip(@) = D (Yo 7) - et

beA beA

> D‘1<Z@b> — &>,
beA
tak xKak ¢ < ¢® npu a < k. ITo memme 19.1 u3 u).(0) > 0 creayer v° > 0.
[Toxyumnn nporuBopedne ¢ npeanonokennem, aro v = 0. CaemoBaTeabHO,
v*>0npua=1,... k—1.
3) Takum oBpasoM, HaiileTcss TAKOe MAaKCUMAJIbHOE K, 9TO

v* >0, a=12,...k v* =0, a =k+1,...,m. Hakonen, nmokazkem, 410
> ¢ Eenn = F, 1o

Ui (T) = D‘l(Zﬁb) — M LT D(p(D)) = D‘1(26b> — & >0.

beA beA

ITo nemme 19.1 n3 !, (D) > 0 caenyer °+! > 0 (npormopeune). W

[Tony4denuplit pe3y/ibraT UMeeT HPOCTOI IKOHOMUYECKUTT CMBICJI: €CJIM HEKO-
TOPOMY LPEAUPUATAIO BbITOAHO NPOU3BOAUTL TOBAp O JAHHOW LeHe, TO
NPENPUATHIO ¢ MEHBIeH yAeJbHOft cedecTOMMOCThIO TeM 6oJjiee BBITOITHO
[IPOU3BOJUTEL 3TOT TOBAP.

Cayd4aii ¢ paBHBIMEU yAEJbHBIMU CE€0E€CTOUMOCTIAMU

Paccmorpum ciryuaii, Korga yaeabHble ceDECTOMMOCTH ¢ BCeX MPeIpu-
ATUil OJIMHAKOBBI U paBubl c. I3 yrBepxkiaenusa 19.1 ciemyer, 4To TOT/Ia B
pasuoBecuu 1o Hamry v > 0 npu Bcex a € A, T.e. KaxKIblil TPOU3BOIUTEH
BBITTYCKAaeT MOJOXKUTETHbHOE KOTMIECTBO TOBAPA.

Pacemorpum cHavdasia modeasv b6es oepanuvenud wa 0bsembv, svinycka. By-
JeM ucKaTh perrenne 3amaqn (19.4), camras V¢ = 0o (IpOU3BOACTBEHHBIE
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§ 19. Mozean omuromoimam

MOILHOCTY IPeANPUATHI He orpamnudens). Torga B ToUKe MaKCHMyMa 33/1a-
un (19.4) Bce npomssoxmbie u,.(U) = 0 u aas nomcka pasHoBecust M0 Ha-
LIy IIOJTydaeM CJIeIyIOILyI0 CUCTeMY ypPaBHEHUH OTHOCUTEbHO HEH3BECTHBIX
v, a=1,..,m:

U (T) = D*1<Z@") — e+ T/D(p(®) =0, ac A (19.6)

beA

Cymmupyem ypaprenus (19.6) mo scem a € A. TTonygaem

mD! ( Z@) —me+ GGZA@“/D (D*l ( Z@a» —0. (19.7)

a€A ac

Bripazkenue (19.7) npejcrasisier co0oil ypaBHEHHE OTHOCUTENBHO OJIHOMN HEM3-

BECTHOII Besm4uHbl » | % Pa3pemus jgaHHOe ypaBHEHWE U MOJCTABHUB Haii-
acA
JIeHHYTO BesinuanHy B ypapaenus (19.6), maiizem 3unadenus 0%, a € A, KOTO-

pble, OUeBHIHO, OJNHAKOBBI M BCEX @.
[IponemoHcTPUPYeEM JAefiCTBHE HTOT0 ATTOPUTMA HA KOHKPETHOI (DY HKIINH
cupoca. Iycrs D(p) = K/p. Torga p(v) = D73 v*) = K/ > v* Cucrema

acA acA
(19.6) B 9TOM Cilydae HPUHUMAET BH/L

K/Zw—c—vw/<2w)2:o, ac A (19.6)

a€A a€A

a ypasHenwue (19.7) nmpeobpasyercsi K BUJLY:

mK/Y " —me—K/» 7" =0. (19.77)

a€A acA

13 (19.77) monyuaem, uro » 0% = (m — 1)K/(mc). Hoxcrapusig a1o
a€A
Beipazkenue B (19.6”), maxonum papaosecue 1m0 Hamy miusa mogenn Kypuo

—Qa

of K (m—1
_ et B(m — 1)

cm?

Vace A (19.8)

J171s1 MOIeNIH ¢ OrpaHHYeHUSIMA Ha 00beMBI BHITYCKA OTMETHM JIBa, CIydas.
a) v* < min V. Torma perienne 3aja4u C O'PAHNYEHUSMH HA OObEMBI
beA

BBIIIYCKa COBIIAJIACT C pEIIeHHeM TOi ke 3aja4dn 6e3 ydera OrpaHUyeHwHii,
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I'JTABA IV. BBE/IEHUE B MATEMATHUYECKYIO SKOHOMHUKY

TaK Kak v* — pellenue 3a/ia4u ONTUMH3ANUU 10 0oJiee MUPOKOMY MHOZKe-
CTBY M B TO YK€ BPEMSsI SIBJISIETCS JOMYCTUMbIM 00'beMOM BBITIYCKA, JIJIS 38 1a49n
¢ orpanndenusaMu. CjieI0BaTe/IbHO, B 9TOM cjaydae v¢ 3ajaeTcd (popmyioi
(19.8).

6) v* > min VV°. Ynopamounm npoussopuTeeii Mo yopBaHII0 MAKCHMATb-
beA

HBIX 00beMOB BhIycka: V1 > V2 > . > V™, Torna Haiijerca Takoil Tpons-
BOIUTENDL Kk, UTO

*
— v, a <k,

- (19.9)
Ve, a>k.
Anzopumm noucka pasnosecus no Howy euda (19.9)
®ukcupyem nekoropoe k. Torga, mepemucas (19.6) ayist sToro coydas,
MOJIydaeM ypaBHEHHe 1 Haxoxaenusa v*(k):

K/( Zm: Vet k') —e—vK/( zmj Ve kv*>2 —0, (196"

a=k+1 a=k+1

m
rie BoIpazkeHue y . V' mojaraercsd paBHBIM HYJIIO.
a=m+1
Hauunaem mouck pasaoBecus no Hsmy ¢ k& = m. Haxomum v*(m) u

nuposepsiem ycsosue v*(m) < V™. Eciu OHO BBIIOJIHSIETCH, TO HafieHHAsI
cUTyalus v gBjasgercd paBuoecueM 1o Hanry. Mnaue 6epem k = m — 1 u T.1.
B pesysibrare 3a KoHeUHOE YHCI0 MIArOB HaiijieM paBHOBecue 1o Hamry s
9TOTO Caydas.

CpaBuenmne paBHoBecuit mo Hamry u mo Banbspacy aasa momesnn
Kypno

[Iycts D(p) = K/p, V* =V, ¢* = c. B arom ciyuae paBHOBecHe MO
Hsmy 7 u nena p* onpenensercs mo dpopmyaam

- v*=K(m—1)/(em?), ecm v* <V, VacA
74 ecin vt >V,

K/(mv*) =em/(m—1), ecmm v* <V,
K/(mV), eciim v* > V.

*

p:

Yro0bl HaliTu paBHoBecue 110 Basibpacy, Ha/io HaiiTu nepecedenue yHK-
LU crpoca U IpeajoXKeHud, IpuieM
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§ 19. Mozean omuromoimam

0, p <c,
S(p) - [07 TTLV], p=c,
mV, p > c.

Ecwm K/c < mV, 10 p = ¢ (em. puc. 19.1), unate p = K/(mV) (cwm.
puc. 19.2).

a) V. 6) V4
nw;if)‘%m D(p)
\\ N
| o
p=cp =D ¢l — = £ p
Puc. 19.1 Puc. 19.2

B urore nosiydaem ciepaymooniuit pe3y/abrar.

VYmeepotcdenue 19.2. g naHHONR MOJEIN BO3MOXKHBI CJAEIYIONIAE COOT-
Horennst papuoBecuii mo Hamy n mo Basibpacy.

1) Ecmu V > K/(em), o

p*=cm/(m—1), v* = K(m—1)/(cm?), p=c, 0= K/(cm), ,
T.€. PaBHOBECHAs IIEHA /IS OJIUTONOINK p* TMPEBBINIAET MeHY KOHKYPEHTHOTO
pasuosecust p B m/(m — 1) pa3 (puc. 19.1).

2) Ecin K/(cm) >V > K(m —1)/(cm?), o
pr=cm/(m—1), v* = K(m—1)/(em?), p= K/mV, 0* =V, Te. uennl
OTJINYAIOTCS B MeHbIIeil CcTeneHn.

3) IIpu V < K(m — 1)/(cm?) nensl m 06beMbl cOBOAmAOT: p* = p =
K/(mV), v*=10%=1V. (cm. puc. 19.2).

Taxum 00pa3oM, eCIH OrpaHuYeHHe 00heMa BHITYCKA HECYIIeCTBeHHO
(V> K/(cm)), To st MaJabIX m HOJydaeM CJIeLyolue COOTHOMICHUST TIeH:
m=2=p=p"/2; m=3=p=2p"/3; m=4=p=23p*/4

Tak kak p = K/ > v, | T0 coOTHOMIEHNE 00BEMOB OOPATHO MPOTOPIHOHAb-
a€A

HO COOTHOIIEHWIO COOTBETCTBYIOMNUX IieH, T.e. v* /U = 1 — 1/m, B actHOCTH,
m=2=0=20% m=3=0=30"/2;, m=4=0=4v*/3.
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I'JTABA IV. BBE/IEHUE B MATEMATHUYECKYIO SKOHOMHUKY

Mogens Kypro mo3Bosisier 000CHOBATH Mepbhl 110 AaHTUMOHOIOJIBHOMY pPe-
ryaupoBannio. V3 anaan3a 3Toit MO/IeM BHITEKAET, YTO €C/IM HA PHIHKE Jeii-
CTBYET XOTd Obl YeThIpe KOMIIAHUH, TO OTKJOHEHHE M0 00bEMY OT COCTOSHUSA
KOHKYPEHTHOI'0 paBHOBecHs 1o Baibpacy cocrapiger me 6osee 25%, a or-
K1oHeHue 1o nere me oosee 33%. Ilpm 3TOM 00BEM BBIMYCKA HA KAazKIOM
W3 YeThIpex NPeANPUAATHH, TPUCYTCTBYIOIINX HA PBIHKE, JOJIKEH COCTABJISATD
v* = 3K/(16¢) (t1.e. 3/16 or paBHOBecHOro O Basbpacy obmiero oobema
npon3BojcTBa). CormacHo aHTHMOHOTMOIBHOMY 3akoHomareabcTBy CIITA, K
HPEINPHSTUHIO MOTYT NPHMEHSTHCS aHTHMOHOIOJIbHBIE MEPBI, €CJIH OHO KOH-
tpomupyer Gomee 30% pomka. Mexona n3 momemn Kypno, Takum obpasom
obecriednBaeTcs ONpee/ieHHas CTeleHb OJIM30CTH K KOHKYPEHTHOMY PaBHO-
BECHIO.

Ynpaostcnenue 19.1. Tlokaxkure, uro paBHoBecue no Hamry miag momesn
Kypuo we cymecrsyer, ecin D(p) = K/p®, 0 < a < 1/m, ¢* =c.

Ynpaostcnenue 19.2. Haiiqure paBuosecus o Hamry g monenn Kypuo u
CPaBHUTE UX ¢ KOHKYPEHTHBIM PABHOBECHEM B CJIEAYIOIIUX YCIOBUAX:

1.D(p)=K/p*, a>1/m, ¢*=¢, V=V

2. D(p)=K/p, ¢*=¢c, VI>VZ> .. >Vm

3.D(p)=K/p, ! <2<..<cm Vi=V > K/c.

Hocmouncmea modeau Kypno:

a) MPOCTA JIJIsl UCCIeJOBAHMUS;

6) cormacyeTcst ¢ MOJEIbI0 KOHKYPEHTHOIO PaBHOBECHSI;

B) YCJIOBHsI COBEPIIEHHON KOHKYDEHIMH W ONEHKH OTKJIOHEHHs OT HHUX
JIErKO (bOPMAJTH3YIOTCSI.

Hedocmamrxu modeau Kypro:

a) HEesCHO, KAKOE OTHOIIEHHe MOJEJb MMEeT K PeAJbHBIM DBIHKAM, MO-
CKOJIbKY Ha MMPAKTUKe HET TAKUX MEXaHHU3MOB IeHOODPA30BAHUS: TPOU3BOIH-
TeJb HA3HAYAET U IeHy, U 00beM BhimycKa. MccmemoBanue cOOTBETCTBYOIIEH
MOJIE/IN IMOKA3bIBAELT, UTO HaiiaeHHOoe 1 Moaean KypHo paBaoBecue mo H»-
Iy HEYCTOWYIHBO K M3MEHEHHIO IeH (CM. cireaytommii naparpad);

6) BUIUMO, MOJIEJIb HE COOTBETCTBYET U SKOHOMUYECKOil craTucTike. Ha-
npumMep, o Poccun 1011 TOPropoit HAllEHKH B II€HE HA MEJIKOONTOBBIX PBIH-
kax npesbinraer 50%, X0Ta KOJIMYeCTBO NPOJABLOB KazKA0I0 TOBAPA, BEJUKO.

Mogeanb 1eHoBoit KOHKypeHInu beprpana-9ma»KBopTa

PaccmorpuMm jipyroit BapuanT MoOje/ i OJIUronojind. PbIHOK Ipejiiojiara-
eTcsa npekHuM: A — MHOXKeCTBO mpou3BoauTe el Torapa, ¢ u V¢ — mocro-
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AHHBIC YJCJIbHaA Ce6eCTOI/IMOCTb 1 MaKCHUMaJIbHBINI O6'beM BBIIIYCKa IIPOU3BO-
murenst a, D(p) — dynknus cnpoca. [Torpeburenn — Meskue, oHH 06pa3yoT
KOHTHHYYM, KazKIblii N3 HUX MOXKET KyIHTb OJHY €IMHHUIy ToBapa. IloTpe-
OuTeJb XapaKTepHu3yercs pe3epBHOi 1meHoit r > 0. OH NOKyIaeT, ecid emy
JIOCTAETCS TOBApP MO IeHe p < 7 U He MOKYIIaeT B IPOTUBHOM CIydae.

OTBeTsl HA TOCTABJIEHHBIE BOMPOCH OTHOCHTETHHO YCIOBHM Pean3ainm
KOHKYPEHTHOT'O PABHOBECHS W OIEHKH OTKJIOHEHWs OT Hero 3aBUCAT OT Me-
XaHU3Ma B3aUMOJEHCTBUS MEXKJy NPOU3BOIUTE/NSIMU U HoTpeduTensvu. B
Ka4eCcTBe MPUMEPa TAKOTO MEXaHU3Ma PACCMOTPUM 00HOCMOPOHHUT ayKUU-
on nepeot yeno. 1Ipou3BoIUTEIN-TIPOIABILI OJJHOBPEMEHHO W HE3ABUCUMO
Ha3HAYAIOT MeHbl s > ¢ Ha cBoit Torap. [lorpeburem-nmokymnarenn BrICTpa-
MBAIOTCA B OUepelb U MOKYHAIOT MpeIoKeHHbI TOBap B MOPSAIKe BO3pacTa-
HUS TEeHBI ¢ YIeTOM WX Pe3epBHBIX IeH. [Ipr 3ToM BaKeH MOpsIOK MPUXoJa
HHOKylare/eil Ha PbIHOK.

Hpumep 19.1. Ha puiake B3auMOAEHCTBYIOT [IBa MPOJABIA U JBE T'PYII-
Il TIOKyTIaTesell co caeaylommmMu napaMmerpamn: st = 5, V1 = 100; r! =
6, D' =110; s> =7, V2 =50; r?> =8, D? = 40, rue s* — 1ena, Ha3Ha-
JeHHad MPOJABIOM a, V¢ — TIpelJIoyKeHHBbIH MO 9TOH meHe 00beM TOBapa,
r! — pesepBHas IeHa e TPYNIBI MOKyTaTeaeil i, D' — o6beM UX crpoca

(KOTODBIi HemacTHIeH npu p < r').

Ecu Ha PBIHOK MepBbIME TPUXOAAT "OeHbie" moKymaTes n (T.e. ¢ HU3KOI
pe3epBHOil 1eHoit), To onu nokynaoT 100 equHul Mo meHe 5, a moroM "Gora-
roie" KynsT 40 equaur o nene 7. Ecin »ke Ha PHIHOK ePBBIMA HpUxoasT "6o-
rarbie", T0 oHn mokynaroT 40 eanHUIL O IeHe H, a moToM "OeaHbIe ' oKy maT
60 eauau o nexe 5. OUEBUIHO, ITO TPUOBLIH BTOPOTO MPOIABIA MPHA 3TOM
CYIIECTBEHHO MEHAETCH.

amee byzemM mpeanoaaraThb, 9To MNOTPEOUTENN ¢ PA3TUIYHBIMA Pe3ePBHbI-
MU HEHAMU T PACHPEIEJIEHbl B COOTBETCTBUH C IJIOTHOCTBIO (1) — HEOTpUIA-
TesibHOI Dy HKIHE, HHTerpupyeMoil Ha mosrynpamoii [0, 00). DTo 3HaUUT, 4TO
Py 33aHHOM TieHe p < 7 U MaJoOM dr TMOTPEeOUTENN € PE3EPBHBIME IEHAMA
u3 orpeska [r,r + dr] kynsar Toap B kosmaectse p(r)dr. IlycTb umeercs: Ta-
koe ancso M > 0, 9ro mioTHocTh p(1) monoxuTeapHa Ha naTepsae (0, M),
a 1orpeburesn ¢ pe3epBHbIMEU HeHaMu 7 > M UMeIoT JONOJHUTEIbHYIO BO3-
MOYKHOCTD IIPUOOPECTH TOBAP HA JPYTOM PbIHKE 10 (hUKCUPOBAHHOI 11ene M.
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Torya dyHKImMs cripoca nMeeT BuU/I

fp(r)dn p <M,

D(p) = Ofp Ydr], p= M,
0, p> M.

Ormerum, uro D(p) MOKHO HHTEPIPETHPOBATH Kak 00INee YHcI0 moTpedn-
Tesiedi, KeJanux npuobpect ToBap no uexe p. dcho, uro dyukius D(p)
— ybeiBarommast u auddepennupyemas ua unarepsaie (0, M). Hamee Oymem
cauTaTh, uTo  », V* > DT(M).
a:c*<M

B creaHHBIX OPEIIIOJOKEHHIX PABHOBECHAs IEHA P OJHO3HAYHO OIIPe-
nensiercs uz yeaosus D(p) € [S™(p), ST(p)], npuaem D(p) > 0.

Hab6op nen s = (s%, a € A), ycTAaHOBJEHHBIX IPOU3BOAUTENSIMH, ONpPE/e-
JIeT BeKTOP (baKTHYeCKOro MPeJIIoxKeH s ToBapa:

V(s) = (V(s), p € P(s)), rue Vo(s) = 3. V® — xommdecTso ToBapa,
a:st=p
PEeJIOKEHHOE TI0 TieHe p, & P(s) — MHOXKeCTBO HA3HAYEHHBIX IEH.

B obiuiem ciaydae mnporecc npojaxku xapakrepusyercs (yHKiueil ocra-
Togroro cupoca. QyHKIws octarouHoro crupoca D(p, f/) MTOKA3bIBAET, KAKOB
OCTATOYHBIN CIIPOC IO TIEHE P TOCe MPOJIAXKU BCeX 00beMOB f/p/ 0 MEeHAM
p < p, p € P(s). PaccMoTpuM Tpu KOHKDETHBIX BHJa (DYHKIHUH 0CTaTOU-
HOI'O CITPOCA, CBSI3AHHBIX C NPAGUAGMY PAUUOHUPOSAHUA, T.e. € ITOPIIKOM
moTpebuTeseil B oUepen:

1. Ilpuopurer norpeduresieii ¢ Gosblneil pe3epBHON EHOI:

DY(p,V) = max [0, D(p) = Vy (19.10)

p'<p

2. [lorpeburesn paBHOMEPHO pacIpegeeHbl B OUepPe/ M U OCTATOYHBIN
cupoc POPMHUPYETCS IO MPOMOPIUOHATLHOMY TPABUIY:

D*(p, V) = D(p) max lo, 1-> V,,/D(p’)] . (19.11)

p’'<p

3. Ilpuopurer morpeburesieir ¢ HU3KON pe3epBHON EHO:

D3(p, V) = max [O min [ Z Vy (19.12)

p<p'<p
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Ynpaoscnenue 19.5. Hoxaxure dopmyast (19.10-12).

[Ipn mobom mopgake moTpebuTeNell B OYepe | CIPABEIIABO COOTHOIITE-
aue D'(p,V) < D(p,V) < D3(p,V), o3nauaroiee, 4T0 OCTATOUHBIH CIIPOC
yobIBaeT ObICTpee Bcero B ciaydae 1 u mMejjienHee Bcero — B ciydae 3.

Jlamee paccMOTpUM TPOU3BOJIBHBIN MOPAI0K IOTpedbuTeneil B odepeni,
CUUTasl, YTO OCTATOYHBIH CIPOC XapakTepusyercs dbyukimeii D(p, f/)7 V10~
BJIETBOPSIONIEH CIeYIONMNM HePABEHCTBAM:

= V< Dp,V) <max(0.D@.V) — Y Vyl VB <p. (19.13)

p'<p p<p'<p

IToammmo 9Tor0, morpeGyem, arobsl dyukmus D(p, V(s)) 6bL1a Hempepsis-
Ha 10 Jiro6oil nepeMmennoit s B maTepBaJsie 0 < s < p npu (PUKCUPOBAHHBIX
OCTAJIBHBIX MEPEMEHHBIX.

TTo dbyukuun ocrarounoro cupoca D(p, V) ais mobeix crpareruii s* npo-
U3BOAMTE/EH OJIHO3HAYHO ONPENETIACTCA MAKCUMAALHAA NPOOUHCHAA UEHA
p(s) = max{p € P(s) | D(p,V(s)) > 0}, npu KoTOpoii OCTATOUHBI CIIPOC
elle MOJOKATEICH.

OmupemesnM mpaBuyio pacnpeiesenns senunaunsl D(p, \7(3)) JUTST TIPOU3-
Bojureel a, Boiopasiinx s* = p(s). Pa3obbeM ux Ha jBe IpyIiibL:

Ai={a€e A" <s"=p(s)}, As={acA|c" =5"=p(s)}.

Ecin D(p(s),V(s)) < > V% 10 Becb 0CTaTO4YHBI CHPOC pacupeaessier-
acAq
Cd MeXKJy IPOUu3BOAUTEJIAMU c Al OPOIOPHIUOHAJIBHO X MaKCHUMaJIbHBIM

obbemam npepnoxkenns V. IIpn 93TOM TPOU3BOJNTEND @ BBITYCKAET CBOM TO-

Bap B KomuaecTse 0° = VeD(p(s),V(s))/ 3. Ve B cayaae D(p(s), V(s)) >

a€A;
> V' npoussomurenn a € A; BBIIYCKAIOT CBOII TOBap B KommuecTse VO
a€A;

Beauunna ocTraTka copoca f)(p(s),f/(s))d o nax 0, D(p(s), ( ) — Z V“]

pacrpeessieTcss MeXK Iy IIPOU3BOAUTEIMEU ¢ € Ay TIO aHaﬂOFI/I‘{HOMy HpaBI/I—
JIy.

Nrak, npu pacrpejgeaeHn OCTaTOYHOTO CIIPOCa TPUOPUTETOM MOJIb3YIOT-
¢t (PUPMBI, JIJII KOTOPBIX ce0eCTOMMOCTH HUZKe TPOoIazkKHol nensl. [locieanee
YCJIOBHE BBOJUTCS /sl TEXHHYECKOTO YI00CTBA, MOCKOIBLKY OIpee/seMble
HUzKe (DYHKIUU BBIUIPBIIIA Pa3PbIBHbI, U JIAHHAS MOJIe/Ib OIUCHIBAET pac-
npejeeHne MOKynareseil mpu pa3HOCTH IieH, OJM3Kol K Hy 0. B kadecTBe
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I'JTABA IV. BBE/IEHUE B MATEMATHUYECKYIO SKOHOMHUKY

BBIUT'PHIIIA, TPOU3BOUTEIA @ PACCMOTPUM €ro HpHObLIb

(57— v, ) s < p(s),

(s* — ¢)Vemin[l, D(p(s), V(s))/bg VP, a€ A,

wls) = (sa_ca)vammu,D(p(s),f/(s))/bg VY, ae A,
0, 5% > p(s).

Takum 00pa3oM, OIMCAHA MOJENb NEHOBOH KOHKYPEHIUH IPOU3BOIUTE/IEH
Kak urpa B HOpMasbHO# dopme I' = (A, {s | s* > ¢}, u’(s), a € A), rue
Urpoku a € A — dbupmbl, MHOKeCTBa cTpareruit {s® | s* > ¢} — MHOXKecTBa
1IeH, KOTOPBIE OHU MOT'YT HA3HAYUTh, (DYHKIMH BHIUIPHIIIA 1% (S) OMPeIesaoT
npuOBLIH (UPM.

NsBectubie mMojen nosejenus B urpe I' — 310 paBnosecue mno Hamry,
pellerne Mo JOMHHUPOBAHUIO, MOJEJH UI'POBOH AMHAMUKY (IMHAMEUKA HAW-
JIYUIUX OTBETOB, aJalTUBHbIE THHAMUKH ).

PaccmorpuM cHagasta HeoOXOQUMBIE YCJIOBHA I PaBHOBecHd 1mo Hamry
ONMMACAHHON UTPHI.

Ymeeporcdenue 19.3. Ilycts S — paBHoBecue o H»amny, p — nena KoHky-
pPeHTHOro paBHOBecHus. Torma crmpaBeIInBO OJHO U3 CASAYIONIUX JIBYX YCJIO-

1) p(_) = P U JJIsI Ka¥KJI0r0 NMPOU3BOJAUTEST 4, MMEIOIEero ¢ < p, BBINO/-

2) (§) > ]5 1 HailIeTCsl eIMHCTBEHHBIH POU3BOAUTENb @, JJIsi KOTOPOIO
< p(?) 5% npu srom ¢* < p (em. puc. 19.3).

; 1%
D(p) S(p) D(p) S(p)
b p(s) P p=p) P
Puc. 19.3 Puc. 19.4

Jlokasamenvcmeo. 3amernm, aro  », V* < S7(p) < D(p). Orcroga u
a:ct<p
u3 nepsoro HepaseHcrsa (19.13) BbITekaeT, 9TO KayKblii HPOU3BOIUTED d,
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§ 19. Mozean omuromoimam

JIJIst KOTOporo c* < p, CMOXKeT NpojaTh BeCh CBOI ToBap 1o nexe p. [losromy
JUIsl CATYAIUH PABHOBECHS S mi}ll 5*>p=p(s) > p.
ac

[Iycts p(3) = p. Ecm ¢® < p < 5% TO OPOU3BOAUTENH @ HUIETO HE
npoaact. EMy BBIFOIHO OTKJIOHHTbCS W BBIOPATH IEeHY s* = P, HOJYUHB IO-
JIOZKHUTEIbHY 0 TPHObLIL (poTuBopedne). Irak, ¢* < p = 5% = p.

[Iycrs p(5) > p. [Ipeamonozkum, 910 JAjisi HEKOTOPOTO MPOU3BOJUTENS G
BoImostHeHO ¢ < 3% < p(3). Tlo onpenesennto p(S) OH MPOAACT BECH CBOM TO-
Bap B obbeMe V. Eciu on yBenaut 1eny 70 s = §%+¢, To npu MaJjioM € > ()
B CHUTy CBOMCTBA HempephiBHOCTH ocTarounsii cipoc D(p(3]|s®), V(3]s))
OCTAaHEeTCs TMONOKUTETHHBIM. Clie10BaTeIbHO, TPOU3BOIUTEIDL ¢ TPOJACT TO-
Bap B 00beme V¢ u yBesauaut npubblib (nporusopeune). Nrak, ¢* < p(s) =
5" = p(s). Hanee, > V*»> D(p) > D(p(3)). Mosromy, ecau mponsBoau-

a:c*<p(s)
Tesieli a, Jyist KOTOpHIX ¢ < p(3S), Mo MeHbIeil Mepe JBOe, TO OHU HE CMOIYT
PeaT30BaTh MOJHOCTBIO CBOUM 00beMbl 110 1ieHe p(§). OJHOMY U3 HUX BBITOJI-
HO OTKJIOHUTBLCSI M HA3HAYUTh 1eHy p(S) —e. B pesysbrare OH yBeIHYIHT CBOIO
NpUOBLIb, 9TO MPOTHBOPEYUT ONpEIeIeHnui0 cutyanuu pasuosecus. Il

Caedemeue. Ecn HARIyTCa IBA MPOU3BOIUTENS @, JJIsT KOTOPHIX ¢ < P,
u cyuiecTByer pasroBecue 110 Hamry 5, To p(S) = p (em. puc. 19.4).

Ynpaorenenue 19.4. B yeIoBUAX OPeabIIYIIErO CJICICTBASA TOTOTHATE b
HO mpeanonoxuM, aro ST(p) > D(p) (em. puc. 19.5). doxazkure, 9TO s
IIPOM3BOUTEISI (1, UMEIOIIEr0 y/eIbHYI0 Ce6eCTOMMOCTh % = D, BBIIOJIHEHO
nepasencTeo V¢ < ST (p) — D(p).

v D) vy D(p)
S(p) S(p)= > 0v°
:\' } acA
5 M D v) M D

Puc.19.5 Puc.19.6

Tenepb cchopmysiupyem JOCTaTOYHbIE YCJIOBUS CYIIECTBOBAHUS PABHOBE-
cus o Haury.
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I'JTABA IV. BBE/IEHUE B MATEMATHUYECKYIO SKOHOMHUKY

Ymeeporcoenue 19.4. Tpeamosoxum, 910

> V= max V* > D(p). (19.14)
wcep a:c®<p

Torna Jsrobas cuTyanus S, yJIOBJIETBOPLIONIas YCJIOBUIO: §¢ = P, ec/Iu

c® < p, aBageTcd paBHOBecueM 1o Hamry.

Jlokazamenvcmeo. 1o yenosuio p(s) = p. [lpoussoauresnu a, mist KOTo-
pBIX §¢ > ¢* > p, HUUIero He MpoaaayT. OTKJIOHATHCSI UM OT CBOUX CTpaTeruit
S He UMeeT CMBIC/IA, MOCKOJAbKY UX NPHUOBLLIL ocTanercs HyJesoi. Paccmor-
puUM Tenepb mpousBoauTeaeit a, Jsd KoTopuix ¢ < p. FKenm ogun u3 Hux
YBEJUYHT TeHYy /10 s = P + £, TO HAYero He MPOJacT, TaK KaK IO yCJIOBHUIO
(19.14) npyrue npejcTaBUTEH ITON IPYIIBI MOJTHOCTHIO TIOKPOIOT CIPOC 1O
IeHe P U OCTATOYHBIA CIpOC MO IeHe p + € OyaeT HyJaeBuIM. [losTomy yBe-
JMYUBATH [EHY NPOU3BOJAUTENIO ¢ HEBBITOJHO. Y MeHbIIaTh ee (ecuu ¢ < p)
TaKKe He UMeeT CMbIcIa. JleficTBUTeIbHO, TTOCKOIBKY

> Vve<ST(p) < D),

a:c?<p

NPOU3BOIUTENb @ CMOYXKeT MPOJIaTh Bech CBOU 0ObeM mo meHe p. Urak, 5 —
paBHOBecue o Hamry. W
Baenem obosznavenue: ¢ = max c“.
a:c?<p
Ymeeporcdernue 19.5. Ilpeamonoxum, aro ST(p) = S~(p) = D(p) u cymue-
CTBYIOT XOTsI OBl JIBA IPOU3BOJUTENS 4 U g, JJIsl KOTOPHIX max[c™, ¢®2] < p
(em. puc. 19.4).

1) Mycrs D(p)(p —¢) < D(p)(p —¢) mpu p € [p, M] n

D(p,V) < D(p)(L =Y Vy/D(')). (19.15)

p'<p

Torma sobast cuTyanus s, yJI0BATBOPAIONIas yCJI0BHIO: §¢ = P, eciu
c* < p, aBagerca pasnosecueM o Hamry.

2) Tlycth B HEKOTODOI TpaBOil MOJTYOKPECTHOCTH TOYKH J BHITIOJIHEHBI
uepapenctea D(p)(p —¢) > D(p)(p—¢) u

D(p,V) = D(p)(1 =Y Vy /D)), (19.16)

p'<p
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§ 19. Mozean omuromoimam

[IpHU 3TOM XOTd ObI OJJHO M3 HUX cTporoe. Torjga B MOJEIN IEHOBOH KOHKY-
PEHIINN He CyIecTByeT paBHOBecus 1o Hamry.

Jloxazamenvcmeso. V3 pasencrsa ST (p) = S™(p) BbITEKALT, YTO HE CyIIIe-
CTBYeT IIPOM3BOAUTENCH a, 11d KOTOpeIX ¢ = p. lasee, paBeHcTsa
S(p) = > V= D(p) o3Havaror, 9T0 CIPOC N0 1eHe p 6yaer yA0BIeTBOPEH

a:c?<p

HOHHOCTbIo.pﬂoaTOMy MPOU3BOJIUTENb @, JIJIs KOTOPOTO 5% > ¢* > p, HU4Yero
He mpogact. CienoBaresnbho, p(s) = p.

1) U3 yenosus caeyer, aro D(p)(p — ¢*) < D(p)(p — ¢*) upu p € [p, M|
JIJIsl BCEX IPOM3BOJUTE/ICH @, UMEIOIIUX Yy/AeJbHYI0 cedbecToumMocTh ¢ < p.
eiictBurenpro, upu p > p u3 HepaserncrBa D(p)(p —¢) < D(p)(p — ¢)

oIy 9aeM
D(p)p — D(p)p <e(D(p) — D(p)) < "(D(p) — D(p)).

Orcriona D(p)(p — ¢*) < D(p)(p — ¢*).

Paccmorpum npousBoauTeisi a, Takoro, 4to ¢* < p. KMy HeBBITOAHO CHU-
XKaThb HeHy ¢ = p, MOCKOJBbKY OH IPOJIacT BeCch CBO ob6beM V¢ U 1o 1eHe p.
EMy HeBBITOTHO BHIOMpPATH U OOJIee BBICOKYIO TIeHY S® > p, TaK Kak

u(8][s?) = (s* = <) D(s*, V(5]]s")) < (s* = ) D(s*)(1 = V5(3lIs")/ D(p)) =

— (=D (1= 3 VIV =

beA\{a} beA

= (s" = ")D(s" )WV Y VP < (= c)DE)V/ Y VP =u'(s).
beA beA
2) Ipeanonoxkum, aro cymecrsyer pasHosecue 1o Hamry 5. Pacemorpum
MIPOU3BOJUTEIsI, TMEIOIIET0 y/IeabHYyI0 cebecroumocth ¢ = ¢ < p. llpu Ha-
3HAYEHWHN HOBOU IEHbI $* = P + £ ero mpuodbLIL OyIeT paBHA

u'(s][s?) = (s* =e)D(s*, V(5]|s")) = (s* =) D(s*)(L = V5(5lls")/ D(p)) =

= (s" =2 D(s)V/ Y V' = (—-e)DE)V*/ > VP =u'(),
beA becA

TMPU 9TOM OJHO W3 MOCTETHUX JBYX HEPABEHCTB BHIMOJHEHO KaK CTPOTOE.
CiiejioBaTe/IbHO, MOJIYIEHO MPOTHBOPEYNE € TEM, YTO CUTYAIUsl S SBJISIETCS
pasuosecuem 1o Hamury. l
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I'JTABA IV. BBE/IEHUE B MATEMATHUYECKYIO SKOHOMHUKY

eny p* u Habop oObemoB V%, a € A, orBeuaronux paBHoBecuio mo Hamry
B Mozenn KypHo, HazoBeMm ucrodom no Kypno. VI3 mokasarenbcTBa yTBEpP-
XKieHnusa 19.5 BbITeKaeT, 9TO B ero yCJOBHUSX UCXOH 110 KypHO He gBiseTcs
paBHoBecueM 1o H»armry B Momen 1meHoBoit KOHKYpPEHIMH, €CJId MOXKHO OJIHO-
BpEeMEHHO MEeHSTh IeHy U 00beM IpejiaraeMoro ToBapa. leiicrBurebHo, ec-
am D(p)=K/p, *=c, Vo=V < K(m—1)/(cm?), 10 cornacuo yrsep ie-
auio 19.2) B mogeaun Kypuo cymecrsyer papaosecue o Hamy v = (V, ..., V)
¢ nenoit p* = p. Ho no Bropoit actn yrep:Kaenns 19.5 B Moge/n 11€HOBO
KOHKYpeHIuH 5 = (p*, ..., p*) He sBJIsieTcsl CUTyanueil pABHOBECHSI.

PacemoTrpuM Takzke MOJENIH € HOCIEI0BATENbHBIM BBIOOPOM II€H U 00b-
emoB. [lycTh Ha mepBoM 3Tarne NpOU3BOAUTEN OTHOBPEMEHHO HAZHAYAIOT I1e-
HBI $* > %, a Ha BTOPOM OIPeEISIoT 00beMbl Billycka v* € [0, V4], 3nas ne-
Hbl s, a € A. [TokaxkeMm, 94TO Ha BTOPOM 3Tare ONTHMAILHbI BHIGOD (petre-
HUE 110 JJOMAHHPOBAHHUIO) COOTBETCTBYET 00beMaM MPOJIazkK B PACCMOTPEHHOI
MOJIeJIA TIeHOBOM KOHKYpeHInU. /leficTBUTE/HbHO, 3aMeTHM, 9TO B 3TOH MOJIe-
7 (byHKIMS BHIMTPHINIA TPOU3BOAUTENI a u® He yObIBaeT mo mapamerpy V¢
npu (PUKCUPOBAHHBIX OCTAJbHBLIX NepeMeHHbIX. [lo3Tomy cTparerusi urpoka
a (%, V%) crabo momuuupyer o0y ero crparernto (s v®), rae v < VO
Takum oOpa3oM, JaHHBINA Caydail ABYXITAIHONR UIPHI SKBUBAJIECHTEH MOJEIN
[IEHOBOI KOHKYPEHIIUU.

[IpeamonoxuM Temepb, UTO MEeHBI U OOBEMBI BBIOMPAIOTCSI B OOpPATHOM
IMOpsAJKe: Ha IIepBOM 3Talle IIPOU3BOJUTE/IN YCTaHABJIUBAIOT CbI/IKCI/IpOBaHHbIe
obwembl v* € [0, V], a HAa BropoM — meHbl s > ¢*, 3Hasg o0beMbl V%, a € A.
[TpubbLIb, oIyYaeMast TPOU3BOANTEIEM @ paBHA 0%s* —c*v?, e 0 — obbeM
PeaTH30BAHHON MPOLYKIMH, OIPEeIeIsdeMblil (OCTATOYHBIM) CIPOCOM TI0 [EHe
s*. 3aMeTHuM, 9TO HA BTOPOM dTalle OIITHMU3ANNSA STON IPUOBLIK He 3aBUCUT
oT u3ziepKeK c*v® ( 06beMbl v* OBLTN BHIOPAHBI HA IEPBOM STAlle U HE MEHs-
forcst). Tloaromy Ha BTOpoM 3Tarie HrpoKH (hakTHIecKu AefCTBYIOT B paMKax
MOIeJan HeHOBOIU/I KOHKYpPEHIIUHU C HYJIeBbIMHU yJICJIbHBIMHA Ce6eCTOI/IMOCTHMI/I.

Torna crnpaBe IuBO CJIe/IyIONIee yTBEPKICHUE.

Ymeeporcdenue 19.6. 1) TlycThb mpu JOCTATOYHO MAJBIX P BHITOJIHEHO

uepasencrBo D(p) > Y. Ve Ecm e(D(p)) > 1 upu p € [p,M] n nna
acA
DYHKIMH 0OCTATOYHOTO CIIPOCca BITIOMHEeHO yeaosue (19.15), To coBepienHbie

IO/IBITPOBBIE PABHOBECHS B PACCMATPHBAEMON JBYXITAITHO| HIDE OTHO3HATHO
COOTBETCTBYIOT paBHOBecusiM B Mojzesn Kypmo.

2) [ycrs juist dynkuumit cnpoca u octaTodHOro cnpoca npu p € [p, M]
BoIIOJTHEeHBI HepaBercTBa D(p)p > D(p)p u (19.16), npuyaem xoTst ObI 0JHO 13
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§ 20. Hastorosoe pery/inapoBaHHe

HUX CTPOroe. TOFILa COBEPIIECHHOI'O IIOABII'POBOI'O paBHOBECHUA B ,ZLByXSTaHHOfI
ATpEe He CYIIECTBYET.

oxasamesvcmeo. Tlycts Boibpansr v, a € A. OyHKIUS Mpe1IOKEHUST
omnpe/essgercsa STuMu oobeMamu. [1o3Tomy 1ieHa KOHKYPEHTHOTO PABHOBECHS
p(v) 3aBucuT ot BekTopa v. Kak orMedanocs Boile, Ha BTOPOM STAle Ye b
HBbIE CeOECTOMMOCTH MOYKHO CIHTATH Hy/JIeBBIME. [103TOMY paBHOBECHAS IEeHA

p(v) ognoznauno oupeneasercs us ycnosus D(p) = > v* (em. puc. 19.6).
acA
1) Yenosue e(D(p)) > 1 rapanTupyer BbIIIOJHEHHE HEPABEHCTBA

D(p)p < D(p)p upu p € [p, M]. Tlosromy Bce ycioBus mepBoil 4acTu
yTBepxkaeHus 19.5 Buimonensl. V13 Hero BHITEKaET, 9TO B pacCMaTPUBAEMOiT
MOJIBITPE CYIIECTBYET eIMHCTBEHHOe paBHOBecue o Hamry, cooTBeTcTByMOMIEE
cutyanuu S, ajs Koropoit ¥ = p(v?, a € A) V a € A. Takum obpazowm,
nepBbIil dTan 3KBUBaIeHTeH Mojean KypHo.

2) Corsacuo BTopoit yactu yrBepxaenns 19.5, pasaosecus mo Hamy na
BTOPOM 3Talle He CyIecTByeT HU MpH KakoMm BeiGope v € [0, V]. B

Taxum obpazoM, AByXdTamHas MOAETb cBOAMTCS K Momenn Kypuo. s
KaKHNX TOBAapOB BbIIIOJIHEHBI YCJ/JIOBHA ITIOCJIEIHETrO yTBep)K,ZLeHI/IH? ZLJ'IH Tex,
CIIPOC HA KOTOPBIE JIaCTUYEH U TPOU3BOJICTBO KOTOPHIX HEJIB3sI OCYIIECTBIATH
[0 Mepe MOCTYILICHUA 3aKa30B, a TaKzKe Hesib3d 0e3 3HAYUTE/JTbHBIX H37ep-
JKeK JIONTo JepKaTh UX Ha CKJaje. B kagecTBe mpuMepa OTMETUM UMIIOPTHBIE
bPYKTHL. 15 GONBITHHCTBA Ke TOBAPOB YKa3aHHBIE YCIOBHSI HE BHITIOJTHEHBI.

§ 20. HaJjoroBoe peryjampoBaHUe

Cozpanue 3dekTuBHO DYHKIUOHUPYIONIEH CHCTEMbI HAJTIOT000I02KEHH ST
SIBJISIETCS OAHONM W3 HamboJee aKTyaJabHBIX 3a7ad st CTPAH, B KOTOPHIX
Pa3BUBAETCS PHIHOYHAS SKOHOMHKA. BIOIKETHBI CEKTOD SKOHOMUKH, CYIIe-
CTBYIOIINI B OCHOBHOM 3a CYeT HAJOIOBBIX COOPOB, BBIIOIHSIET PsiJ BasKHBIX
dyurnumii. [Ipexme Bcero, o obecnednBaeT MPOM3BOICTBO TOBAPOB U YCIYT,
KOTOpBIe He MOxKeT 3PEeKTUBHO MPOU3BOAUTL PHIHOK. HekoTophie 3 3Tux
YCJIYT HEOOXOAUMBI /151 (DYHKIMOHUPOBAHUS PHIHOYHON SKOHOMUKHN. B gact-
HOCTH, K HUM OTHOCSTCS 3alllTa MpPaB COOCTBEHHOCTH W ODECIeYeHNe BhI-
IIOJTHEHHUsI 3aKII0UeHHBIX CIAeI0K. Hean 9T yemoBus He obeciuedeHsl, TO h-
(EKTUBHOCTH IKOHOMHYECKOIO PBIHKA PE3KO CHUYKAETCSI: DOJIBIIIE PECYpPChI
PACXOJIYIOTCS HA 3aXBAT Uy¥KOil COBCTBEHHOCTH M /WJIN 3aIUTy OT Tpabeka u
obMaHa.

BrogKeTHBIN CeKTOP TPOU3BOANT TaK:Ke JIPYTHe TOBAapPhl U YCAYTH, OTHO-
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I'JTABA IV. BBE/IEHUE B MATEMATHUYECKYIO SKOHOMHUKY

CAIIUECs] K TaK Ha3blBaeMbIM O0IecTBeHHbIM OJiaraMm. IIx crenuduka cocro-
T B TOM, YTO HEBO3MOKHO HJIM OY€HBb JOPOT0 PACIPEIEIITh HX C MOMOIIHIO
PBIHOYHOTO MEXaHU3Ma, T.e. Ipo/laBas UHIUBUYaJbHBIM MoTpeduTeasam. M3-
BECTHBIMHU IPHUMEPAMHU OOIIECTBEHHBIX OJIAr ABISIOTCI MAsSKH, PAJIHO- | TeJe-
TPAHCASITOPHI, J0Po:KHasI HHMppacTpyKTypa. K apyromy tuiy obIecTBeHHBIX
OJ1ar OTHOCATCS YCIYTH, KOTOPBIE IIEJIeCO00PA3HO IMPEI0CTABUTH OIPeIeIeH-
HOI 9aCTH HaceJeHUs] HEe3aBHCHMO OT IMOKYHATEIbHONH CIOCOOHOCTH OTIE/b-
HBIX TOTpedbuTeseit. Bo MHOTHX cTpaHaxX B 9TY KATErOPUIO BXOIAT ONpe/IeIeH-
HBIil ypOoBeHb 00pa30BaHus, 3JpaBOOXPAaHEHNEe U HHMOPMAIUOHHOTO obecIe-
yenus Hacesnenus. Llesecoobpasubiit ypoBeHb obecriedeHrsT TAKUME yCIyTraMu
omnpejerdercd rocy JapCrBeHHbIMU OpraHaMi, UCXOJ4d KaK U3 9KOHOMUYECKUX,
TaK U BHEIKOHOMHUYECKUX cooOpazkenuii. Hanpumep, ornpegeeHHbiil ypoBeHD
KYJbTYDHI U 3HAHWI HaCeJeHUd MOXKET PACCMATPUBATHCS KaK CAMOCTOATEb-
Has MEHHOCTHh BHE 3aBUCUMOCTH OT HOTPEOHOCTEH IKOHOMUYECKOI'O PHIHKA.

OCHOBHO# HCTOYHMK JOXOJI0B FOCYJapPCTBa — HAJIOTH. B KadecTBe nmpuMe-
pa pacemorpuM crpykTypy Oroazkera CIIA 3a 1987r. HanponaabHbii 10X0/1
CIITA cocraBua 4 Tpad. 527 mapa. gostapoB. Jloxoasl denepasbHOro OrI-
xera: 854 murpa. nosutapos. Merounukn goxona: 46% — momoXo HBINH HAJIOT ¢
dusmaeckux qun, 35% — nauucaenue ¢ 3apmaarel, 10% — naJjgor Ha TpuOLLIL
¢ Kopuopanuii, 4% — axnussl, 5% — Tamoxkennbie c60pbl. Pacxoapr: 1 Tpim.
4 mapa. ponmnapos. Crarbu pacxonos: 40% — commanbras momomb, 28% —
HAMOHAJIbHAs 00opoHa, 14% — moramenue rocyaapcTBEHHOrO A0TA, 77 —
roCyJapCTBEHHOE 00PA30BAHNE U MeIUIMHCKAE YIPEeXKIACHUS, 7% — Pa3BUTHE
TpaHcnopTHOil cetn, 4% — cybeuauu depmepam.

PacemoTpuM ocHOBHBIE BHIBI HAJIOIOB U UX BJIHSHHE Ha ITOBEJICHHE IPO-
U3BOJUTECH Ha KOHKYPEHTHOM pPBIHKE.

Hanor ¢ mpogaxk

Haumor ¢ mpojazk B3uMaeTcst ¢ TOBAPOB, KOTOPbIE NMPOJAAIOTCS KOHEIHOMY
norpeburesno. Hamor ¢ mpogak xapakrepusyercs craBkoil t, € [0, 1], moka-
3bIBAIOIIEH, KaKasi 4aCTh CTOMMOCTHU TOBapa JIOJKHA MOCTYIATh B NOCYIap-
crBennbiit 610/zket. [TocmMoTpuM Kak HaJIOr € NMPOAazK BaugeT Ha (HYHKIUU
NPUOBLIN U TTPEIOKEHUS.

bes HaJiora ¢ mpogax

Pre(p,V) =pV — C(V) — dynkuus npubbLiu,

S%(p) = Arg max Pr®(p,V) — byHKIMS 1peI0KeHus.
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C maJjiorom ¢ npogazk QOyHKIUN TPUOBLIN U TPEIOKEHIS PABHBI
Pri(p,V,ts) = (1 —t5)pV — C(V),
S%p,ts) = Arg max Pri(p,V,ts) = S*(p(1 —t)).

Orciona caeayer, 9to rpadbuk OYHKIUE IPeIIOKEHUs PACTATHBACTCS B
o ocu p B 1/(1 —t,) pa3 (em. puc. 20.1).

Vi

Pue. 20.1

[ockonbky byukmus S*(p) MoHOTOHHO He YObIBaeT 1o p, To S*(p,ts) <
S%(p). To ke camoe cpaBeJIUBO JJIsT COBOKYIHON (DYHKIIUN TpeII0KeHHUST

orpacan S(p) = > S%p) , re. S(p,ts) < S(p). Eciin cobpannbie HAmOrH He
acA
BJAULIOT Ha (PYHKIUIO CIOPOCA, T.€. 3TU JEHbI'M UJYT Ha JIpPyrue HyKJbl, TO

paBHOBecHad IeHa He yObIBaeT 1o t.
AKnu3HbIil HaJOr

AxmusHbIit Hasor 6epercs He ¢ 00beMa BBIDYUKH, a ¢ KayKJIOU € THHHUIIBI
ToBapa (curapersl, coupTHOe U T.00.). CTaBKa aKIU3HOIO HAIOTA f, MOKA3bI-
BaeT, CKOJIbKO Ha/I0 3aIlIaTHTh B OIOJKET € KaxKJA0#M €JMHUIbI ITPO/IAHHON
NpOAYKIMU. PaccMOTpUM BIMgHHE 3TOr0 HAJIOra Ha (PYHKIUU NPUOLLIA |
MIPEJIJTIOYKEHU ST

Pra(p7 V7 te) = (p - te)v - C(V>’
S(p,te) = Argmax Pré(p, Vi) = 5%(p — te).
Takum obpaszom, rpaduk GYHKINUNA TPEJIOKEHNS CMEINIAeTCsd BIPABO HA t,
eJTMHUTI,
Hanor Ha npubplib

CraBka HaJsiora Ha IpHOLLIL Ty, € [0, 1] mokasbiBaer, Kakas 4acTb HPUOBI-
JIH JOJIZKHA HOCTYIHTD B Or0akeT. OyHKIMS IPUOBLIA MEHSIETCS CJIe LY IOIHM
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obpazowm:
Pra<p7 ‘/:tpr) = (1 - fpr)(pv - C(V)) - (1 - tPT)PTa(p7 V)7
a OYHKIUs TPEeJIJIOKEHsI OCTAaHEeTCA HEM3MEeHHOM:

Sa(p’ tpr) = Arg I‘I/lgé((l - tpr)Pra(pv V) = Sa(p)'

DTO OTHOCUTCS K KPATKOCPOUYHOMY AHAJH3Y, B TO Ke€ BpeMsl B JOJITO-
CPOYHOM ILJIaHE HAJIOI Ha HPUOBLIL MOXKET OKa3aTh CYIIECTBEHHOE BJIUsIHHUE
HA PABHOBECHE B OTPACIH. DTOT HAJOL JeJaeT MeHee BBITOAHBIMU HHBECTH-
AW B CTPONUTEHCTBO HOBBIX MOIITHOCTEHN 1 OAIepKaHue CTapblX MOITHOCTEH.
C tedyenneM BpeMeHH (DYHKIHA MPEJIOKEHHS MOXKET HAYaTh YMEHbBIIAThCS,
TaK KakK cTrapoe o0opylaoBaHue OyJIeT BBHIXOIUTH U3 CTPOsi, & HOBOE MOKYIATh
OyJIeT HeBBITOAHO. BBeaeHne BBICOKOIO HAJIOTA HA TPUOBLIL BEAET K TOMY,
9TO U3 OTpacjeil, rje JIerko B3MMaTh HAJIOT HA NMPUOBLIb, KAIUTAJ Iepere-
KaeT B OTPAC/IN, TJIe Jierde CKPbIBaTh MPHUObLIL OT HaJoroB. MTak, BBEIEHNE
BBICOKOI'O HAJIOTa HA HPUOBLIb CIOCOOCTBYET PA3BUTHIO TEHEBOH YKOHOMUKH.

Taxum oOpa3oM, B JOJTOCPOYHOM IIJIAHE HAJIOT HA MPUOBLIbL OKA3BIBAECT
BJIMSHUE Ha (DYHKIUIO MPEIJIOKEHHsS, W JIayke B KPATKOCPOYHOM ILJIaHe OH
BEJIeT K MePeTeKaHuIo KallnTaJaa B TEHEBON CEKTOP.

Hasor na gob6asiennyto croumocts (HJIC)

Korga paccautbiBaeTcsi HAJOT HA TPHOBLIL, TO U3 BBIPYYKH OT MIPOJa-
KU BbIUuTaOTCS Bee m3gep:kku. HJ/IC ommmdaaercs TeMm, 9To mpH pacdere
6a3bl HAJIOT00OJ/IOKEHHST BBIYUTAIOTCH HE BCe U3JEpKKuU. Paccmorpum mo-
JIpOOHEe CTPYKTYPY U3JAEP:KeK MpeanpusaTusi. X MOXKHO NpeacTaBuTh B BUJIE
C(V)=Cy(V)+Co(V), tme C1(V) — 910 pacxoapl Ha IpUOOPETEHHS ChIPbs
U ITPOYUX HEOOXOIUMBIX JIJIs TPOU3BOJICTBA TOBAPOB, BLIMYIIEHHBIX IPYTHMHI
npousBoguTessamu, a Co(V) — 970 BHyTpeHHEE 3aTpaThl HA JAHHOM IPE]I-
IPUSATHH, IPeXK/e Bcero — 3apaboTHas marta (2 TakzKe HEKOTODBIE JIDyIrue
BHJIbI M3/I€PYKEK, B YACTHOCTH, DACXO/bI HA PEKJIaMY ).

Korma paccaursiBaercs 6a3a HIIC, u3 eupyuku pV BEITUTAIOTCS W31€PK-
ku nepporo Tuna C1(V). DTo rapaHTUPYeT, 9TO KayKJIblii TPOU3BEICHHBIH B
skonomuke Tosap obsaraercsa HJIC tonbko onun pa3. Benrnunna H/AC papna
tvar(pV — C1(V)), tae tyar € [0,1] — crasgka HJC. IIpu srom npubblib
OPEIPUSITUST COCTABJISET

Pre(p,V,tvar) =pV — C(V) —tyar(pV — C1(V)) =
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= (I =tyar)(pV — C1(V)) = Cao(V).

HJIC 3anmmaer mpoMeKyTOYHOE IMOJIOKEHHE MEXKIY HAJ0TOM C MPOIaXK H
HaJIOTOM Ha TpuObLTh. OH OKA3bIBAET ONPEIE/IEHHOE BAUSHUE HA (DYHKIHIO
IPEJIOZKCHNA, CHUXKAs €€, HO KaKO¢ MMEHHO — 3aBHCUT OT COOTHOIICHHSA

ITogoxomupiii HaJIOT

DTOT HAJIOr B OTIMYUE OT BCEX HPEIALIAYIIAX OTHOCHATCA He K HPOH3-
BOJINTEJIAM, a K norpeburenam. I[Ipedeavras cmaeka TMOLOXOIHOTO HAJIOTA
t:(I) € [0,1] mokasbiBaeT, Kakas 4acTh joxoja I JosizKHA OBITH yIIadeHa
B BUJe HaJora. THUIMYHBLI B HAJIOIA COOTBETCTBYET KYCOYHO-IIOCTOSIHHOI
HeyObIBatoIIeil mpeiebHOl cTaBke Hasora (cM. puc. 20.2).

ti(1) t:i(1)

+ ' ; + 13%
L I, I3 I A I
Puc. 20.2 Puc. 20.3

3necwk I, — namoroneobsraraembiit MuauMyM. Ceitdac B Poccun nefictByer
OoJiee mpocTasi cxema HaJ0T000/I0XKEeHUS: BeCh J0X0/I CBbIle [; obJiaraercs
o craske 13% (cm. puc. 20.3).

B 6101:xeTe Poccun, B ormmune or CLIA, mogoxoaHbrii HaJI0T 1aeT HeOOIb-
myto goao (10%), a nanbomnee BaxkubiMu siBssitorca HJIC, akiussl 1 HaJIOD
Ha TPUObLIIb.

Pacuer cTraBku HaJsora

B macrositiiee Bpemst pa3BuTre peIHOYHBIX OTHOIIEHUH B Poccun mpouncxo-
JINT B YCJOBUSIX PE3KOTO COKPAIEHUs PeabHOi 3apaboTHOI TIaThl B BarK-
HeHUTITX OI0/ZKEeTHBIX OTpaciaX. B pe3ysbraTe 3HAUNTEIbHAS YaCTh HanboIee
SHEPTUYHBIX U CIIOCOOHBIX PAOOTHUKOB YXOAAT M3 TOCYIAPCTBEHHBIX CHCTEM
obpa3oBanms, 3/PABOOXPAHEHHS, HAYKU U KyJbTYPbl. JTOT IIPOHECC MPE/I-
CTaBJISIET CEPhe3HYI0 yrpo3y st oyaymiero Poccun. Takum obpaszom, mo-
BBITIIEHNE peabHON 3apabOTHOM MIaThl pAOOTHUKOB OIOJIZKETHON chephl sB-
JieTcs BechbMa aKTyaldbHON 3amadefl. lcTOUHUKOM 171 MOKPBITUS PACXOI0B
Oro/IZKeTa MOTYT CJIYYKUTh HAJOTOBBIE TOCTyILIeHus. PaccMOTpuM cooTBeT-
CTBYIOILYIO 33/1a4y pacyera CTaBKU HAJIOTa C IIPOJAK JJjis MOJEJH OIHOIPO-
MykTOBOI akoHOMEKH. [1ycTh S(p) — dyuknusa npemnoxenus Tropapa, Di(p)
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— (YHKIHMA CHPOCA 4aCTH HACEJCHUS, OTHOCAIIEHCA K PBIHOYHOMY CEKTO-
py, Q2(p) — MOXOABI HAcCeTeHHsI, OTHOCSIIErocs K OIOZKETHOMY CeKTOpY, W3
BHEOIOIZKETHBIX HCTOUYHHKOB, Dy — JKeJATeIbHBI 00beM HOTpeOIeHns 1Is
91Ol wactu nacenenud. [Ipeamonoxum, aro dyuxmun S(p) u Di(p) — on-
Ho3HauHble. Torma B OTCYTCTBHE HAJIOTA PABHOBECHAS IIEHA OIPEIe/IaeTcd U3
yeaosus S(p) = Di(p) + Qa2(p)/p- o
Heo6x01uMoCTh BBeIeHNS HAJIOT BOBHUKAET B Caydae, ecan Qqo(p) < pDa.
[Tyctb p(ts) — paBHOBeCHas! IeHa NPU CTaBKe HAJora ¢ mpogax t. s pac-
yeTa HeOOXOJMMON CTaBKM MOJIydYaeM CJIeIYIONY0 CUCTEMY ypPaBHEHIMI:

S(ﬁ(ts)(l - ts)) = Dl(ﬁ(ts)) + 527
B(ts)Da = Q2(p(ts)) + tsS(B(ts) (1 — ts))B(Ls)-

DTa cucTeMa MO3BOJISET OIPEIEJNTh HY:KHOE 3HAYCHHE CTABKU lg M CO-
OTBETCTBYIOILYIO0 1eHy P(ts) B ODLUIMX IIPENOIOKEHUAX OTHOCUTEJBHO Ma-
pPaMeTpPOB MOJEJH. B 9aCcTHOCTH, €CJIN COPOC PBIHOYHOTO CEKTOPA SABJISCTCH
resnactraabM (Dy(p) = D), a BHEGIOIKeTHBI J10X0/1 GIOIKETHIKOB MPO-
nopironaset tene (Qq(p) = Kp), 1o

ts = (EQ - K)/(El +E2)7 ﬁ(ts) - S_I(EI +52)/(1 - ts)'

Vnpasrcnenue 20.1. TTocTponTh 1 uCCae10BaATh aHAJIOTHIHBIE MOAETN s
pacdeTa CTaBOK aKIIM3HOIO HAJIOTA U HAJIOra Ha MPHUOLLIb.

OHaKo HA NPAKTHKE HAJOTOBBIX MOCTYILUICHU TaCTO OKA3LIBAETCH He10-
CTATOYHO. B 3TOM C/Iy4ae TpaJuIMOHHbIE METOAbl PEryJIHPOBAHA PHIHOYHOI
9KOHOMUKH, paspaboranubie Keitncom u ero mociaemosaressymu (cu.[2]), mpe-
JyCMATPUBAIOT €JIMHCTBEHHBI CIIOCO0 PENICHUS: YBeInYeHIe HOMHHAJIBLHOM
sapiiarel. CBA3aHHBIN C 3TUM POCT OIOZKETHBIX PACXOI0B BEJET K YCUICHUIO
HQIIAIMA, CIEKYJIATHBHOMY XapaKTepy SKOHOMHYECKOH aKTHBHOCTH.

AbTepHATHBOI ABIAETCA POCT MPEAJIOMKEHUS JETEBhIX NOTPEONTETHCKIX
TOBAPOB U CHUKCHHE PLIHOYHBLIX HeH. OaHa U3 BO3MOMKHOCTEH peryJupoBa-
HHS IIPeIJIOKEHUs — 9TO TOBAPHBIE HHTEPBEHINH. 1 0Cy 1apCTBEHHBIC U PETHO-
HAJILHBIE OPraHbl YHPABJICHUs OCYHIECTBIISIOT X IyTeM 3aKyIK1 TOBAPOB Ha
BHEIITHEM DBIHKe (JH00 10 CIeuaIbHbIM JOTOBOPAM ¢ MECTHBIMHU IPEIIPHsi-
TUSME) U TIEPENPOJAZKH MOTPEOUTESIM MO CHUZKEHHBIM TleHaM. /Ipyroil myTh
— BBLACJECHHE IPeJnpUaTHAM CyOCHIUil WM JBIOTHBIX KPEAUTOB /I BHE-
NIPeHns TeXHOJIOIWH ¢ HU3KHMHU cebectonmocTamu. Clreayomas MOIeIb II0-
CBSILIEHA [OUCKY ONTHUMAJBHOI CcTpareruu, mo3Bojsiomeil obecnednTsh HeKo-
TOpbIT (DUKCUPOBAHHBIIT YPOBEHDL OTPEOICHUS JIIs JIIO/Ieil, OCHOBHO J10XO0.T
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KOTODBIX TPEJICTABIAIOT BBIIIATHL 13 Or0/zKeTa, (3apIUIaThl, CTHIICH U, TT€H-
cun u T.10.). ONTUMAIBHOE ONpeNeeHne STOr0 yPOBHS MPEJCTABISIET CaMO-
CTOATEBHYIO MpodJeMy, KOTopas 3/1ech He obcyzkaaercsa. Mbl paccMaTpu-
BaeM CTPATEruH, COYeTAIONIe 006a YKA3AHHLIX MOJIXO0/IA: MOBBIIICHHE HOMHE-
HAJBLHBIX JIOXOJ0B U JOTHPOBaHUE MPOU3BOJACTBA GoJee JEMEBBIX TOBAPOB
— © OmpejesisieM ONTUMaJibHOe uX coderanue. [Ipu sTom pemraercs 3aaa-
Ja MUHUMHU3AIUNA OOIIUX pacxojioB Omokera. Takas moctaHoBka Hambosiee
OmpaB/iaHa Ha PErMOHAJHHOM yPOBHE, HA KOTOPHIA mMajgaer OOJIbINas 9acTh
pacxo/oB 1Mo (bUHAHCUPOBAHUIO OIO/IZKETHBIX oTpacJeil. IMenHo g 3Toro
ypoBHs (DOPMYJIUPYETCsT U U3YIAETCsT OMUCAHHAS 3a/1a49a.

PaccmorpuM cireyiomuii poiHOK ¢ OJHEM ToBapoM. Ilycts A — KoHednoe
MHOYKECTBO (bUPM, MOCTABJIAIONINX TOBap. Kaxkaas dbupma a pacmosaraer
HabOpPOM Npou3BOACTBEeHHBIX MoniHocTell [*. Moninocrs ¢ € [* xapakrepu-
3yeTcs MaKCUMaJIbHBIM 00 beMOM V; U IOCTOSIHHO Y€/ IbHO# ce0eCTOMMOCTBIO
¢; enuHUTIB Tpoaykimn. Kaknas dpupma cTpeMuTcss K MaKCUMAIbHON TTpH-
obL1u. Bee gocTymHbIe MOMIHOCTH MOTYT UCIIOJIB30BATHCA OJHOBPEMEHHO.

Dynkuns npeokenns S;(p) yKasbiBaeT KOJIXIECTBO TOBAPA, BHIMTyCKae-
MOT'O H& MOIIHOCTU THUIA i B 3aBUCUMOCTHU OT IEHDbI P, U UMEeT BH/I

07 b < Ci,
Sl(p) = [07 V;]a b = G,
Vi p > G-

OO0mumit 00beM MOCTABOK TOBAPA HA PHIHOK 337aeTcst (DyHKIHed

S(p) = 2 > Silp)-
acAiele
Hacenenne pernona jgejinrcs Ha ABe IPYNIBL — HE3A6UCUMYN0 U 3A46UCU-

MY10 — caeayiomuM obpaszoM. NHIMBHIYYMBI MEPBO T'PYHIBI OTHOCATCH K
JacTHOW cdepe SKOHOMUKN U CAMOCTOSATEIhHO 00ecedanBaioT cebst TOBAPOM.
J11s 3aBHCHMBIX 2KUTEJIel PErHOHA OCHOBHBIM MCTOYHUKOM JOXO/IA SBJISETCS
O0IKeT, U 3a7a4a aIMUHHCTPAIUH — O0ECIeYUTh ONpeIeeHHbIH yPOBEHb
norpedsieHust rux kureseit. g ynpoinenuss Moje/im 3aBucuMas rpynna
MPEIOIAraeTCa OJHOPOIHOIA.

[Tycrs dyukuus Di(p) oupejeser cupoc Ha TOBAP CO CTOPOHBI HEPBO
(HezaBHCHMOi) rpymibl. JI0X0/ 3aBHCHMOM IPYTIBI H3 MPOYNX HCTOTHHKOB,
KPOMe PernoHaJbHOTO OIojizkeTa, 3amaercst dyukiweii pDs(p). Beckb stoT m0-
XOJI BMeCTe C BBIILIATAMU U3 OIoJizKeTa, WU cybcudusmu, PacXoayeTcs Ha
npuobperenne Topapa. TakuM 06pa3oM, CIpoc Ha TOBAP CO CTOPOHBI 3aBUCH-
Moit rpyuibt cocrasiser Do( K, p) = Dy(p)+ K /p, rine K — obbem cybcujuii.
[lena p(K) Ha PHIHKE ONpeJEsIeTCs U3 YCJA0BUS GajaHca CIpoca u Mmpeio-
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ZKeHNA:

Oyuxiun cpoca Dy (p) u Do(p) mpeanonaraorcs quddepeHupyeMbIMI 1
HEBO3PACTAIOIIUMHU.

IIycts Dy — sKeaTebHBI ypOBeHDb OTPeGIeHNs 3aBHCHMOil TpyIIsl. B
orcyrcrBue cybcuanii, 1. e. npu K = 0, paBHoBecnast nena p(0) ymoBierBo-
pator yeaosmio Dy(5(0)) < Dy (B TPOTHBHOM CIydae yKa3aHHBIH yDPOBEHD
noTpebyieHnst TOCTUTaeTCsi 6e3 BMEeIaTe bCTBa A IMAHICTPAIIH ).

O6o3uaunm depe3 Q;(p) = pD;(p) cupoc B JEHEKHOM BBIPAZKEHUU IO
ene p s [-oit rpymnmsl Hacesenus, | = 1,2, a uepe3 Kp(p) obbem cybcuamii,
HEOOXOIUMBIX JIJI TOTO, YTOOBI 3aBUCHMAS TPYIINA MOLJIA IPHOOPECTH TOBAP
B KosimaecTBe Dy 1o uene p. Torna

Kp(p) = (Ez — Dy(p))p = Ezp — Qa2(p). (20.2)

Ilycts p, — nena , ama xkoropoit Dy (p,) + Do € S(ps) (puc. 20.4).

Ve S(p)
Dy (p)

~_Di(p) + D,

AN

\il(p) +‘D2 (p)
Pp P DPs q(p) = cjpy
Puc. 20.4

st Toro, 9ToOBl 00ECTIEYNTh 3a CUeT CyOCH/IMii YKeJaaTeJbHbI YPOBEHD
HOTpeb/IeHnsT 3aBUCUMOM I'PYIIIDI, CJIe/IyeT BBIJICTHTD HX B 00beMe

Kp(ps) = (D2 — Da(ps))ps.

JIpyroii myTh MOBBINIEHUs yPOBHS MOTPeO/IeHUs 3aBUCUMOM I'DYIIbI CBA3AH
¢ M3MeHeHNeM MpeJjIOYKeHNs TOBApa Ha PHIHKE.

Paccmorpum HekoTOpyio 1eHy p < ps. Leam aamunuctpanusa obecrie-
qUT JIOTIOMHATEBHOE MpeiosKerne Tokapa B oobeme Di(p) + Dy — S(p) mo
3TOI IeHe W OJHOBPEMEHHO BBIJEJUT CYOCHIMM 3aBHCHMOil IDYIIe B pas-
mepe Kp(p), To p okazkeTcss HOBO# paBHOBecHOil menoii. OOriee 3HadeHne
cupoca u npejjioxenus cocrasur Dy (p) + Dy u Gyaer J0CTUIHYT KeJaeMblil
YPOBEHDL MOTPed/IeHus 3aBUCUMON T'pynnbl. /lonojHuTEIHHOE MPEe/JIOKEHHE
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MOYKHO 0DeCIeYHTDh, 3aKJII04as C NPeJAIPUITHIMHI JI0TOBOPbI, IIPeLyCMaTpu-
Balolye BBIIIYCK NPOAYKIHHN Ha MOIODHOCTAX, IJIA KOTOPBIX Ce6eCTOI/IMOCTb
¢; > p. Ilpu 10M omnara ocyriecrsisercs no cebecroumocru. (OHa bakTu-
YeCKH W OIpeJieIeHa BBIIle KaK MHHHUMAJIbHAS IeHa, 0DecednBaroas mpu-
OBLIBHOCTD MCTIOIH30BAHUS JAHHONH MOITHOCTH). [IpakTHUeCKH, TOrOBOD MO-
JKeT TNpeycMaTpUBaTh, HAIPUMED, JOILIATY 3a paboTy B BeYEpPHHUE U HOY-
Hbl€ 9aChbl UJIH BBIXOJHBIC. ()TMGTI/IM7 4YTO IIpU peaJiu3alliid TaKOIr'o JOI'OBOpa
HEOOXO MM KOHTPOJIb, UCKJIIOYAIOIIIIT BO3MOYKHOCTH (PaKTHYECKOTO BHITTYCKA
MOCTABJIAEMOrO TOBApa Ha MOITHOCTAX ¢ HU3KHMHU C€0ECTOMMOCTSIMHE.

Bo3MoKHBII BApHAHT — 3aKyNKa aJMHHAUCTpAIMell ToBapa Ha BHEIIHEM
poiike. B aroMm ciayuae cebecToMMOCTh BKIIOUAET PAcxXoabl Ha 10CTaBKy. [1pe-
noJiaraeTcst, 9To GyHKIUS npeioxKenns S(p) oTpazkaer Bce yKa3aHHbIE BO3-
MOXKHOCTH.

OmpeesnM, KaKOBa MUHUMAJIbHAsS BesmdanHa K (p) pacxomoB aIMHUHU-
CTpaIy Ha JOMOJHATEIHHOE MPeIJIOKEeHIe ToBapa 10 [eHe P B KOJUIeCTBe
Dy (p)+Dy—S(p). Ilycrb Texnoa0run nepenyMepoBatbl B HOPSIKE BO3PACTa-
HUsI cebecTonMocT: ¢ < ¢ < ... < ¢, a MomHOCTH (D), j(p) OnpenensiroTes
U3 YCJIOBUH

i(p) =max{i|c;<p}, Y Vi<Di(p)+D2< Y Vi
i<j(p) i<j(p)

Torga caeayer 3aKIIOYHTH JOTOBOPHI HA TOTHYIO 3arpy3Ky MOIIHOCTEf
i(p)+1,...,j(p)— 1, a Ha mormuOCTH j(p) — 00ECTEUUTD BHIIYCK B KOJTUIECTBE

Vi) = Di(p) + D2 = Y Vi
i<j(p)
(em. puc. 20.4). Pazvep HeoOGXoauMbIX g0Tanuii cOCTABAT

i(p)
K.p)= > Vilp)(e—p),

i=i(p)+1

rae Vi(p) = Vi, i =i(p) + 1,..,j(p) — L.
Beng obosnauenne q(p) = ¢j(p), MOKHO IePENHCATH 3TO BEIPasKCHHE B
HHTErpaJibHON dopme

q(p

)
K(p) = /(Dl(p) + D, — S(p))dp =
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q(p)
— (Dy(p) + Da)(a(p) — p) — / S(p)dp. (20.3)

OrmeruM, 9T0 ¢(p) — KYCOUHO-IIOCTOSTHHAST HEBO3pacTatoas (yHKIus, nme-
IOIas Pa3pbIBbl B TOYKAX Pg, MOJIYYaEeMbIX U3 YpPaBHEHUMN

Hanee, Di(p) + Dy — S(p) > 0 mpu p € [p,q(p)). Orciona cremyer, 4to
dbyukius K (p) HenpepbiBHAsI U yOBIBAIOIIA.

O6o3HaunM uepes pp ILeHy, 110 KOTOPOH 3aBHCHMAasl TPYNNA B COCTOS-
nun Ges cyGeuauii npuoGpectu Tosap B Koaumuecrse Doy, 1.e. Do(pp) = Ds.
AMEHUCTPAIMH, OYEBHIHO, HET CMBICIA ITIOJIEPKUBATH HOBYIO PaBHOBEC-
HYIO IIeHy HHKe pp. Takum obpasom, Jirobas pallioHaJbHAsT CTpaTerus pu-
HAHCHPOBAHNA 3aBUCUMOMN I'PYIIIBI HOJHOCTBIO OIPEILIACTCA BEIOOPOM IEeHbI
p € [pp,Ds], KOTOPYIO aJIMHHUCTDAIMST PETHOHA TOIEPKUBACT KAK PABHO-
BeCHY10. 3a/a4a BEIOOpa ONTUMAILHON CTPATEIMH CBOAUTCS K MOUCKY

p* € Arg min K(p), (20.4)
PE[pD.ps]
rae K(p) = Kp(p) + Ks(p), a Kp(p) u K4(p) onpenensiiorces cormacuo (20.2)
1 (20.3).
Ormernm, uto dbyuknus K (p) uMeer TpOU3BOAHYIO

K(p) = S(p) + Di(p)(alp) — p) — D1(p) — Q=(p) (20.5)

BCIOJY, 32 UCKJIIOYEHHEeM TOYeK P = ¢;, 1 = 1,...,M, H TOYeK CKa4YKOB (DyHK-
mun ¢(p). B 9THX TOYKAX p NpOM3BOAHAS MMeeT Da3pBIBbI MEPBOIO POJIA,
npuuem K, (p) > K_(p). B nambueiimenm Gygem Golee KOPOTKO TOBOPHTH,
aro dyrkmmsa K (p) ompeesena MOYTH BCIOY.

Ynpaoscnenue 20.2. llokazkuTe, 9TO eC/IH JII CyMMapHOTO CIIPOCA

D(p) = Di(p) + Ds(p) + K/p snacruanocrs e(D(p)) = |pD(p)/D(p)| < 1, 10
Q1(p) + Q2(p) > 0 upu Beex p € [pp, ps).

Ynpaoienenue 20.3. Tokaxure, aro ecim Di(p) > 0, a QQ(p).S 0, To
bynxuua K(p) sbinykia, u neobxopumoe yciosue ee munumyma K_(p*) <
0, Ky (p*) > 0 sBasieTcst TaKzKe U JTOCTATOYHBIM YCIOBHEM.
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§ 20. Hastorosoe pery/inapoBaHHe

Teopema 20.1. JTio6oe pemenne p* 3amaun (20.4) yaoBaerBopsieT Hepa-
BeHcTBY p* < p,. B 3aBucumoctn ot dynknuii cnpoca Di(p), Ds(p) ontu-
MaJbHad meHa p* ob1agaeT CIeAyIONUMA CBOMCTBAMMY.

1) Ilycrs cnpoc Dy(p) Ha orpeske [pp, ps| mocrosinen. Ecin neHeskHbiii
cpoc (Qo(p) HA ITOM OTpe3Ke TaKzKe MOCTOSTHEH, TO ONTUMAJbHAsl IeHa p*
COBIA/IALT C EHON PABHOBECHsI P JJIsl DBIHKA € OJIHOIT (He3aBUCHMOiT) TPy HIION
norpebureseil u onpeensercs u3 yeaosust D € S(p). Ecin dyuxmus Qz2(p)
BO3pacTaeT Ha OTpe3Ke [pp, ps|, To p* > P, a ecau yobiBaet, 10 p* < p.

2) IlycTh cnpoc KazkIoi TPYHIbI CKJIAJIbIBAETCS U3 MOCTOSIHHON W yOBI-
Batoteil coctapistiomux: Dy(p) = A+ By/p, | = 1,2, p € [pp,ps|. Torna
ONTUMAJIbHAA HEHA ONPEJe/IdeTca U3 yCIOBH

AL+ Ay +q(p*) B/ (p*)* € S(p7).

Jokaszarennctso. TTockombky St (ps) > Di(ps) + Dy > Dy(ps) + Da(ps),
q(ps) = ps, T0 U3 coornomenns (20.5) crexyer, uro K(p) > 0 B mpasoii mo-
JIYOKPECTHOCTH TOYKHU Py, OTKyIa p* < p,. Ecmu Di(p) = Dy, to u3 (20.5)
ciaexyer pasenctso K (p) = S(p) — Dy —Qo(p) modaru BCoLy, OTKYIa BEITEKACT
yrepzkaenne 1). B yerosusax 2) dynximms K (p) = S(p)— Ay — Ay —q(p) By /p?
ONPEJIETICHA TTOUTH BCIOJY U MOHOTOHHO BO3PACTACT HA OOJACTH ONpee/ie-
mmst. PaceMoTpuM cooTBeTcTBYyIOmee eif orobpaxkenune K(p), p € [pp,psl,
onpejie/isis ero 3HAUeHHe B KazkKJIOH TOUKe pas3pbiBa KaK OTPE30K OT JIEBOI'O
JI0 TIpaBoro mpejesa. B ety MonoronuocT dbyukiun K (p) Haiigercs eauH-
CTBeHHasl TOUKA p*, 1y1st KoTopoit 0 € K (p*). DTa TouKa U GyeT pelleHnem
zaga4an (20.4). W

OTmeTuM, YTO ONTUMATBHOE COUeTaHWe CYOCHTMil HACEJEHUIO U JTOTAINi
IPOMBITIIJIEHHOCTH MOZKEeT CYIIECTBEHHO COKPATUTH OOIIHEe PACXO/Ibl OI0IKe-
Ta MO CPABHEHUIO C CUTyalueil, Korjga u3 OKeTa (DUHAHCUPYETCS TOTLKO
CIpOC 3aBUCHUMOI TPyIIbl. B npumepe, uzobpaxkennom ua puc. 20.5, mpej-
nosaraercst, uro Di(p) = Dy, Do(p) = 0.
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[Lromaan 3amTpuxoBanubix obstacreil Ha rpadukax a) n 6) HOKA3BIBa-
10T 3aTpaThl OI0/IZKeTa IPU ONTUMAJIbLHON cTpaTeruu p* = p u upu p* = p;
COOTBETCTBEHHO.

PaccvoTpum Temeph ApyTyI0 BO3MOMKHOCTH W3MEHEHUsS TPETOKEHIST —
peIoCTaBIeHIe JOTAMM s CO3TaHusI HOBBIX MolHocTell. Kaxknasa noren-
HHAJIbHAS MOIIHOCTD ¢ XapaKTepH3YyeTCsl CJIeIYIONIMMHI apaMeTpaMu: MaKCH-
MaJbHBIM 00BEMOM ITPOU3BOACTBA V;, yAETbHON ce6eCTONMOCTHIO TPOU3BOI-
CTBA C; U KAIUTAJI0eMKOCTBIO k;. /1j1s1 TPpOCTOTHI MBI ITpeoaraeM, ITo Heoo-
XOMMbIe KaITUTATOBIOKEHIS TPOTIOPIIHOHAIBHBI BBOJIMMOMY B JieficTBIE 00b-
eMy V,; <V; u cocraBasior V;k;.

[TockobKY METBI0 aIMIHUCTPAIIAN TBASIETCS MUHUMW3ATINS TEKYIIIX PAC-
XOJ0B OI0/I2KeTa, TO ONTHMAJLHBIM SBJIAETCA CMeImaHHOoe (DUHAHCHPOBAHHE
HOBO# MomHOCcTH. OnpeaenuM HeoOXOTUMBIA pasMmep JI0TaIluu, 0becredn-
Batomyit "peiHoUHYI0" HOPMY 7) TPUOBLIM HA BJIOYKEHHE YACTHOI'O KAIUTAJIA.
TIycrs k; — 0Obem qOTAIMIA HA €IMHAIY BBOAUMOIl MOIIHOCTH, p — LEHA HA
ToBap. Torga MUHUMAILHBIA pasMep JOTAIMN ONPeJIeNSeTcs W3 COOTHOIIE-
aus (p — & + ki) /k; = n, orxyna k; = & + ki — p.

Taxum obpazoM, mosraras Jjis MOTEHIUAJIBLHBIX MOIIHOCTEH ¢; = ¢; + k;n,
MBI (POPMAJIBLHO CBOJIMM 33124y BHIOOPA ONTHMAJJILHON CTpaTernu K paccMoT-
perHoil BbIe 3agade (20.4). Vexoasd U3 9T0r0, HUXKE MBI PACCMATPUBAEM B
MOJIEJISIX TOJBKO peajibubie MomunocTu. Cienyer, 0JlHAKO UMETh B BULY, UTO
HA MIPAKTHKE TPU KOHKYPEHIINH PeAThHBIX U ITOTEHIINATEHBIX MOIITHOCTEH Cy-
IMIECTBEHHBIMI MOTYT OKa3aThCs W JPyTHe KPUTEPUHU, TOMUMO MUHUMU3AIUN
OIOIKETHBIX PACX0/IOB.

§21. Moxaenu opraHn3any HAJOTOBO MHCIIEKIINN

B srom maparpadye u3/10KEeHO HECKOJIBKO TEOPETUKO-UTPOBBIX MOJIEIei,
IMOCTPOEHHBIX JJIA U3YyYCHUA HpO6JIeM YKJIOHEeHU A OT yIIJIaThl HAJIOT'OB M KOP-
PYIIIMH B HAJOTOBOH MHCHEKIUH. PaccMarpuBaeTcs B3auMOIEHCTBHE HAJIO-
rOILIATE/IBITUKOB, MMEIOIIUX CAYyYaiHbIN 10X01, U neHTpa. CunTaercs, 9To B
KOHIIE KaxKJ0r'0 OTYETHOIO IEePHO/Ia HAJOIOILIATEIbIINK II0JAeT HAJIOTOBYIO
Jnekstapanuio. JlekaapupoBaHHBIH 10X01 0OIaraeTcst HaJOrOM B COOTBETCTBHHI
¢ JIeficTByIOIIeH cucTeMoit HaJioroobmokeHust. [Ipu 5ToM HaIOTOMIATE/IBITNK
MOZKeT IOIpoOOBATh YKJIOHUTHCS OT YILIATH HAJIOTA, JIEKJIAPUPYST MEHBIIYIO
CYMMY, 9€M €r0 peaJbHbI 10X0/1. B caydae mpoBepKH HAJIOTOBOM JeKIAPAIIIH
dakT NONbITKY YKJIOHEHUS BCErJa onpejesisiercd unciekropom. [lofimanublit
HAPYIIUTEIb OILIAYNBAET HEJOCTAIONIYIO 9acTh HAJOTOBOM CYMMBI H HaKa3bi-
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§ 21. Mozean opraHu3anii HAJIOTOBOH HHCIEKITHH

BaeTcsd MTpadoM.

[Ipeamostaraercst, 9TO HAJOTOBas IPOBEpKa TpebyeT OmpeIeeHHBIX H3-
AEP2KEK U 4TO HEHTD 3aMHTEepeCOBaH B MAaKCUMHU3AlIUKU YUCTOI'O HaJIOI'OBOI'O
cbopa (T.e. CpenCTB, MOAYIEHHBIX 3a cueT cOOpa HAJIOTOB U MITPadOB 3a BbI-
9eTOM H3Jep:KeK Ha MpoBepku). s 0JHOPOMHOI MYl HAJOTOIIATE h-
IIIIKOB TEHTD PACIO/IAraeT JUIIb HHMOpMaIneil, oIy IeHHON 13 HATOTOBBIX
JeKJIapaluil, ¥ B 3aBHCHMOCTH OT Hee OIpeessieT ONTHMAJBHYIO BEpOsIT-
HOCTH TPOBEPOK HAJOTOBBIX JeKJapamuil. 3ajadueil SBAIeTCI HAXO0XKICHHE
ONTUMAaJbHOTO IIPAaBUJIa IPOBEPKH.

Mogeas HAJIOTOOOJOXKEHHUS C JBYMs YPOBHSIMHU T0X0Oa

PacemorpuM Mozenb ¢ ABYMsI BO3MOXKHBIMHU YPOBHAMH JloxXona Iy u Iy,
rie [, < Iy. HamoronmaresbImuKy MOTYYaloT HU3KWIT U BBRICOKU JTOXOBI ],
u Iy ¢ BepogrHocTsimu ¢ u 1 — ¢ coorBercTBenno. Husknit qoxoj ne obsiara-
ercs, a ¢ BbICOKOTrO Oepercs majior 1. Takum 00pa3oM, HAJIOTOMIATEIBIITIK
€ BBICOKHM JIOXOJIOM HMe€eT CTHUMYJ JeKJIapUpOBaTh HU3KHE j10X0/1. UTOOBI
IPEeJOTBPATHTL TaKHe NeHCTBUS HAJOTOIIATENbIINKA, HAJOIOBas HHCIIEK-
A ¢ BEPOATHOCTHIO P MPOBEPSET HAJOTOIMIATETBITUKOB, JeKJIaPUPYIOIIIX
HU3KUH j10x0/. Eciam HamoromnaresblinK ¢ BBICOKHM JIOXOJA0M JI€KJIapupy-
er HuU3KWUI A0xoj [, M ero AexJapaius mpoBepsiercd, TO (pakT yKIOHEHUS
OT YILTATBl HAJOra BCerjia OOHAPYKUBAETCd, U HAJOTOILIATEIBIIUK JTOJIKEH
BBIILIATUTH MTpad F', BKIAOYAOIMM HeyIIadeHHbli HaJor. CTOUMOCTD MPO-
BepKHU paBHa c. 3ajavda PYKOBOJCTBA HAJOTOBOH MHCIEKIIMH COCTOUT B TOM,
9100Bl HAHTH ONTHUMAJBHYIO BEPOSITHOCTH P ITPOBEPKU JIEKJIapaliuil, yKa3bl-
Baorux Hu3knit goxon Ir. [Ipu sToM MakcHMU3UPYeTCs 9UCTHIF HAJIOTOBBIM
cbop R, T.e. Bce MOCTYILIEHUST OT HAJIOTNOB ¥ MITPadOB 3a BHIYETOM 3aTpaT Ha
IIPOBEPKH.

OnuireM moBegeHne HaJOrOmIaATeAbINKa. OH BEHIOMPAET CBOIO CTPATETHIO
u3 MHOKecTBa {[1, [} mpu mOgyYeHUH BBICOKOTO j0X0ja. [Ipeamonaraercs,
YTO HAJIOTOILIATE/IBIIUKY H3BECTHA CTPATErds p HAJOTOBON WHCIICKIUU, H
OH MAKCUMU3HUPYET CBOH OKUIAEMBbIi JOXO, CPABHUBAS JTOXOM MPH YeCTHOM
nopejenun [y — T w ykiaonenun ot Hasiora Iy — pF. Takum obpazom, ec-

JI1 BEPOATHOCTH TTPOBEPKH YAOBICTBOPACT HEPABEHCTBY p < ﬁd;f T/F, o
BCe HAJIOIOILIATEbINUKE ¢ BHICOKAM JIOXOJ0M YKJIOHSFOTCS, M YUCTHIH HAJIO-
TOBBII IOXOJ] TOCYapCTBa B pacueTe Ha OJHOIO HAJIOIOILIATEIbINUKA PaBeH
R(p) = p(qF — ¢). Eciiu p > P, yKJIOHEHUSI HE IPOUCXOAUT, U JIOXOJ] UMEET
Bun R(p) = qT — p(1 — q)c (puc. 21.1).
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R(p)

00 p=T/F1 p

Puc. 21.1

[Ipu BeposTHOCTH MPOBEPKHU P = P HAJOTOILIATEIBIINKY 0€3PaA3JIMIHO —
VYKJIOHATBCA UJIW HET. B 9TOM CJIy4dae CUHUTaeTCA, 4TO OH HE€ YKJIOHACTCH. Ta—
KUM 00pa3oM, P — nopo206as 8ePOAMHOCMb, T.€. MUHUMAJIbHAs BEPOSITHOCTD
IPOBEPKY, ODeCTIeunBaOINIAs YeCTHOEe MOBeIeHNe HAJIOTOIIATETbITUKOB. OT-
METHUM, 9TO JIaHHAS MOJENb SIBJISIETCS IPUMEPOM HepapXudecKoit urpol [y,
onpeenennoi B § 11.

Ymeeporcdenue 21.1. OnTuMabHas BEPOSITHOCTL MPOBEPKH p* = P, ecJin
qF > (1 — g)c. Tlpu sroM MakcuMa/JbHBIA YUCTHI HAJOIOBBIA JOXOJ MOCY-
napcrBa R* monoxkurenen n pasen ¢1° — p(1 — ¢)c. B nporusrOM ciyuae
p* =0, R* =0, T.e. 3Ty Ipyniy HaJOTOIJIATEIbIINKOB HET CMBICJIA MPOBe-
pATh.

Ynpaotcnenue 21.1. Jlokaxxure yreepxiaenue 21.1.
Mogeanb, yduThIBaOMIad CJIyYaiiHbIe OIMTUOKU

TeHepb HpGﬂHOJIO)KI/IM, YTO HAJIOT'OIJIaTCJIbINUKHA C BBICOKUM J0XOJ0M MO-
I'yT HENpeJIHAMEPEHHO OMMOATHCA U ONPEIEJAI0T CBOU JI0X0/ KAaK HU3KUI C
BEPOSITHOCTHIO M. Takue omubKU HE MEHSIIOT MTOPOTOBYI0 BEPOSTHOCTH MPO-
BePKHU, KOTOpas IOOLIPAeT YecTHOe IOBeJeHHe HAJIOrOILIATe/bIINKOB, Ole-
HHUBIIMX CBOIl JOXOJ KaK BBICOKHI: OHH JCKJIAPHPYIOT BBICOKHI JOXOJ IIpH
p>p=T/F.

O6o3HaunM CpeJHuil J0X0/] HAJI0TOILIATE/IbLIIHKA C y4eTOM OIMUOKH Yepes
I.,, a auCTEI HAJIOTOBLIN JOXO0J, rocyapcrsa depes3 R(p). Torma

; _ )=l +qly = pl), p <P
Y=L+ q(Ie = (1=m)T —mpF), p>p,

R( ): p(qF_C)7 p<ﬁ7
g[(L =m)T +pm(F —¢)] = (L —q)pc, p=p
Culesyioniee yrBepzKaeHre Olpeeder OUTUMAJIbHYIO CTPATeruio rocyaap-
CTBaA.
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Ymeeporcdenue 21.2. 1) Ilycrs ¢F —c > 0. Torma ecm mrpad 3a yKIoHe-

—d
e [ > F ;f(qm +1—¢q)c/(¢gm), To ouTHMAaNbHAS CTPATErHs FOCYAAPCTBA
p* = 1. Ecnim F' < F, To onTuMaJjbHas CTpaTerusd rocyJapcrra p* = p.
2) [ycrb ¢F — ¢ < 0. Torga onTuMaabHasi CTPATETUsT TOCYAAPCTBA

0, Fg<c(gm+1—gq),
p, Fg>clgm+1—q).

Jlokasameavcmeo. Buadane 3amernm, 9To B TOUYKe p 3HadeHue R(p) =
qT — pc(mq+1— q) Gomabire JeBoro npeeabHoro 3uadenust R_(p) = ¢1T' — pe.
[Ipu F > F goxox R(p) Bo3pacTaeT Mo p Kak Ha moiyunTepsaie [0,p), TaK
u Ha orpeske [p, 1|. Takum obpaszom, dbyHkius R(p) Bo3pacraer Ha OTpe3Ke
[0,1] u p* = 1. Ilpu F € (¢/q, F) pasuuua cocTouT Jiumb B ToM, 4T0 R(p)
yObIBaeT Ha orpeske [p, 1] m mosromy p* = p. Hakowen npn 0 < F < ¢/q
JOXO, y6bIBaeT Ha O6OI/IX UHTEpPBaJIaX, TaK YTO MaKCHUMYM JOCTUTACTCA Ha
OHOM M3 JIeBBIX KOHIOB: mpu F > mF p* = p, R* = R(p) > 0, mpu
F <mF p*=0, R* =0. Hagowen, npu F = mF p* € {p,1}, R*=0. 1

Ynpascnenue 21.2. HaiiauTe OoNTUMAJBHYIO CTPATETWio TOCYIapcTBa B
caeayomux caydasx: 1) F' = F; 2) F = c/q.

Mopenu ¢ ydeToM KOppyHuun

PaCCMOTpI/IM MoOdeJ/in, B KOTOPbLIX INPpHHHMaETCA BO BHUMaHHE BO3MOZK-
HOCTD IOJIKYIIa HHCIEKTOPa MOfIMaHHBIM ILTaTeIbIUKOM. Vccaepyem ciaydait
JBYX BO3MOXKHBIX 10x0j10B I u Iy (I < Iy), moiaydaemMbIX ¢ BEPOSTHOCTSI-
M 1 — ¢ u ¢ coorBeTcTBeHHO. Kak u B mpeaplayiieit Moaean, mpemnoiara-
ercs, YTO HU3KWUH J0X0J He obJiaraerTcss HAJIOTOM, a BBICOKHiT /10x01 0bJia-
raerca Hajorom 1. Takum obOpaszoM, y HaAJOTOILIATEbITUKOB C J0X0JI0M [g
€CTh CTUMYJ AeKaapupoBaTh aoxon Ip. Jlexknapanns, comeprkaiiast HA3KHH
JIOXOJ, MOXKeT OBITh HpOBepeHa HaJoroBoil mHcmekmueil. IIpoBepka Bcerma
BBISIB/IIET PeaJIbHBIN JOXO, ee CTOUMOCTh paBHa c. Illtpad 3a ykiaonenue F
BKJIIOYAET HEYILJIaYeHHYI0 CyMMYy HaJiora. lHcekTop, oOHapyKUBIIHUH yKJIO-
HEeHue, MOozkKeT 6bITb NOAKYILJICH IOHMaHHbBIM IJ1aTeJIbIHUKOM, B 9TOM CJIy4dae
OH CKPBIBAET pe3y/braT nposepku. LleHTp mposepsier WHOTIa WHCIIEKTOPOB,
IOATBEP2KTAIOIIUX HU3KHE J0XO/Ibl, U HAKA3BIBAET UX, €CJIM BBISICHSIETCS, UTO
dbakT yrIOHEHHST OT yIIATH Hasiora ObLI CKPHIT. (IHCIIEKTOPOB HAKA3BIBAIOT
3a IJI0XYI0 paboTy, a He 3a B3SATKY, TaK KaK €e CJOKHO JI0Ka3aTh.) BeposTHo-
CTH P U P, IPOBEPKU U NEPENPOBEPKH, TPOBOAUMON EHTPOM, ABIAIOTCA €T0
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crparerueii. HekadecTBeHHas IPOBEPKA HAKA3BIBAETCS JIEHEKHBIM MITPadOM
F. TloBroprast npoBepKa CTOMT ¢. LIeHTp MAKCHMHU3HPYeT GHCTBIA JOXOZL B
OI0/2KeT, COCTOLAMNIUI U3 HAJOrOB U MTPAdOB 33 BHIYETOM H3/IEPKEK HA BCE
mpoBepku. HaifjieM onTuMaibHble 3HAYEHUS BEPOSTHOCTEH p W P, U MPOBE-
JIeM CPaBHUTEIbHBIH aHAIN3 TOXOJA B 3aBUCUMOCTH OT PA3MEpPOB MTpachoB.
Crauajia pacCMOTPHM, KaK OIPeJIe/IsieTcsl pa3sMep B3sITKU b B ciydae, Korja
HEITaTeIbIMK NOHMaH WHCIEKTOPOM. [TOAKYI BBITOJEH HAJIOTOIIATE THIIH-
Ky W WHCIEKTOpY, ecin b+ p.F < F u b > p.F coorsercrsenno. Takum
obpazoM, TTOJIKyT Bo3MoxeH, ecau F'(1 —p.) > pF win

pe < E F)(F 1 F). (21.1)

HomycrumM, 9to B 910M caydae b = vF(1 — p.) + (1 — v)pF, v € (0,1), e
napaMerp 7y XapakTepusyer OJU30CTh B3ATKH b K MaKCUMyMy. B uactHocTH,
~v ~ 1 03HAYAET, UTO pasMep B3ATKH AUKTYET HHCICKTOD, Y & () MOKA3LIBAET,
9TO OH JOBOJLCTBYETCS MaJbIM. HaJOrommaTeabliuK ¢ BBHICOKHM JIOXOJ0M
ykaonsiercs, ecn p(b+p.F') < T. Ecau coornorenne (21.1) He BRITOTHSETCS,
a p < P, TO HAJOIOILIATEJbIIUK YKJIOHIETCH, HO He JAeT B3ATKH B CJIydae
nouMku. Cpei BO3MOYKHBIX 3HAUEHU map (p, p.) PACCMOTPHM CJIEIYIONIHeE
obiactu (puc. 21.2).

Pc
b) cl)

b a) c2)

0" T/GE) b
Puc. 21.2

a) pe < Pe, p(b+peF) =p(VF + po(1 —7)(F + F)) <T.
B 3TOM CiIydae HaJOTrOIIATeNbINUK YKIOHIETCs, HHCIEKTOPhl 6epyT B3AT-
KM, U 9HUCTHI HAJOTOBBI cOOp B pacuere Ha OJHOTO HAJIOTOIJIATEIbITHKA
coctapser R(p,pe) = plpe(¢(F + F) — &) — ¢].

b) pe > Pe, p < P
B 5TOM cIydae HaJOTrONIATeNbIIUKN YKIOHAKOTCH, HO HHCIIEKTOPHI He GepyT
B3aTKA U R(p, p.) = plgF — ¢ — p.(1 — q)¢].

cl) pe > pe, p > P. )

€2) pe < Pe, P(b+ k) = p(VF +pe(1 —7)(F + F)) > T.
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§ 21. Mozean opraHu3anii HAJIOTOBOH HHCIEKITHH

B ycnoBusix ¢l) u ¢2) HAJTOTONJIATEBIUK HE YKJIOHSETCS U

R(p,pc) = qT — (1 — q)p(c + p.c).
CupaBeJ/TuBO CJIeyIoNiee YIBepK/IeHHe.

VYmeepowcdenue 21.3. Ilycrs mrpadsr F u F mogobpaHbl TaKUM 00pa3oM,
ITO BBIIOJHEHO HEPABEHCTBO

pe(q(F+F)—¢&) —c>0. (21.2)

Torna B obsacTu a) noxon B Owker R ) CTPEMUTCS K BepXHeHl rpaHu
)

R, npu p. — p. u p — p. Bepxuue rpanu R, u R, B obaactax b) u cl)

peaTu3yioTcs Ha TeX Ke IOCIeJ0BATeIbHOCTAX BepOoSTHOCTe, Oosee TOro,

R, < Ry, < R.. B obsactu ¢2) Te ke MOCJIeJI0BATEIbHOCTH BEPOSITHOCTEN

pean3yioT BEPXHIOI0 TPaHb JI0X01a B OIOIKeT

RCQ = Rcl = qT - p(C + (1 - Q)pcé)au ec/imn

Pe < c(1=7)/(e), (21.3)

B IpOTUBHOM ciaydae npu p — T'/(vF) n p. = 0 10X01 cTpeMHUTCsT K BepXHei
rpaid Re = ¢qT — (1 — q)cT/(vF).

Sameuarue 1. TIpu onTHMATBHBIX BEPOATHOCTSIX HATOTOILIATEIBITHKH BbI-
IUIAYUBAIOT OJIHY H TY K€ CYMMY B BHJIE HAJIOTa B CAyYasX a), b) u cl). Ox-
HAKO U3/EPKKHU Ha MPOBEPKH U TEPEMPOBEPKH COKPAIIAIOTCS TPH IEePEX0/Ie
cucrembl U3 obaacTu pagHoecust a) B b) u u3 b) B cl).

3ameuarue 2. HepasencrBo (21.3) BBINONHSAETCSI, B YACTHOCTH, MPU
v — 0, 1.e. B cilydae KOIJia HaJIOrOIJIATE/IbIIMK JIUKTYET pa3mep B3dTku. [Ipu
v — 1, T.e. B caayvae KOTrjia WHCIEKTOP AUKTYET pasMep B3ITKH, ONTHMAaJIb-
HO He TIPOBEPSITh WHCIEKTOPOB W YBEJWYHUTH B 1/ BEPOSTHOCTH ayanTOp-
ckoit npoBepku. Takum 06pa3oM, YHCTHIH HAJIOTOBBIH COOD MPHU ONTUMAJIbHOM
CTPATeruH ay/IUTa COCTABJIAET

R*=T|q— (1 —¢)min [E—F%,LH
F P+ FAF
C y4aeTOM 9TOTr0 COOTHOIICHUA CpaBHI/ITe.HbHBIfl aHaJIN3 YUCTOTO0 HaJIOT'O-
Boro cbopa B 3aBHCHMOCTH OT pa3Mepa IITpadoB U HATOTOB JaeT sSCHBIE
pesyabTaTel: R Bo3pacTtaer mo T’ m F', a Takke 10 F , €CJII BBINOJIHSETCS
COOTHOIIIEHHE

{1y D1
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I'JTABA IV. BBE/IEHUE B MATEMATHUYECKYIO SKOHOMHUKY

U He 3aBUCHT OT [, ecji 3TO COOTHOIIEHNE HE BBITIOTHSIETCS.

Ecu BepogTHOCTH P U p. PUKCHPOBAHBI, TO CPDABHUTEIHHBIA aHAJIN3 YCJIOXK-
Hsercst. XoTd B Kaxkaoii u3 obmacreit a), b), ¢l) u ¢2) nanorossiii c6op R
MOHOTOHEH 10 TiTpadaM U HAIOTY (UTO COOTBETCTBYET 3APABOMY CMBICTY ),
Hepexobl U3 OJHONH 00JACTU B APYIYIO MOI'YT BHECTH HEOKHIAHHBIE H3MEHe-
Hus. Paccmorpum aBa npumepa.

1) Iyets p < P, pe = Pe. YBemuauMm cierka mrpad F : F' = F + dF.
B pesysbraTe cucrema mepexouT u3 obaactu b) B 067aCTh a) U HAJOTOBBIIL
cobop R majaer.

2) lycrb p. = Pe, p = p. B 910M cirydae HeGOIbIIOE YBeIUIEHIE HAIOTA
BJI€YeT Tepexoj cucTeMbl u3 obaactu c¢l) B o6aactb b) U, Kak ciejicTBue,
COKpallleHne HAJIOTOBOTO coopa R.

KommenTapuii m 6ubanorpadus K riaase 1Y

§ 16. Konnenmnus KOHKYPEHTHOTO PaBHOBECHS JIEYKUT B OCHOBE COBPEMEH-
HOIt 9KoHOMUYecKOi Teopuu. CoryiacHo u3BecTHBIM ""TeopeMam 0 61arococTo-
aHun" , KOHKYPEHTHOe paBHOBECHE SBJISETCS ONTHMAIBHBIM COCTOSTHHEM KO-
HOMWKH, U OTKJOHEHHE OT HEero CBS3aHO CO CHUKeHHeM ee 3(P(EeKTUBHOCTH.
OHako, W3BECTHOE KAYEeCTBEHHOE ONMUCAHWE YCIOBHI COBEPIMEHHONW KOHKY-
pernmu (cm. JI. Bamabpac [19], [. Teiin [35]) He siBasieTcst KOHCTPYKTHBHBIM
B TOM CMBICJIE, UYTO HE MO3BOJISIET ONPEJICTUTD JIIsI KOHKPETHOIO PBIHKA, BbI-
MOJIHEHBI JIK 9TU YCJIOBHUsI, U €CJIM HET, TO Ha CKOJBbKO MOTYT OTKJIOHSATHCA
HEHBbI OT PABHOBECHBIX 10 BaJjibpacy. 3Hadnte/ibHast JI0JIsT PeaJIbHBIX PHIHKOB
OTHOCHUTCSI K OJIUTOTIOIUSIM: B TO BpeMsi, KaK JIF000i OTAeIbHbBIN TOTpednTe, b,
HO-BUAUMOMY, He 00J1aJIaeT PHIHOYHON BIACTHIO M €ro J0JId B 00IIeM obbemMe
IpOJIazK COCTABJISIET JIOJIHM ITPOIeHTa, Haubosiee KPYIHBIH TPOU3BOJIUTE/Ib HA
TAKHX PBIHKaX obecrmeumsaer He Menee 10% ot obmero morpebaenus. Ilo-
TOMY HUCCIEOBAHUS MATEMATUUCCKUX MOJEJell U OMEeHKU OXKHIAEMOTO OT-
KJIOHEHUsI OT COCTOSHUS KOHKYPEHTHOTO PABHOBECHSI JIJIsT PA3JIUYHBIX THUIIOB
OJTUTOTOJINY TIPEJICTABIAIOT OOJBINOI WHTEPEC.

§ 18. VrBepxkaenue 18.1 mMOKa3bIBaeT, YTO B COCTOSHUU KOHKYPEHTHOI'O
PABHOBECHUSL JIOCTUTACT MAKCUMYMa HALMOHAJIBHBIH 10X0/ (CyMMapHas npu-
ObLTH 9KOHOMUKH). COCTOSIHHE KOHKYDPEHTHOIO DABHOBECHUST SIBJISIETCS TaK7Ke
onTuMaabHbIM 110 Tlapero u, H6osee TOro, COOTBETCTBYET SAPY KOOMEPATUB-
moit urpet (cm. [85]). Ilogpobuee o TpymuocTsax mranoBoii skonomuku CCCP
eM. [80].

§19. TunugHbIM MOAXOIOM K OTEHKE OXKHIaeMOT0 OTKJIOHEHUS OT PABHO-
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§ 21. Mozean opraHu3anii HAJIOTOBOH HHCIEKITHH

Becus 10 Bajbpacy siBIgercs CpaBHEHUE KOHKYDPEHTHOTO PaBHOBECHS C pe-
HIEHUEeM WTPbI, OMUCHIBAIONICH OJMTONOIUCTHYECKYI0 KOHKypeHuio. Obbru-
HON KOHIENINKeil pelreHnsa B 9TOM CJydae siBJIseTCd paBHOBecume mo Harry
B YHCTHIX CTPATerusax. Bompochl CyNecTBOBAHUS TAKOTO PABHOBECHS] U €r0O
CBONCTB B MOJIEJTH OJIMTONOMHU 10 KypHO paccMarpuBaiuch Bo paborax B.
Hogsueka |77], H.C. Kykymkuna |56, P. Amupa [3| u ap. [okazano, 4o npu
JIOBOJIBHO OBIIMX YCJIOBUAX CYIIECTBYET €IMHCTBeHHOE paBHoBecue 1o Hamry.
Jls1st cMMMeTPUYHOM OJIMrOnoIMK OTKJIOHEHe paBHOBecHOoro 10 Hanry nexona
oT ucxosa no Basibpacy yOpIBaeT u CTpeMUTCS K HYJIIO, KOT/Ia YUCI0 TIPOU3BO-
JUTes el BO3pACcTaeT U CTPEMUTCS K GeCKOHedHOCTH. TakuMm oO6pa3oM, Moeb
XOPOIIO COOTBETCTBYET KOHIICHIMHE KOHKYPEHTHON 3KOHOMUKK 110 Baabpacy.
Omna TakzKe MOXKeT ABJATHCA TEOPEeTUICCKHM OOOCHOBAHUEM AHTHTPECTOB-
CKWX 3aKOHOB, OIPAHMYMBAIONINX MaKCHUMAJIBHYIO OO TMPOJAK Ha PHIHKE
JUTST KaxKJI0To mpoussoguTess (eM. [64]).

[Tpobirema 3akII09aeTCA B TOM, 9TO B Moje M KypHO Ha MOBeJIeHUe TPO-
U3BOAMTE/IEH HAKIAJBIBAIOTCS Kpaiine crporue orpanndenus. [Ipeanonaraer-
Cs, ITO KazKAblil IIPOM3BOIUTENH TOBAPA BCEra IpearaeT (PUKCHPOBAHHBI I
00beM TOBapa HE3aBUCHUMO OT CJIOKHBINEHca nenbl. Ha npakTuke y KarKIo-
IO MPOU3BOIHUTE/sI UMeeTcst DOJIbIe BO3MOKHOCTEH BAUATH Ha 1eHy. JIubo
[IPOU3BOUTE]IH MPSIMO YCTAHABIUBAET IEHY CBOEi MPOAYKIMHU (KAK HA ayK-
[IUOHE TEePBOI IEHBI ), TUOO CTPATETUIMU ABIAIOTCA (PYHKIIUY MTPEJIOKEHNUS,
KOTODBIE ONPEJIEISIOT MEHy OTCevdeHusl (Kak B Cydae ayKInoHa 3asBoK ). Tem
HEe MeHee, YIOMSIHYThIe Pe3y/IbTaThl, Kacaiommecss moaean KypHo, aBasiorces
BazKHBIMH. /111 HECKOJIBKUX THIIOB PBIHKOB C IEHOBON KOHKYpEeHIHel wiu ¢
KOHKYpeHIrel hyHKIUH TpeIoxkKeHnst JJOKA3aHO, ITO UCXOIbI, COOTBETCTBY-
IOIIIEe COBEPIIEHHOMY MOIBITPOBOMY PABHOBECHIO, COBIAIAIOT ¢ MCXOJIOM IO
Kypro. . Kpenc u JIx. leitnkman [54] mokazanm 1o juisg AByXITamHoil
MOJIeJIM, B KOTOPOH CHa4a/ a yCTaHABIMBAIOTCA OOBHEMbI BBIYCKA, & 3aTEM
MPOU3BOANTEIN JLHCTBYIOT B PAMKaX MOIEIH HEeHOBOi KouKypenmun. 1. Mo-
pero u JI. Y6eaa [69] nonyunin aHAJOUIHBIH PE3YJIBTAT JJIsl OTPACTH, TIe
GUPMBI ¢ HISHTHYHON TEXHOJIOIHeH cHAaYasa BRIOMPAIOT MTPOU3BOICTBEHHBIE
MOITIHOCTH, & 32T€M KOHKYPHUPYIOT, yCTAHAB/IMBAS PE3EPBHBIE IEHBI, KOTOPHIE
onpeneasaoT npocreinme PYHKIMN TPEITOKCHUS.

Crenyer oTMeTHTDb, ITO Ha OOJBIIEH 9acTH PeaThbHBIX PHIHKOB KAZKJIBIi
MPOU3BOJINTETh MOYKET HA3HAYUTH KaK IEHY, TAK B 00beM BBIIYCKa TOBapa.
[lepBas Mozesb Takoro Tuna npepioxena K. Beprpanowm [10] u pacemarpu-
BaeT (PUPMbBI-IIPOU3BOAUTE]N C OJUHAKOBBIMU M HMOCTOSTHHBIME y/1€JbHBIMU
ce0eCTONMOCTAME ¥ HEOIPAHUYEHHBIME TPOU3BOJACTBEHHBIMA MOUHOCTSIMHU.
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I'JTABA IV. BBE/IEHUE B MATEMATHUYECKYIO SKOHOMHUKY

[Ipeamosraraercsi, 9T0 MPOAABIIBI OJJHOBPEMEHHO W HE3ABHCHMO HA3HAYAIOT
IEeHbl Ha TPeJjIaraeMblii TOBap, a MOKYMATEJH PACKYIAIT €ro B MOPSIKe
BO3pACTaHus IEH: CHAYAIA IPOAYKIHIO (GUpM, HA3HAYUBIINX MUHUMAJIBLHYIO
[eHy, 3aTeM, €CJIM CIPOC elle He YAOBIETBOPEH, MPOAYKIHIO (hUpM, Ha3HA-
YUBIIUX CAEAYIONIYIO 0 BO3PACTAHUIO IEHY, W T.J. BHIIyCK TOBapa mpoms3-
BOJIUTCS B COOTBETCTBUU C TOCTYNUBIIUME 3asiBkamu. B monenm Beprpana
paBHOBecHBbIE TleHbI 10 Banbpacy u no Hamry coBmagator mexay coboit u ¢
npeebHBIMI u3jiepKKamu. GupMbl MoIydaoT HyJIeBYI0 TpuObLIb. Ha sTom
OCHOBAaHHUY MOJICJIb KPUTHKOBAIACH KAK HE COOTBETCTBYIOIIAS PEATHHOMY MO-
BeJieHnio UrpokoB (cm. B. Asen u M. Xesbpur [2]). JelicTBUTeIbHO, OHA He
YUIUTHIBAET MHOT'O BaZKHBIX ACIEKTOB, B YACTHOCTHU JUHAMUIECKOTO XapaKTe-
pa TOProOB, BO3MOYKHOCTH CTOBOPA Ar€HTOB U T.J. 3aMETUM, OJHAKO, UTO ITH
apryMeHTHl HUKAK He MOTYT CJIYKHTh OCHOBAHUEM B MOJIB3Y BHIOOPA MOIETH
Kypmno.

9. Dmxksopr [110],Anen u Xennsur [2], a Takxke X. Busc [32] pacemar-
pUBAJIM MOJE/Ib, OTJMYAIONYIOCS OT IIPEJbIAYIIEH JIMIb TEeM, YTO KazK1asi
¢pupma xapakTepu3lyercs OrpaHuueHHON MPOM3BOICTBEHHON MOIHOCTBHIO.
DZKBOPT TOJIYUIU CAEAYIONIee JOCTATOYHOE YCJIOBUE CYIIECTBOBAHUS DaB-
HoBecus 1o Hatry: et cymMMapHasi MOIIIHOCTD BCEX MPOM3BOJIUTEJICH 32 UC-
KJTIOYEHIEM TPOIABIA ¢ MAKCUMAJIBLHOM MTPOU3BOICTBEHHOI MOIITHOCTHIO TTpe-
BBHITITAET 00bEM CIIPOCA TIO MEHe, PABHOH yAeTbHONH ce0eCTOMMOCTH, TO DaB-
HOBecHast o Harry mena coBnamaer ¢ meHoil KOHKYPEHTHOTO PABHOBECHS W
paBHa yaeabHOil cebecTommocTr. B mpoTHBHOM Ciydae CBOWCTBA MOJIEIH CY-
MIECTBEHHO 3aBUCAT OT MOPAIKA, B KOTOPOM MOTPEOUTETH HOMYIAIOT JIOCTYII
K TIpe/iylaraeMoMy ToBapy. Kakiaplii moTpebuTe/ b XapaKTepu3yeTcs: pe3eps-
HOM TEHOI: ToKa JOCTYTHAs IeHA Ha TOBAD He MPEBBINIAET PE3ePBHYIO, €ro
CIIPOC TOCTOSIHEH, & 1O 00Jiee BHICOKUM IEHAM OH HE XOYeT IIPHoOpeTaTh TO-
Bap. Mcxon obMeHa CyIiecTBEHHO 3aBUCUT OT TOrO, KaKue MoTpeOuTe /H
(¢ Bostee BEICOKUME WK ¢ GOJTee HU3KUMH Pe3ePBHBIME MEHAMH ) UMEIOT MPH-
OpPUTET NPHU MOKYIKe ToBapa. [lopsiok morpebutesteit onpeessier OYHKIUIO
OCTATOYHOTO CIIPOCA, YKA3BIBAIOILYIO CIPOC HA TOBAP B 3aBHCUMOCTH OT TEHBI
1 0T (PAKTUYECKOTO HPEJIOKEHHST TOBAPA MO MEHBIITUM IEHAM.

B smreparype mopsinok morpeburesieii 4acTo 3amaeTca B Bue 'mpaBuia
pannonnposannsa". Asen n XebBur [2] paccMarpupaioT "mponopIuoHaIbHOe
IPABUJIO PAIHOHUPOBAHUA", COTJIACHO KOTOPOMY TOBAp IO OYePeJIHO IeHe
npejjiaraeTcs caydaiinoit BeIOOpKe moTpedbuTesnieil, u uxX pacupegesaeHue 1o
PE3EePBHBIM [EHAM COBHAJIAET C PACIPEICICHHEM BO BCEM MHOXKECTBE MOTPE-
ouresteit. Ecytu B aTOM citydae ob1ast MOITHOCTb ITPOU3BOANTEEH, 1efiCTBY IO-
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§ 21. Mozean opraHu3anii HAJIOTOBOH HHCIEKITHH

IUX HA PbIHKE, HUYKE, YeM CIIPOC 10 [eHe, PABHOW y/1e/IbHO cebecTonMOCTH,
TO paBHOBecHst 10 H31y B 9MCTHIX CTPATETUAX B OOIINX TPEANOIOKEHIAX HE
cymecrByer. Ajsien u XeabBur [2]| Takzke paccMaTpuBaroT paBHOBecue 1m0 Ha-
NIy B CMEMaHHBIX cTpaTerusax. OHU XapaKTepu3yoT CIeKTP 3TOTO PaBHOBe-
CHUs ¥ MOKA3bIBAIOT, YTO MOHOTOIbHAS T[eHA BXOIUT B HETO C TTOJOKUTETbHOMN
BEPOSITHOCTHIO. DTOT PE3YyJIHTAT HOITBEPZKIAET, YTO MPO/IAKHbIE EHbI B TaH-
HOM CJIy9ae MOTYT CYIIECTBEHHO OTKJIOHATHCA KaK OT paBHOBecus Bajbpaca,
Tak u OoT paBHOBecusi Kypro. OTMeTnM, OJHAKO, IYTO TPUMEHEHNE CMeITeH-
HBIX CTpATerwii Ha TOBAPHBIX PBIHKAX MPEJCTABJISETCS MAaJONPaBIONOm00-
HbIM. Pa3BepHYTYI0O KDUTHKY TIO STOMY MOBOJY MOYKHO HallTH B pabore JIxk.
®pumana |90]. B pabore |32] Busc paccmarpuban "npaBuio MaKCuMHU3AIAT
npubbLIH moTpeburess", COrIacHO KOTOPOMY MOKYIAaTe n 00CIYKUBAIOTCS B
nopsijike yObIBaHus pe3epBHOM nenbl. B arom ciydae pasHoBecue 1o Hamry,
COOTBETCTBYIOIEe KOHKYPEHTHOMY PABHOBECHIO, CYIIECTBYET MPU JOCTATOU-
HO JTACTHYHOM CITPOCE.

YKazaHHbIE Pe3YJIbTaThl HOKA3bIBAIOT, YTO B JIOBOJIbHO OOIIMX IIPEJIII0/I0-
JKEHUSX B MOJIE/ISIX IEHOBO KOHKYPEHIMH He CYIIeCTBYeT paBHOBecuii mo Ha-
mry B 9ucThix crpareruax. A.A. Bacun [23] u T. Bopazxec [14] pacemarpusasm
JIpYTO#l TOAXOM K OIeHKe OXKUIAEMOTO COCTOSHUS PbIHKA U OTKJIOHEHUS OT
KOHKYPEHTHOTO paBHOBecHs. OH CBS3aH C MOCTIEI0BATENbHBIM UCKITIOUEHTEM
JIOMUHUPYEMBIX CTPATETWl W MCCIeTOBAHUEM AJTANTUBHON TUHAMUKY TEH, B
YACTHOCTH, TUHAMUKYM HAMIydninx oTBeroB. [logydennbie pe3yibraThl O3HA-
YAKOT, YTO TPAJUIMOHHBIN MOIX0 K OIEHKe CTeMeHN KOHKYDPEeHTHOCTH PHIHKA
(nMeercs B BUJY aHTHMOHOIOJBHOE 3aKOHOJATENBCTBO — OHO [JIACHT, YTO
DBIHOK SIBJIsIeTCS KOHKYPEHTHBIM, eCJIH OTIeIbHBINA MPOU3BOINTENh KOHTPO-
JUpYeT HeGOJIBIIYIO OO MPOJIAzK) JATEKO HEe BCErIa sIBSIeTCS aJleKBATHBIM
€ TOYKHU 3PEHUs MOTEHIHAJBHOIO OTKJIOHEHHS PBIHKA OT COCTOSIHUSI KOHKY-
PEHTHOTO paBHOBecHsd. BO MHOTHX Cay4asdX Ha CaMOM Jejie BaXKHO TO, Ha-
CKOJILKO OBICTPO pacTeT (DYHKIUS MPEII0KEHUs MOCIe TTPOXOXKICHUS ITeHbBI
KOHKYPEHTHOTO paBHOBecus. OIMH U3 Pe3yIbTaTOB 3aKJIIOYAETCS B TOM, UTO
DPBIHOK, B KOTOPOM PaBHOBECHEe YCTAHABIWBAETCS MPU MAKCUMATBHOI 3arpys3-
K€ IIPOU3BOJICTBEHHbBIX MOIIHOCTEN, 00/1a/1aeT TeHeHIUEN K CyIeCTBEHHOMY
OTKJIOHEHUIO OT COCTOSHMS KOHKYPEHTHOTO PABHOBECHS, JIazKe eC/TH KazK bl
OTJEbHBIN MPOU3BOAUTEH KOHTPOIUPYET HEOOIBINYIO 010 pbiHKa. /[l
HEKOTOPBIX TOBApOB DOJIee aJeKBATHBIM OMMCAHNEM PBIHOYHON KOHKYDEHITUN
CYUTAIOTCS MOJIETN C TOCTIeIOBATETbHBIM BBIOOPOM IeH H 00beMOB BBITTYCKA
190].

Vreepxaenue 19.6 mononuser pesyavrar /1. Kpenca n JIxx. [Hleiinkmana
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[54] 0 cooTBETCTBIE COBEPIIEHHOTO MOABITPOBOrO paBHOBecHs ncxoay Kypuo
B CIydae npuopureta norpebutesieit ¢ OOMBIIMMU PE3EPBHBIMU TIEHAMMU.

§ 20. Moaemn onTuMaJIbHOTO BRIOOPA HAJIOTOBBIX CTABOK PACCMATPUBAIOT-
st 9KOHOMUKOMN obmiecTBeHHOro cekropa (cm. A. Arkuncon u JIxk. Crurmig
[4], T. Maiiac [62], C.M. Mosmosua u ap. [66]) B paGorax A.A. Bacuna u
E.N. Manosoit [24], A.A. Bacuna u IT.A. Bacunoii [26], A.A. Bacuna u 1p. [27|
NOKA3aHO, 9YTO YKJIOHEHUE OT HAJOTOB CYIIECTBEHHO BIUsEeT Ha ONTHMAJIBHBIH
BBIOOD HAJIOTOB M HAJIOTOBBIX CTABOK.

§ 21. OcHOBHO{I pe3yabTaT, OTHOCSIIHIICS K ONTUMAILHOMY ayAuTy TIpPsi-
MbIX HaJ0roB, npuHarexut . Candec u /Ixx. Cobemio [86]. Onu pacemor-
peTu TPYIIY HAJOTOIIATETBITUKOB CO CAYYalHBIM pacipe/ieleHueM JT0XO0-
JIa, 3aJ@HHBIM TOJOKUTEIBHON IIOTHOCTBIO B wHTepBase ([, h]. dasg mio-
boro goxoma I Hasor onpesessiercs: 3apucumoctbio 1T'(1), yeranaBinBaeMoit
npasuteabcTBOM. Hajor crporo Bospactaer no /. PyKoBoacTBO mHCHEKINN
YCTAHABJINBAET BEPOATHOCTH TPOBepKH P(I) B 3aBUCHMOCTH OT TPOJEKJIADH-
poBanHOTO n0x0ma [. B ciyuae obHapyzKeHUs HENMPOJAEKIAPUPOBAHHOTO JI0-
X0Ja MTpad IponoprnuoHaJIeH HeIOIIadeHHOMY HAJIOTY ¢ KOXDPHUIImeHTOM
1+ 7 > 1 (rak kak mrpad BKIOUaET HeJomIadeHHblii Hasor). s 3ana-
91 MAKCHMHU3AIUH 9HCTOrO HAJOTOBOTO J0X0ona pabora [86] moxkaswiBaet, 4To
ONTUMAJIHHAsT CTPATETS TPOBEPOK BCEIJIA OTHOCUTCS K KJIACCY "TTOPOTOBBIX
npasuia':
1/(1+7), I<I,

“(I) = o
=9, I>T

aust nexkoroporo I € [I, h]. Vtax, Kaxapiif mpoaekaapupoBanubiit qoxon [ < [
IPOBEPSETCsI ¢ BePOATHOCTHIO 1/(1+7) — MEHEMAJIBbHO BEPOSATHOCTHIO, TIPH
KOTOPOil HEBBITOIHO JEKJIApUPOBATh [ 11151 1I060T0 peaabHoro goxoma I’ > 1.
®. Koysmn u I. Topzon [51]| cpaBHEBAIOT pas3jndHbe JOCTYIHBIE CTpAaTe-
'MW TPOBEPOK TIPHU ¢OOPe KOCBEHHOTO HAJIOTA. ABTOPHI MOIEIUPYIOT YKIOHE-
HUE OT YILIAThI HAJOTOB claedyromuM oOpaszoMm. OupMa-HATOTOIIATETBITITK
Jles1aeT BHIOOD MeXKTy HAJIOroo0aaraeMoil TedTebHOCTBIO U TesTeTbHOCTHIO
B TEHEBOM CEKTOpEe SKOHOMUKH. Fcn dpupma 1mojBepraercs npoBepKe U Bbi-
SABJISAETCH ee JesITeJIbHOCTh B TEHEBOM CEKTOPE, TO ee 00SA3bIBAIOT BHIILJIATHTD
HEeJIOCTAIONINI HAJIOT U HaKa3biBaloT mTpadom. BeposTHocTh mpoBepkn 3a-
BHCHT OT JeKJapaluu II0 OpaBuiay 'orcedenus', T.e. (DUPMBI, JeKJIapupy-
IONIWe JIOXOJ, MEHbBIIe, YeM OIpejieJeHHAs BeJIMIWHA, BCET/Ia MPOBEPSIIOTCS.
YVcraHaB/IMBaIOTCS YCJI0BU, IPU KOTOPBIX ONTUMAJIbLHBIA CydailHblil ayuT
bosee abPpeKTUBEH, YeM ONTHMAJILHOE MPABUJIO OTCEYEHUs, U HA0OOPOT.
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CBsI3b M€Ky YKJIOHEHHEM OT YILIAThl HAJOTOB U KOPPYHIUEH HCCIem0-
BaJIaCh BO MHOrHX paborax (cwm., Hanpumep, 1. Hanmaep u JI. Vaiianx [108],
A.A. Bacun u O.B. Aranosa [25], JI.E. Coxkonosekuit [87]).

Yauamep u Yaiurpa [108] onuceiBaloT B3auMOJIeHCTBHE HAJOIOBBIX HH-
CIIEKTOPOB (AyIUTOPOB) U HAJOTOIIATENBIIHKOB TaK, KAK 3TO CJEJIaHO B I10-
cregaeM § 21. Orauume OT HAIETO MOAXOAA COCTOUT B TOM, 9TO BEPOSATHOCTD
ayJUTOPCKOIl IIPOBEPKH OLpejie/isgeTcs paBHOBeCHbIME 110 Hamry crparernamu
UTPOKOB, B TO BPeMd, KaK BEPOATHOCTEL MOBTOPHOI MPOBEPKHU MPeJIIo/IaraeT-
cst pukcupoBanHoii. B Harem moxosie (Ha3biBaeMOM B 3alla/IHOM JTUTepaType
"principal-agent") BepogTHOCTH TIPOBEPOK (T.€. CTpaTerus HeHTpa) He (hUK-
CHPOBAHBI U OIPEJILNAIOTCS B Pe3y JILTATe PEIICHUS HepapXudecKoi urpol 1.

§22. Pemenne ynpakHeHUii

2.1. He MOxeT, OCKOJIbKY YHC/I0 7 HE MPEJCTABUMO B BU/IE IPOU3BEICHUS
k-1 nByx marypaibubix uncen k,l < 3.

2.2. Tlpu duxcnpoBannom = rpacduk Gynkunu F(z,y) npegcrapiser co-
Ooit mapaboy BeTBaMH BHU3. [losToMy (hyHKIIMSA MEHUMYMa,

W(x)= min F(z,y) = F(z,y(z)) = min[F(z,—1), F(z,2)].

—1<y<2

QyHKIMSA HAUIYYIIEI0 OTBeTa BTOPOT'O UI'POKA

(2) 2, F(z,—1)> F(z,2) 2, —1<z<7/4,
€Tr) = =
Y 1, T/A<z<3.

W () F(z,2) = -2+ 11z —24, —1<z<7/4,
7) =
Flz,-1)=—-2*—2-3, 7T/4<xz<3.

Orciona 2° = 7/4 u v = W(2°) = —125/16.
Hanee, byuknusa makcumyma M (y) = max, F(z,y) = F(z(y),y). PyHk-

oud HanJy4dIinero OTBeTa mepBoro urpokxa

[T~y
T g
Y77 s, 3/4 <y <2,
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§22. Pemrenne ynpaxKHeHHIt

CiietoBaTeibHO,

M _ F(§7y)7 —1 S Yy S 3/4,
W= F(3,y), 3/4<y<2.

U= min M(y) = min[F(f’y:*h _1)7F(372)] = _11/47 yO =-1

2.3. Mokaxewm, uro (x°,4°) — e-cemosas rouxa dpyuxuuu F(z,y). s
moboro y € Y mmeem

F(.Z’O,y) ZQ:
= inf F(ZL’O,y) =v—-¢e= supF(x,yO) -2 F(xoij) —E&.
yey zeX

Orciona F(2°,4°) < F(2° y) + € Vy € Y. Bropoe HepasencTBo u3 onpeje-
JIGHUS! £-CEJITIOBON TOYKY JOKA3bIBACTCS AHAJTOTHYHO.

2.4. Ilycts BbInOAHEHO paBeHcTBO (2.4). [Homoxkum v = T = v. g mro-
6oro € > 0 Bo3bMeM x°, y° — e-MaKCHMHUHHYIO U e-MHHUMAKCHYIO CTPaTeTrnH,
T.€.

v—e < inf F(z%y), sup F(x,y°) <v+e.
yey zeX

Otrciona v —e < F(2%,y°) < v+ u upu gwdom z € X
F(z,y®) <v+e < F(2®,y°) + 2e = F(z,y°) — 2e < F(a,y°).
AHAJIOTHYHO TOKA3BIBAETCS HEPABEHCTBO
F(zf,y°) < F(z%,y) + 2 Yy €Y.

Taxkum obpazom, mapa (z°,y°) — 2e-ceqmonas Touka byukuun F(z,y).
O6patHo, mycrb mapa (z°,y°) — e-ceqoas Touka dbyukuun F(x,y).
Torna

Flz,y?) —e < F(a%,y°) < F(a%,y) +e Ve € X, VyeY.
Orciona creaymoT HeEpaBeHCTBA

v—e<T—e<supF(z,y°) —e<inf F(z°,y) +e<v+ec<T+¢
zeX yey

u x°,y° — 2e-MaKCUMUHHAsl U 2e-MUHUMaKcHast crpareruun. Kpome Toro,
v <1 < v+ 2. [lockoabky € > (0 mpou3BOABLHO, MOJydaeM, 9TO U = 1.
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§22. Pemrenne ynpakHeHmit

2.5. Bozbmenm so6bre ase Toukn 2D # 2 € E™ u moboe auciio
A € (0,1). Torga HepaBeHCTBO

CERENCE A)z?))Q < A(z§1>>2 +(1-N) (z§2>)2 (22.1)

9KBUBAJIEHTHO HEPABEHCTBY

0<A(1-2A) <z(1) - 21(2))

(2

(1)

(2) :
[TocnenHee BRIIOTHSIETCS KAK CTPOTOe, €Il 2, # z; . CyMMHupys 1O ¢ Hepa-

BeHCTBa (22.1), mosyunm
(04 1= 02) <Y () -0 S ()
2.

2

m
4TO M 03HAYAET CTPOTYIO BBIMYKJIOCTH MYHKIAU Y 22.
i=1
2.6. Ilycth crporo Buimykaas dyHkuus h(z) gocTuraer MUHAMYMa B TOY-
kax 2 #£ 2 prmykioro kommakra Z C E™. Torna

(2 +23) /2 € Z u u3 crporoit Buinykaocrtu dbyukuun h(z)

B0 + 22)/2) < (h(z1) + h(z?))/2 = min h(2),

z€Z

YTO MPOTUBOPEYUT OIIPpEACJICHUIO MUHUMYMa.
3.1. Jlokaxem, uro p’ = ¢° = (1/2,1/2) — onruMajibHble CMeLIAHHbIE
CTpPATEermd HIPOKOB, a v = () — 3HadeHne Urpsl. JleflcTBUTEIBHO, 18 JTIOOBIX

peP qeq
2 2
Alp.q”) =) (Z aiqu'))pi =0=A0"¢") = A0’ q)

u rpoiika (p°,¢°,0) — pelenue B CMEITAHHBIX CTPATEIHIX.

3.2. L= (alh -+« Gmn; P141, 7pmpn)

3.3. Bamernm, urto ajs mo0boit torepen L u(L) € [0, 1],a u3 akcunom VIIT
u V Borrekaer, uro L ~ (Ay, Ag;u(L), 1 —u(L)).

BosbMmem nBe npousBosibHBIE JoTeperd Ly u L. MMeem
L; ~ (A1, Ag;u(L;), 1 —wu(L;)), i = 1,2. Ecom u(Ly) = u(Lg), 1o Ly ~ Loy, a
ecim u(Ly) > u(Lg), To mo semme 3.3 Ly > Lo.
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§22. Pemrenne ynpaxKHeHHIt

[Tycrs v(L) — npyrasi dyHKnus, ymoBiaerBopsitomias coiicram 1)—3),
chopmyaupoBanabiM B Teopeme 3.4. Ilogbepem KoHcTauThI ¢, b, MCXoast U3
pasenctB v(A;) = cu(A;) + b, v(Ax) = cu(Ax) + b. Orciona, ucnonb3ysa
paserncrBa u(A;) = 1, u(Ax) = 0, maxognm, uto ¢ = v(A;) — v(A) > 0,

st moboro [ = 2, ..., k—1 umeem A; ~ 1 A1+ (1—1r) Ag. CnenoBare/ibHo,
JJTsT TPOU3BOIbHOI storepen L = (Ay, ..., Ag; 21, ..., Tg)

||M??‘

xi(ri(c+b)+ (1 —r)b Zcxlrl+b—cu(L) +b.

4.1. HeO6XO,HI/IMOCTb. [Tycrs (p°, ¢°, v) — perenne B cMenTaHHBIX CTpaTe-
rustX urpbl ¢ Marpuieit A. Torjga BBIIOJHEHB HEPABEHCTBA

Alp,q°) < A", ¢°) =v < A(Y°,q) Vp € P, Vg€ Q.
B gacTHOCTH, OHH CHpaBeIIUBBI /I JIIOOBIX YHCTBHIX CTpATEeruii HIPOKOB
A, ") <v < AP ), i=1,...m, j=1,..,n. (%)

Jocrarounoctsb. [Tycrs gus rpoiiku (pY,¢Y, v) Bbinonneno yeaosue (*).
BosbMmeM 106y10 CMEMIaHHY IO CTPATETHIO P IePBOTO HIPOKA, JOMHOMKIM Hepa-
sencrea A(i, ¢°) < v na p; u ciokum ux. B pesyabrare noayanm

m
A(p,¢°) < v p; = v. Anasoruuno, 1is 060N CMeIIaHHO CTpaTerHu ¢
i=1
BTOPOTO UI'POKa BBHIMOIHEHO HepaBeHCTBO v < A(p°, q). Utak, A(p,¢") <wv <
AP, q) Vpe P, Vg e Q.

[Monaras 3aech p = pY,q = ¢°, monyunm A(p®,¢°) = v u (p°,¢",v) —
pelleHre B CMENIAHHBIX CTPATETHsX.

4.2. Tlyers (p°, ¢°,v) — pemenme B CMEIIAHHBIX CTPATETUAX UTPHI ¢ MAT-
purieii A. Torma o yeroBuio ()

Al ") <v < AP ), i=1,...m, j=1,..,n.
Hanee, B(i,q°) = A(i,q°) + ¢, B(p°,7) = A0 j) + ¢. Orciona

B(i,¢°) <v+ec<B@,j), i=1,..m, j=1,..n
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§22. Pemrenne ynpakHeHmit

u (p°,¢°, v + ¢) — pemenne urpsl ¢ marpuneii B.
4.3. Ilo ompejesennio BoIpaBHUBaIoNIei crparernn 1)°

F(z, %) =v = Flp, ") =v=F("¢") < F(¢’,¢) W € {¢}.

Orcrona tpoiika (¢° 1% v) — pemenwe B CMEMAHHBIX CTPATETUAX.

4.4. B urpe ¢ marpunei (3
01 3
poka ¢° = (1/2,0,1/2) apiderca BbIpaBHUBaIONIEH, HO He ONTUMAJLHO.
4.5. Haiinem BLIpaBHUBAIONLYIO CMeIIaHHYI0 cTpaTernio ¢° BTOporo urpo-
ka. 13 coobpazkenuii cummerpuu nojioxum ¢ = ¢, ¢5 = ¢3. Toraa nosyuum
CUCTEMY ypaBHEHUN

) CMCIIaHHadA CTpaTerud BTOPOTO HMI-

¢ +ag) = ag) + g5 +agd = v, ¢ +¢5=1/2.

Orciona ¢ = 0.5(2 —a)™!, @3 = (1 —a)¢?, v = (1 + a — a?)¢}. [TockombKy
MaTpuna A — cumMerpuuHasg, cmemannas crparerus p° = ¢° nepsoro ur-
pOKa Takxke aBasgeTcs BhipasauBaiomeii. Cregosarensno, crpaternn p° u ¢°
OIITUMAJIbHBL, & U — 3Ha4Y€HUue HUI'DbI.

4.6. TTockoabky X C {¢} n Y C {9},

v =maxmin F(z,y) < max min F'(p,y) =v =
v = maxmip ( y)_we{g}yey (¢, )

= wrél{lzr;} max F(z,9) < min max F(z,y) =7.

4.7. BozbmeM Jt060e € > 0 w oTpe3ok [a’, V'] qanubl, MeHbIIelt £, u comep-
»Kamuit BHyTpH ceba Touky x°. [Iyets 2V — Touka, B KoTopoit bynknus ()
nMeeT CKadoK BenauHbl § > 0. Torya B cuity ee MOHOTOHHOCTH CIIPABE/INBO
nepaserctBo p(b') — p(a’) > > 0.

[Tycrs B Touke 2° bynkius ¢(z) muddepenupyema u ' (2°) > 0. Torna
o(b') — p(a’) > 0. HeiictBurensno, Gyukius ¢(x) ne yobBaeT 1 MO OMpe-

JeJIeHIIo TPOM3BOIHOM HaiigeTca Takas Touka o' > 2V, 6iauskag K 2°, uro

p(z') > p(2°).
4.8. Tlycrs Tpoiika (p°, ¢°, v) — penrenue B cMeITaHHBIX CTPATEIUAX UIDHI
¢ marpuneit A. Jlokaxem yreepzxerue 1). ITo yeroBuio (x)

A, ") <w, i=1,..,m. (22.2)
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§22. Pemrenne ynpaxKHeHHIt

[Ipeamosiozxum nporusroe. Torna HAllIeTCS TaKash 9UCTas CTPATETHs 4 ep-
BOro urpoka, uro pd > 0 u A(i1, ¢°) < v. Jomuoxkum obe vacTu i-ro nepa-
BeHcTBa (22.2) Ha p? u cioxuM HepaBeHcTBa. [[0CKOILKY HEpaBeHCTBO ¢ HO-
MEpOM 77 THOCI€e JOMHOXKEHHUs Ha p?l OCTaHETCS CTPOTUM, MOJIYYHM

A(p°,¢°) <v=A(p°, ¢") (mporusopeune).

YrBepzxaeHue 2) 10Ka3blBACTCS AHAJIOIHIHO.

5.1. Ilyctes crpoka i, mMarpuibl A c1abo JOMHUHHDPYET CTPOKY io. Fcim
CTpATerus iy — MAaKCUMWHHASI, TO CTPATETHS 1] TAKYKe SIBJISTETCS] MAKCHMUH-
HOI KaK JJIst MATpUIbl A, Tak U /1 peaynupOBaHHONR MATPHUIIBI ¢ BBHIUEPK-
HYTOM 12-0if cTpoKo#t. [Ipn 3TOM HHXKHee 3HAUYEHNE UTPHI TTOCTE UCKIIOUEHUS
CTPOKH HE MEHSIETCS.

AnajiornaHOe 3aMedaHue CIPaBeIuBO W IS CIydasi, KOTJAa CTOI0er Jji
c1ab0 JJOMUHUPYETCS CTOJIONOM Jo, & CTPATErUs Jo ABJIAETCH MUHUMAKCHOI.

[Tocie uckaodenud caabo JOMHHHUPYEMBIX CTPOK M €1a00 JTOMHHHUPYIO-
IIUX CTOJOIOB B PACHOPSI?KEHUH UIPOKOB OCTAIOTCS MAKCUMUHHAS M MHHH-
MaKCHasi CTPATErMU UIPOKOB MCXOAHOM ( M PeaylupOBAHHOM) Urpbl, 06pasy-
IOIIUE CEIJI0BYIO TOYKY.

5.2. BelnuiieM MaTpuUIly UI'PbI

(2,0) (1,1) (0,2)
1 2 3

S— N N
W N =

1 2
1 1
2 1

Crpoka 2 cnabo momuHHpyercst cTpokoit 1, a crpoka 3 — crpoxkoit 4. [Toce
BBIUEDKUBAHUA C1a00 JOMIHUPYEMBIX CTPOK, 3aMevaeM, ITO CTOI0ell 2 paBeH
NOTycyMMe CTOJIONOB 1 M 3 ¥ TTOSTOMY €ro MOYKHO BBIUYEeDKHYTh. B pesyiabrare
(2,0) (0,2)
(3,0) 1 3
(0,3) ( 3 1
uue ucxojnoit urpet: p° = (1/2,0,0,1/2), ¢° = (1/2,0,1/2), v = 2. Ormernm,
9YTO YHCTasl CTPATETHsS 2 BTOPOTO UTPOKA TaKyKe ONTHMAJIbHA.
5.3. 3mech l1(p1) = 3p1, la(p1) = 1w I3(p1) = 3(1 — p1). Pynkunsa

121123 l;(p1) mocTuraer MakcuMyMa B ToUKax orpeska [1/3,2/3]. [losTomy MHO-
)

JKECTBO BCEX ONTUMAJBHBIX CMEIIAHHBIX CTPATErHil MEePBOr0 MI'POKA HMEET
sug P° = {p° € P | 1/3 < p{ < 2/3}. Bropoit urpok umeer e uHCTBEHHYIO
ONTHMAIBHYIO YUCTYIO CTPATEIHIO 2.

norydaeTcsa MaTpuna B = ) OTcrona HaxXoaUM pelire-
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§22. Pemrenne ynpakHeHmit

5.4. TIpeanonozkum, 4To Touka 20 He ABIfeTca KpaitHeil TOUKOH MHOMKe-

crBa Z u upejcrapuma B Buge 20 = X2/ + (1 = N\)2", 2/ #2" € Z, 0 < A < 1.
[lockonbKy dbynKnusg |z|? crporo BbIIyK/a Ha MHOKecTBe Z (CM. yIIpasKHe-
Hue 2.4),
02 12 12 "2 2
|22 = |AZ + (1 = N2 < A2+ (1= N)|2"]> < max |z]?,
z2€Z
YTO MPOTUBOPEYUT ONpPee]eHnIo TouKn 2V,
5.5. MuoxectBo Z* = Argmaxh(z) — Beimykjbiii KoMnakrt. [lycrs z
z€Z
— ero Kpaitnga Touka. Iloxaxkem, 910 2’ — KpaiiHas TOYKa MHOMKECTBA, Z.
[Tycth, HATPOTHB, HAlAyTCA Takue TOUKM 2z # 2 MHOKecTBa Z ¥ Takoe
queno 0 < A < 1, uro 2% = A2’ + (1 — \)2”. Torpa no kpaitneit Mepe oHa u3
Touek 2’ mwm 2" He mpumaIekaT MEOXKeCTBY Z*. ITosromy h(z°) =
AR(Z) + (1= Nh(2") < max h(z) (nporusopeuue ¢ onpejenenuem zY).
ze

0

5.6. IlycTh onTuMabHas cTpaTerud p® MepBoro Urpoka yJIOBJIeTBOPLeT
cucreme ypasuennii (5.3), e v — 3HaUeHue UTPHI, a MATPUIA B = (4,5, )kxk
— HeBbIpoxIeHHasA. [TokazkeM, 9o p° — KpaiiHdas ONTHMAJbHAS CMENIAHHAT
crparerns. [Ipeanono:kum nporusHoe, T.e. p° mpeactasuMo B suge p° = \p/+
(1—=Np", tmep #p" € P°, 0<\< 1. U3 paencrs

W =0=Mp,+(1—=Np] Vii I=1,..k,

caenyert, uto p, = p! =0 Vi # 4, | =1,..., k. [lockonbky p', p” — onTumasns-
HBIC CMEIIAHHBIC CTPATETHH,

AP 30 > v, AW 5) >wv, t=1,.. k. (22.3)

[Tokazkem, uro HepaBeHCTBa (22.3) MOrYT BBINOJIHSITHCS TOJBKO KAK DABEH-

crBa. [Ipeanosokum, 4To HaiigeTcd Takoit Homep tq,

aro A(p',ji,) > v, A", jy) > v. YMHOKas MepBoe HEPABEHCTBO HA A, a

BTopoe Ha 1 — \ u cknagpiBag ux, noayanm A(p®, j;, ) > v (nporusopeune).
Urak,

k
AW, ) = AW", je) Z oy = pl)ag, =0, t=1,... k.

W3 HEBBIPOKIEHHOCTH MATPUIbl B 11Oy YuM, 4TO
p;, =pi, l=1,...k=p =p" (mporusopeune).

241



§22. Pemrenne ynpaxKHeHHIt

5.7. Ilycts B = <_3 ?) . Torma mMarpuna cucteMsl (5.3) U ee paciiu-

peéHHad MaTpHula

~1.0 -1 |0
01 —1 |0
11 0 |1

uMeroT panru 2 u 3 coorBercTBeHHO. CieoBaTesibHO, 110 Teopeme Kponekepa-
Kamnesmu cucrema (5.3) me mMeeT perreHus.

5.8. Ilposenaem 8 maros mo ajroputmy bBpayHa.

IIpodosscenue mabauyo, 5.1.

Elig| 0] 0| c30 | vi0 | Jk | di0 | d20 | d30 | 20
1mis3f10| 8 |17 |17/in| 2|13 11] 9 | 9/11
1231011 | 14| 7/6 [ 3|12 |14 | 6 | 1/2
13310 | 14 | 11 | 14/13| 3| 11 | 17 | 3 | 3/13
14210 |17 | 8 |17/14| 3 | 13 | 17| 6 | 3/7
15021020 | 5| 4/3 | 3|15 |17 9 | 3/5
1612|1023 | 2 |23/16 |3 | 17 | 17 | 12 | 3/4
17210 |26 | -1 |26/17|3 | 19 | 17 | 15 | 15/17
18210 | 29 | -4 |29/18| 3| 21 | 17 | 18 | 17/18

Orciona vi(18) =1, v5(18) = 17/18 = ¢ = 1/18. [anee,
=8, t, =18, p(18) = (1/9,11/18,5/18), ¢(8) = (1/8,5/8,1/4).

6.1. llycte Dy = [aa,ba], @ € L — cemeiicTBO OTPe3KOB, JIIOOBIE JBa
1/13 KOTOPBIX MMEIOT HEeIycToe Iepecedenne. Jokazkem, 94To Hafigerca TOIKa

2% € D, ¥V a € L. Bamernm, ‘{TO 1/13 YCJIOBHA TeopeMbl a, < bg V o, 8 € L.

d
CrenoBaresbHo, @ = sup a, < = énf bg. JTioGas Touka 2° € [a, b] aBngerca

ael
HCKOMOII.

6.2. [Tonoxkum y' = (0,0), y* = (0,1), ¥* = (1,0), y* = (1,1). ITo ana-
JIoTHHU ¢ IpuMepoM 6.1 TToKaxkeM, 9TO
4

(2%, v) = ((1/2,1/2), 231 I,i/4,1/2) — pemenne B CMeIIAHHBIX CTPATEIN-
j:

six. [Iposepum ycjiosue (k). OyHruus

=2 gl

J=1

—y)? = (22 — 13)%)

NH

242



§22. Pemrenne ynpakHeHmit

crporo BoruyTa mo r = (1, xs2). Umeem

4 4
Fio==> (r1—y]) =0, Fl,==) (x2—9}) =0
j=1 =1
Orcioza ciepyer, 4To max F(x,¢°) pocturaerca B Touke z° = (1/2,1/2) n
Te
pasen 1/2. aiee,
min F(z°y) = F(2°,y') = 1/2 = max F(z, y")

yey zeX
U ycjioBue (%) BBIIOJHEHO.
6.3. /Lnga HOpMaJILHOTO pacipeeeHns

F(z,c) = o /n+ (c1 — 1)%2* + 2cy(e; — 1) + 5.

Crparerus craructuka y°(z) = )z + ) Gyaer soipaBaUBaomeii, ecmu ¢ = 1.

[Ipu sTOoM 3HaueHue GYHKIUM pHUCKa OyJeT MEUHEMAIBHBIM, ecad ¢y = 0.
Ecau ¢; # 1, To sup F(x, c) = +o00. CienoBare/ibHO, HANICHHAS PEIIAIOIIAS
9 ? ?
x>0
dbynknusg y°(z) = 7 — MEHUMAKCHas CTpaTerud CTaTHCTHKA.
7.1. Bameru™m, yro sup F(x,dy) = su 1(x) =1 u crparerusa y = dg
7 Y
0<az<do 0<z<do
He MoxKeT ObIThb MuHEMAaKCcHOU. [Tycts 0 < y < dy. Torma
sup F(z,y) =
0<z<do

= max[ sup (1 —p2(y))p1(x), sup pi(z)] = max[l — pa(y), p1(y)]-

0<z<y y<z<do

Oynkuusa 1 — po(y) Bospactaer, a dyuknus pi(y) yosiBaer mo y. Crenoba-
TesibHO, byHKIMs max[l—po(y), p1(y)] JocTuraer MuHuMyMa B TOUKe y = d*.
Urak, 7 = py(d*).

8.1. TTonoxum

w = max min  max min .-+ max min  F(ZT7,yp).
z1€U1 y1€VI 22€U2(71,y1) y2E€Va(21,Y1) xr€Ur(ar) yreVr(Br)

Onpegenum crpareruto 2° = (79, ¢t = 1,...,T) nepsoro urpoka: npu JOOLIX
t= 1, ,T o = (It—hyt—l)

~0 . . — —_
(o) € Arg max min --- max min  F(ZTp,yr).
t( t) gxtEUt(at)ytEVt(ﬁt) zr€Ur(ar) yreVr(Br) ( T yT)
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Tora jurs J11060# cTpaTeruu § BToporo UIpoka

0 ~ . -0 — def 577(1
F(:C 7y) Z min F(I 7yT—17yT) =
yr€Vr(Br)
= max min F(j?;~-~7i’0T717$TaZ]17~-~;QT7173JT) Z Zw

zreUr(ar) §7€Vr(Br)

CrenoBaTtesbHO,
min F(2°,7) > w.
gey
C apyroii cropoubr mias crparernn §* = (g7, t = 1,...,T) BTOpPOrO UrpOKa,
olpe iesigeMoi yCJIOBUSAMU: TpU JI00bIX t = 1, ..., T u
Br = (Te-1,Y—1) U/ (3) €

€ Arg min max o min F(2Y,..,2) 2041, 27, Tp),
Yyt €V (Bt) xe+1€U 1 (0t +1) yr€Vr(Br)
BBIOTHEHO paBenctso F(70, ¢%) = w. Orcona w = v.
Dopmyna st U BHIBOAUTCS AHAJTOTHIHO.
8.2. TTonoxkum

Fla = max min a;;, F?(« = min maxa;;, o, 3=1 2.
1( 76) i€Ma jEN K 1( 75) jGNgiGMa K 75 )

[Tpu sTom

9.1. Oupegenenne cenosoit rouxu (2°,y") dyuxkuun F(z,y) na X x Y
MOYKHO 3aIliCaTh CACIYIOMNM 00pa3oM:

F(a%y") = max F(z,1°), —F(2°,4°) = max(=F(2°, y)),
zeX yey
YTO COBITAJIAET ¢ ONpeaeIeHUEeM CUTYAIlUA PABHOBECUSI.

9.2. ITycrb B urpe Bo3uukia curyarust (1,1). Torga BEINOJHO OTKJIOHATHCSI
IEPBOMY UTPOKY ¥ BO3HUKHeT curyaius (2,1). Temepb BBINOJHO OTKJIOHUTHCSI
BTOPOMY UI'DOKY, BO3HUKHET curyauust (2,1) u 1. o exeme (1,1) — (2,1) —
(2,2) — (1,2) — (1,1).
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9.3. Eciin urpoku 0JHOBpEMEHHO HPUMEHSAIOT IPABUJIO IIPaBOil pyKu (J1e-
BOIl pyKH), TO mepBbIil (Bropoil) urpok mpoeaer u "moayunt"l, a BTOpON
(mepsbiit) ero mpomyctur u noaydur (. Eciau mepBblii npuMeHsieT TpPaBUIO
IIpaBOil PYKHU, a BTOPOHl — JIeBOi, TO NMPOU30#IET CTOJKHOBEHHUA B 00a MpO-
urpaior o 10. Ecin — maobopor, To 0ba OyJyT CTOSATH W IPOUTPAIOT IO
1.

9.4. B urpe I'' nBa paBrnoBecus mo Hamy: (1,1) u (2,2).

9.5. B urpe I' equncrBennoe pasropecue o Harry: (1,1).

9.6. ITycrs (2°,9°) — mpomsBonbHAd CATyalMst B AHTATOHUCTHICCKOMN HT-
pe. IIpeanonoxum, uro curyamus (z°,y°) ne aprgerca ontuManbuoi o ITa-
pero. Torga naiinercs curyanus (x';y'), jjisi KOTOPOI BBIIOJHEHbI HEPABEH-
cra F(2',y') > F(2°4°), —F(z',y) > —F(2°4°) u npu srom xorst 6bi
OJIHO M3 HUX BBIOJHEHO Kak cTporoe. CKiaapiBasg 9T HEPABEHCTBA, MOJIY-
qum 0 > 0 (mporuBopedne).

9.7. Ilycrs dbyukmus f: [0, 1] — [0, 1] venpepsira. Torma mist byHKIuR
g(x) = f(x)—x ¢g(0) > 0u g(1l) <0. o reopeme MareMaTuIeCKOrO AHAJIU3A,
0 NPOMEYKYTOUHbBIX 3HaYeHHsX Haiigerca Touka x°, ansa xoropoit g(x?) = 0.

9.8.1) f(z) =2 +1, z € [0, +00);

2) f(x) = x/2, z € (0,1];
3) f(z) = r+1/2, x€]0,1/2),
e -1/, wey2).
10.1. Tyers (p°, ¢°) — curyauust paBHoBecus u crparerus ¢° Npu HEKoO-
TOpoM v yaoBIeTBopsier cucreme (cm. (10.1))
2¢) + a3 =} + 205 =y +2g5 =01, ¢ + a3+ g5 = 1.
Orciona ¢° = (1/3,1/3,1/3).
IIpeamonoxum, uto ¢° yI0BIeTBOpPAeT cucTeMe

2¢) + ¢ < q) + 243 = q5 +2¢5 = v1, ¢ + 5 +q5 = 1.

Torma ¢y = 1/3, a ¢§ > 1/3. Ilo cBOHCTBY JONOTHAIONIEH HEIKECTKOCTH
p) =0, pd+2p} = pJ = vy. Orcrona p? = pY = pJ = 0 (nporusopetne).
Hakomnern, pazbepem ciay4ait, Korma

2¢) + a3, ¢ + 205 < @S +2¢3 =v1, ¢ + ) + g5 =1.

Torma ¢§ > 1/3, a o cBoiicTBy gononHAIOMmER HEsKecTKOCTH p) = p) = 0 =
py = 1. U3 cucremnt (10.2) ceayer, uro vy = B(p®,3) > B(p°,2) uimn 1 > 2
(zporuBopeumne).
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Jpyrue ciaygan peanusaiun cucrembr (10.1) moygarorcest u3 pasobpaH-
HBIX IEPECTAHOBKOM KOOPAMHAT, MOCKOJAbKY MaTpUIbl A 1 B — NUKJIHYECKHe.

Amanornuno moxaswiBaerca, aro p = (1/3,1/3,1/3).

10.2. JTokazaresnbctBo Teopembr 10.4. 1) Tlycts MHOKecTBa

?:ZkCZk,1 c.---C Z1:Z, Z, =X, XYE, lIl,...,k‘,
OTBEUAIOT OIPE/IICHHIO CTPOrOro IOMUHUPOBAHUT Z > Z.

Bosbmenm i € X7\ Xs. Torma naiigercst takas crparerus p € P, 4ro
p > iHa Y, =Y. Orciona A(p,j) > aij, j = 1,...,n. YMHOKad j-e Hepa-
BEHCTBO HA ¢ W CKIaJpIBas Bce HepapencTsa, moaydnM A(p, ¢°) > A(i, ¢°).
Ecmu pY > 0, To u3 cucremsr (10.1) Beirekaor nepasencrsa A(i, ¢°) = vy >
A(iy,q°), iy = 1,...,m. YMHOXKas 3TH HePABEHCTBA HA BEJMYUHBI D;; U CKJla-
nbiBas ux, noayanm A(i, ¢°) > A(p, ¢°) (uporusopeune). Orcronap? =0 Vi €
X1\ X5. AHAOTMYHO JI0KA3BIBAETCSI, UTO q? =0 Vjev\Ya

[Tycts BexTopnl p? u ¢? momydennol u3 p° u ¢° orOpachiBaHumeM HyJe-
BBIX KOMIOHEHT ¢ HoMepamu u3 MHOKecTB X1\ X2 u Y1\Y>2 coorBercrBenHo.
Herpy a0 nokazarh, uto (p?, ¢?) — cuTyalust pABHOBECHS B PeJLyIUPOBAHHO
urpe ¢ Mmarpunamu A? n B?, morydenubivu u3 MaTpun, A 1 B BLIUepKUBaHI-
eM cTpok ¢ Homepamu u3 X1\ Xy u crosi6uos ¢ Homepamu u3 Y7\ Ys. [Tosromy
pPacCyKJeHUsT MOKHO HOBTOPHUTH JIJIsi PEAYIUPOBAHHON MIPbl U IIOJY4HTh,
aro p? =0 Vi € Xp\ X3, q?:O VijeY\Ysumnm

2) IIycrh MHOZKECTBA

=0, CZlu1C---CZi=2, Zy=X,xY, l=1,..k,
OTBEYAIOT ONPEJILTeHUIO CIab0T0 JTOMHHUPOBAHUS 7= 7.

IIycts A¥=!' m B*=! — nommarpune matpun A n B ¢ HoMepaM# CTPOK 13
X*=1 u nomepamu croa6uos u3 Y1, Pacemorpum sexrop p*~!, noryuenupiit
w3 BeKTOpa P J00aBIeHHEM HYJIeBBIX KOMIOHEHT ¢ HoMepamm u3 X< 1\ X
Amajormuno, Bextop ¢¢~! moyuaerca u3 BeKTOpa § J0OABICHEEM HYJIEBLIX
KOMIOHeHT ¢ zoMmepamu u3 Y1\ Y. Jlokaxewm, uto (p~!, ¢*~!) — curyamus
pasHoBecnd B urpe ¢ Mmarpunamu A¥~! u B¥~1. Jna sToro mposepuM yciosue
(%) mna curyanun (pFt, ¢ 1), Mmeem

AR, b 1) = A(i,q) < A(pg) = A (ph T ¢F ) Vie X.
Ilycrs i € X* '\ X. Torna maiijeTca Takasg cTpaTerud p, 94T0 p = 4 Ha Y !
mp;, =0 Vi ¢ X. Onpenemam sextop p’ = (py,,i1 € X). Toraa

A = S ayg! <
jeyk-1
< Y (X apa)t; = AW, 7) < A@,g) = A .
JEY i1€X

B pesysbrare pokazain HeEpABEHCTBA
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k—1(; k-1 k=1 k—1 _k—1 ~ k-1
AR, g7 S AR (pE T gt Vie XL
AHaIOrnYHO MOKA3BIBAETCS BTOPAs IPYIIIA HEPABEHCTB U3 YCIOBHSI (%)
(k-1 (k-1 k-1 : -1
BF 1 (ph1j) < BRIt gF ) Ve YRl
Urak, (p*1, ¢*~!) — curyanus papnosecus urpel ¢ Marpunamu A1 u BFL,
PaccyzKaeHus MOXKHO MPOJOIKHTD, aHAJOTHIHBIM 00PAa30M BBECTH CH-
ryamuio (pF72,¢*"2) un nokaszarh, 4TO OHa ABJIAETCA paBHOBecHeM 1o Hamry
UTDBI C MATPUIIAMHA Ak=2 3 BE=2 T. 1.
10.3. Iycts C' — cymma marpun A n B. Kak ormedanocs, C' = (¢ij)mxn =
(fj + 9i)mxn- Hockonpky fi; = 0, pasHocTh j-ro m 1-ro cTOIOIOB MATPHILHI
C moxHo 3anucath B Buge fje, rae e = (1,...,1) € E™. Otrciona f; = ¢ —
. , o
ci, J =1, nua; = aj; — fj = a; —ay; — by +an +bu Vi, j.
10.4. 3amerum, 9T0 Mt OO0 CMEIIAHHOM CTPATErHH ¢ BTOPOTO UI'POKA

Alq) = A'(0) + > figj, i=1,...,m. (22.4)
j=1

[Tostomy mepasencrsa A(i, ¢°) < A(p°, ¢°) paBHOCHILHBI HepaBeHCTBAM
A'(i,q%) < A'(p°,¢°), i = 1,...,m. Anajoruuso nokasplBaercs, 4To Jlsl JI0-
Goif cMeIaHHOH CTpaTerud p IepBoro UrpoKa

i=1

u uro nepasenctsa B(p®,j) < B(p°, ¢°) paBHocHIbHbI HepaBeHCTBAM
A'(p°5) > AP ¢°%), 7 = 1,..,n. Orcioga BBITeKaeT, 4TO JJId CHTYaIUK
(p°, ¢°) yenosue (%) B mrpe ¢ marpuneit A’ (Teopema 4.1') SKBUBAJIEHTHO yC/I0-
Buo () B urpe [' (emma 10.1).

10.5. U3 dopmya (22.4) u (22.5) caeayer, 910

. B .
Arg max A(i, g(k)) = Arg max A'(i, g(k)),

Arg max B(p(k), j) = Arg min A'(p(k), ).
1<j<n 1<j<n
[Tosromy moc/ie1OBATeILHOCTH cTpaTeruii urpokos {i }, {jr} B mpomecce Bpa-
YHA JJId UTPBI ¢ MaTpulleil A’ 1 B aHAJIOIMYHOM IIpolecce 1 HIphl I MOXKHO
B34Th coBIaaomumu. [1o reopeme 5.3 mobas npeaensbnasa Touka (p°, ¢%) mo-
caegosarenbnocru {(p(k),q(k))} saBasiercs ceayioBoit TOYKOM B CMEMIAHHBIX
CTpaTerusgx U, CJIeJ0BATEIbHO, CMEIIAHHBIM paBHOBecueM 1o Harry urpsr I
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11.1. Bamernm, aro Yi*(f5) = {g | g(=°) = y°}. CaenoBarennuo,

W(fi)= _inf F(fi(9).9) = F(a"y) > K —e.
geyl*(ff)
11.2. BosbMeM mpousBOAbHYIO cTparteruto f; € {fi} m mokazxkem, 4ro
W(f1) < max[K', Fi]. [Tycrs {g*} — MHOXKecTBO BeeX (DYHKIMIA HANTY IIETO
OoTBeTa BTOPOTO Urpoka. meem

sup G(fi(g),g) > sup inf G(z,g) >
g€{g} ge{g} T€X

> su inf G(z,¢") = minmax G(z,y) = Gs.
_‘g*e{gl}we ( g ) PeX ey ( y) 3
PacemorpuMm 1Ba corydasd.

1) sup G(fi(g9),9) > Gs. Torga naiinercs taxkas GyHKIus
g€{g}
g° € Y{'(f1), uro mapa (2',y') = (fi(g°), 9°(2)) mpumaszeRnT MHOKCCTBY

D’. B sTom ciryuae

W(f)= inf F(fi(9),9) < F(fil¢"),9°) = F(',y) < K.

gng* (fl)

2) sup G(fi1(9),g9) = Gs. Hokaxewm, aro {g*} C Y{*(f1).
g€{g}
JeiicTBATENBHO, 11 BCAKON (DYHKINU HAWJIYHIIEro oTeera g*

Gs = minmax G(z,y) = min G(z, g°) <

< G(fi(g"),97) < sup G(fi(9),9) = Gs.

g9&ig}
B nocsieiHux HepaBeHCTBAaX KpaitHue uaeHbl coBnagaoT. Cien0BaTeibHO, BCe
HEPABEHCTBA BBINOMHEHB! Kak pasencTsa u {¢*} C Y*(f1). Oupenesnm
9" {g}:

¢°(x) € Arg min F(z,y) Vo € X
yeY (z)

— (YHKIHUIO HAMIYYIIIEro OTBETa BTOPOro HT'POKa, HauMeHee 0J1aroxKerareb-
HOTO IO OTHOIIEHNIO K mepBoMy. Torma

W(f1)= inf )F(fl(g),g)SF(fl(go),go)S

gGYl* (fl

<sup F(z,¢°(z)) = sup min F(z,y) = F\.
zeX zeX yeY(2)
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11.3. BagaguMm cTpareruio ¢* BTOPOro HI'POKA yCJIOBHEM

g*(z) € Arg max F(z,y) Vz € X.
yeY ()

Omna aHAJIOTMYHA CTPATErwd MEePBOrO UI'POKa f*, ompeaeneHHoit mepe Jiem-
moit 11.1. U3 stoit memmbr creayer, uto dbyukuus F(x, g*(x)) momynenpe-
poieHa cBepxy Ha X. Bosbmem z* € Arg max F(z,g*(x)). Torga (z*,g%) —
CUTYyalus paBHOBeCHs UTPHI ['y. ’

11.4. Ecnu mepBblit UTPOK B urpe ['s mcmoab3yeT cTpaTermu-KOHCTAHTHI
fi1(g) = z, 1o on MoxkeT obecneunTh cebe TaKoil ¥Ke Pe3yJIbTAT, KAK U B UTDe
I'1. CnemoBarennno, Fy < F3. Amamormuno moxasbiBaercs, aro F; < F,.
Hanee, K' < K, nockonbky D' C D. Tlosromy F3 = max[K', Fj] < Fy =
max|K, M].

11.5. Ilpy o = 1 PpyHKIUA HAMJIYYIIEX OTBETOB BTOPOrO MIPOKA HMMEET

BHJL
(2) VEzx/co—z, 0<z<K/co,
x =
Y 0, Kleo <z < K/q.

Omuenka spdexrusnoctn W (x) crparernu x pasua

K — 0<r< K
() = Flo,yla)) = § Y20 —am 0= = K
K — ¢z, K/eo <x < K/,

OIITUMaJIbHad CTpaTermsd

N KCQ/(4KC%)), Co S 201,
€T =
K/CQ, Cco > 201

7 HAWJIYYIAHA rapaHTAPOBAHHBLINA PE3YJILTAT /4 NMEPBOTO UTPOKA

Fi= max W(z)=W(z")=

0<z<K/c (cg — 1)K /ca, ¢ > 2c.

{KCQ/(401), Co S 201,
Bo Bropowm ciyuae y(z*) = 0 u nepast pupma BbITECHsIET BTOPYIO € PhIHKA. B
obonx cayuasx ) > F (20 y°) = Kcjeo/(c1 +c2) 72, te (2°,4°) = (Keg(cp +
c2) %, Key(er + o) ™?) — cutyanua pasHoBecug B urpe I mpu k = 1.

11.6. Pasnosecue no IItakeanbepry B npumepe 11.1 (i,5%) = (2,1), a B
npumepe 11.2 (2°,4°) = (1/2,1).
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12.1. Heobxomumocrs. Ilycrs dyukuus h(z) ksasubormyra. Jlokaxkewm,
aro MuoxkecTBo Jlebera Z T (2°) Beimykao mia npomssoabhoro 2V € Z. Bosb-
MeM Jiobbie ase Touku 2, 2" € ZT(2°) u moboe uncao 0 < A < 1. Torma
h(AZ' + (1 — X\)2") > min[h(2'), h(z")] > h(z").

ocratounocts. Ilyers muokecTBa Jlebera Z1(2°) Beimykssl mpn Beex
2V € Z. BosbmeM Jmo0bie ase Touku Z, 2" € Z m moboe unciao 0 < A < 1.
Bes norepu obmHocTH MOXKHO cunutaTh, uro h(z') < h(Z”). Torma 2/, 2" €
Z7(2") u B cuty BoimyksiocT MEOKecTBa Z 1 (2') Touka A2’ + (1 — \)2” Takxe
npunajiexkut Z1(2'), re. h(A2' + (1 — N)2"”) > h(2') = min[h(2’), h(z")].
CnenoBatenpuo, byuKIm h(z) KBA3UBOIHYTA HA Z.

13.1. p(i,)) = 0, i = 1,2,4,6, p(3,7) = 1/4, p(5,71) = 3/4.

13.2. Urpox 1 umeer crparerun pt = (k1) € {(1,1),(1,2),(2,1),(2,2)},
rie k u | — HOMepa aJbTepPHATHB ero JIeBO# W mpapoii InaHOi mo3uimn (cM.
puc. 13.4). AHAIOTHYIHBIH B UMEIOT CTPATErHHA BTOPOro UrpoKa. Hopmasin-
Hast popma urpsl G 3a7aeTcss MaTPUIIAMHI

1/2 2 1 52 -2 —1/2 —11/4 —1/4
T T e RV O B A (7 S VU R
14 74 o140 7ja0 T | —7/4 —1/4 —7/4 —1/4 )7

1/4 —5/4 1/4 —5/4 —7/4 2 —7/4 2

a HopMaJibHast popma mogurpel G, — MATpPUIAME

1 3 -3 -1
e (3 m- (3

13.3. 7 = ((1,1), (1,2)).

14.1. Ilycts @ € Poss . Eciun B HeKOTOPOit TO3UIIUN
x' € [xg, ] N X% 2’ # x crparerns p® BbiOEpaer ajbTepPHATHBY, He MPHHA/L-
JIEZKAILY 0 TYTH [Zg, Z|, TO BEPOSITHOCTH MOMACTH B BEPIIUHY T DaBHA HYJIO
(mporuBopeume).

Ob6patHo, ycTh B KazK10il Bepimune x’ € [zg, x] N X, 2/ # x, crparerus
(* BBIOMPAET aJIibTepHATHBY, TIPUHAJIEKAILYIO IYTH [T, z]. [TokazkeM, 94T0 B
roMm ciydae © € Poss pu®. JleficTBuTe/ibHO, Olpe/Ie/IMM CTPATEernu
ub, b e A\{a}, apyrux UrpoKOB TaKUM 06Pa30M, YTOGHI 3TH CTPATETHH BbI-
oupamn B Kaxkaoi sepmmune 2’ € |19, 2] N X°, 2’ # z,, aabTepHATHBBI TPH-
HaJIezKalme IyTu (2o, x]. Ecim 2 € |29, 2] N X°, 2’ # x, To BepodaTHOCTD
BBIOOpA TAKOH aabTepHATHBBI NonokuTe bHA. CiegoBareabao, p(z|u) > 0.

14.2. Ha puc. 22.1 uzobpaxkeno jepeBo urpbl. Mrpok 1 umeer 1mojnyio
namsaTh, TOCKOIbKY [TapTHep nabsionaer 3a peiicrsusimu Vrpatorero. Mrpox
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2 XO0AUT TOJBKO OJIUH Pa3 U IOITOMY TaKzKe UMeeT IIOJIHYIO TaMATb. SaHI/IHIGM
crpareruto noeejenus urpoxka 1 B suge ' = (h,r,t), tne 0 < h,r it <1 —
BEPOATHOCTH BBIOOpA IIE€pBOil aJbTepHATHBB B MHOXKecTBax Z'!, Z'2 uw 713
cOOTBeTCTBEHHO. Irpok 2 mMeer jiBe qg(é?ble crpareruu: (1) u (2).

) DI
h h

: 2 713
L\
VAt [\

L
1 —2-2 -1

Pue. 22.1

OKujjaeMplil BHIUTPLIIT UrpoKa 1 pasen
hr —2h(1 —7r) —2(1 — h)t +4(1 — h)(1 — 1), ecim  p® = (1),
{—hr +3h(1—7)+3(1—h)t—3(1—h)(1—1t), ecmm p?=(2),
wim
h(3r —2) + (1 —h)(2—6t), ecm u?= (1),
h(3 —4r) + (1 — h)(6t — 3), ecm u*=(2).
[TosroMy MakCUMaJibHBI rapaHTUPOBAHHbI BRIUIPLII UIPOKa 1 pasen

v= max min[h(3r —2) + (1 —h)(2 —6t),h(3 —4r) + (1 — h)(6t — 3)].

0<h,rt<1

Ero moxHno 3amucarb kKak max v(r,t), rae v(r,t) — 3nadenne urpsl [ ¢

0<r,t<1
MaTpulei
3r—2 3—4r
4—-6t 6t—3)°

Urpok 2, npumensisi cmemannyio crparernio 1/2(1)+1/2(2) ue nozsosut ur-

poky 1 Berurpars B urpe 'y, 6osbirie, uem 1/2 npu jiobsix r, t. Ho urpok 1, nc-

non3ys crparermo 3 = (7/12,0,0), obecnieunsaer cebe suurpoim 1/2. Cire-

JIOBATENLHO, YKA3aHHBIE CTPATErHd ONTHMAJIBHBL U 3HAUEeHHe Urpbl v = 1/2.
14.3. B nponecce Bpayna h' = ((ix, jx), k =1,....t) u p'(j|h!) =

Hkljr =4, 1 <k <t}|/t - 0 upu t — oo, ecsin crpareruss j urpoka 2 B

tpaekropun ((ig, ji), t = 1,2, ...) IpuMeHsIIACh KOHEYHOE YUCIO0 Pa3.
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15.1. Bozbmem e menepecekatoumecs koaiumuun K u T. Iycrs PX —

MHOYKECTBO CMeImaHHbX crparernit p xoammmuun K. Herpyano BumeTh, 9To
PEUT o pK o PT Orcrona

v(KUT)= max min WKUT (pEUT  A(KUT)) >

pKUT ¢ PKUT gA\(KUT) g GA\(KUT) -

> max max min [u K (pK : pT A\(KUT)) i
pKePK pT e PT gA\(KUT) g GA\(KUT)
+u (pT pK A\(KUT))] > max max [ min uK(pK7SA\K)+

pKePK pTcPT ' gA\K c GA\K

+ min  u’(p”, SA\T)} =v(K)+v(T).

sA\T ¢ §A\T

JokaxkeMm paBercTso (15.1).

K) — : K( K (A\KY _
()= max  min  u®(pT,sT)
_ : _ L A\K (K JAVKY] _
= o) 1)
=v(A) — min  max uMNE(PK M) =

pKePK gA\K c GA\K

A\K(pA\K’ SK) — U(A) _ U(A\K)

=v(A)— max min u
pA\K e pA\K sK ¢ SK
15.2. v(2) =1, v(13) =9, v(3) =4, v(12) = 6.
15.3. ¢ = 1/500, b* = —2/5, v* = —=3/5, b> = 0, V/(12) = V/(13) =
3/5, v'(23) = 7/10.
15.4. Bamernwm, aro MHOKecTBO C’ He mycTo, a byHKIHs » |, y* orpaHnde-
acA
Ha Ha HeM CHu3y Beawdnnoil y | v(a). Orcrioga cregyer, 4ro 3ajada JHHET-
acA
HOro TiporpammupoBanust B (15.2) mmeer onTumManbHoe perenue z. ITycth

> 2% < w(A). Bosbmem Takoii Bektop h € C', uro Y h* > v(A). Torma
acA acA
BBITYKJIas Kombunamus Az + (1 — A)h, tae A € (0, 1] onpenensiercss u3 ypas-

HEHUAg
A 2 (1=N)D> e =w(A

a€A a€A

npunayiexkut siapy C. Obparno, gomycrum, 4to siapo C' we mycro. Torma
(15.2) cremyer u3 Brkmouenus: muoxkects C' C C'.
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15.5. IlycTh A — 3aj1aHHOE B YCJIOBUU PUBEJEHHOE COAJTAHCUPOBAHHOE T10-
kpbitre. Torga Aryr, = 0, mockonbKy B ipotuBHOM caydae Bektopbl X (1), x (L)
u x(7T'U L) 6puiu 66l smmeiino 3aBucumbivi. veem

A'X(T) + Ax (L) = (AT = X)x(T) + A (x(T) + x(L)) =
= ' X(T) + p™ X (T U L).

[TosTomy

> EEX(E) =7 NN(K) = x(A),
K#A K#A
a CUCTeMa BEKTOPOB

I [ 1" > 0} = {x(F) [N > 0} U {X(TU L)\ {x(L)}

JuHeitHo HezapucuMa. Takum o6pa3oM, BEKTOD ji — HpHUBEJIeHHOE COATAHCH-
posanHoe nokpoitTue. /lasee,

Ao(T) + Mo(L) = AT = M)o(T) + M(o(T) +v(L)) <
< (A = M) o(T) + No(T U L) = p"o(T) + p™ (T U L).

Orcrona BeITeKaeT HepaBeHcTBO (15.4).
15.6. Tpoekiusa aapa C na miockocts (y!, y?) nmeer Buj

{(v"v*) [v(12) < y' +3° <w(123) —v(3),
o(1) < 4! < 0(123) — v(23), 0(2) < y* < v(128) — (13)} =
= {(y",%%) 800 < y' +y? <1000, 200 < y* < 350, 300 < 3* < 500}.
Bepmuasr muOX)KecTBA C"
y(1) = (300, 500, 200), y(2) = (350,450, 200), y(3) = (350, 500, 150).
15.7. Heobxoaumocts. Bozbmenm menex y(0) u3 sapa C. O6o3natum qepes3

y(k), k=1,...,|A| — 1, nenexu, nonyuenubie u3 y(0) IUKIXICCKHUM CIBUTOM
Ha k KOMIOHEHT BIIpaBo. Toria jesex

|A[-1

2= y(k)/IA]l = (vja)/|A], s v /|A])

k=0

IPAHAJJICIKAT AAPY U, CJIEJOBATEILHO,

K
S o= | |’:|'A' > VK C A= (15.5).
acK
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Jocraroanocrs. Ilycrs Boimosnnenst mepasencrsa (15.5). Torma yxasammbrit
BEKTOD 2 mpuHaAIeKuT gapy C.
15.8. [lpoBepuM paBeHCTBO ) 4 p* =

=2 2 e 1)I!ﬁl'\f!l' — D a0y — o(m\fa) = o(4). (22.6)

a€A K:aeK

Bozbmem koamunuio K # A w mojcuuTaeM B MOCTeIHEN IBOHHON CymMme
koapdumuent * = cff + & mpu v(K). On Brmowaer cymmy cf momoxm-
TeJbHBIX CJIaTaeMbIX, BCTPEYAIONINXCS MPH BKJIAJIaX B KOAJIUIUIO K U cyMMy
cX orpuIaTeNLHBIX clIaraeMBIX, BCTPEUAIOMUXCc MPH BKJAAJAX B KOAIHIIHIO
K U{a}, rae a ¢ K. ITockoabKy KaKabplii U3 UrpoKoB Koasuuuun K nmeer

cBoil Bkya B K,

(IK] = DA = |K])!
Al

I = |K]| =y

Ananoruano,

(KT (Al = K] = 1)!

_ K|
= —C|A| .

A
Orcrona c® = 0. Ecn K = A, 10 ¢4} = C"lA" = 1 u paBencTBo (22.6) mOKa3a-
HO.
Ocrajioch nposeputhb yciosue p* > v(a), V a € A. JleficrBureabHo, u3
CBOMCTBA CyNEPAANTHBHOCTA XapPAKTEPUCTUYECKONH (DYHKIMU U PABEHCTBA

(15.6)

) S Uiﬂﬁ” R ) — w(re\fa)) >
K:aeK ’A|
15.0.
L1 1 1 1
o = 5(0(123) —v(23)) + 6(@(12) —0(2)) + 6(@(13) —v(3)) + gv(l),
©? = %@(123) —v(13)) + %(v(lQ) —v(1)) + é(v(23) —v(3)) + %v(2),
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o = %(0(123) —0(12)) + é(v(l?)) —u(1) + é(v(23) —v(2) + %v(ﬁ%).
B urpe "maxaz-opkectp"sekrop Hlemmn ¢ = (350,475, 175). Ecau v(123) =
997, To = (349,474,174) m ©? + ¢* < v(23) = 650.

15.10. B cumMmerpuunoit urpe Bce kommnonenTsl BekTopa [llemsiu pasubi
MeXk,1y COOOii.

16.1. He yurensl 3aTparhl Ha xpaHenue npoiaykiuu. [lycrtsb, Hampumep,
IpenpusdaTre JOMYKHO MOCTABIATh eXKeTHEBHO D W3/enil. 3aTpaThl Ha Xpa-
HeHUe BO3HUKAIOT, €CJIU Yepe3 JleHb UCIOIb3yeTcsl TeXHoIorns, patormasa 10

U3JICJIAHA.
0, 0<p<1,
o 0,1, p=1,
16.2. S*(p) = [1 ] )
; <p=<2,
p/2, p>.

17.1. ®yukuus cupoca D(p) = 3/p? u yukunsa npegtoxenns S%(p) (puc.
16.5) mepecekatorcss B Touke p = 1. [Tosromy byHKIMS TPUOBLIE UMEET BUJ

3/p—(3/p*—1), 1<p<+/3/2,
3/p—3/(2p),  p>/3/2.

Ee makcuMmyMm Ha noayuaTepBae [1,00) gocruraercs npu p* = 1.

17.2. @ynkuus pD(p) aBasercst HeyObIBaIOEel Ha OTPe3Ke [pp, Po|, HO-
crombKy ee npomssomaas D(p) + pD(p) = D(p)(1 — e(D(p))) > 0. Mosro-
my dyuknusa cupoca D(p) — menenno yowiBaromias. OyHKIMs TPUOBLIT
W (p) = pD(p) —C(D(p)) Bo3pactaer u oNTEMAaIbHAs CTPATEIHsT MOHOIOJIIT
Ha OTpe3Ke [p1, pa] paBHA p* = po.

19.1. Umeem
D(p) = Kjp*, DNV) = EVe/Vie, D(DV)) = —aV+iie Ko,
[Iycts ¥ — curyamus paBaoBecusi. [1o yreepxkaerunto 19.1 ¢ > 0 V a € A.
Otciona mo jiemMe 19.1 BBIIOJIHEHBI HEPABEHCTBA
() >0 Vae Awm (cMm. dopmyay 19.5)

Kﬂm/<§:ﬂﬁlm-—c—}(V%f/Qy<§:@ﬂrHﬁj;zo VacA.

beA beA

W@ZPMM—waﬁz{

Ck1apIBast 9TH HEPABEHCTBA, MTOJIYIAM

KY*(ma — 1)/(04(26”)1/&) —cm 2> 0,

beA
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910 HeBO3MOKHO npu 0 < o < 1/m.
19.2. BoimuieM BTOPYIO YacTHYIO TPOW3BOAHYIO (DYHKIIUH BBIUTPHIIIA
u®(v) mo mepeMeHHOI v® :

lea() = KM= 230 + (14 1/a)et) /a3 vb)QH/ ).

beA beA

Orciona Bugno, 9To pu ¢ > 1 dhyukums u®(v) BOrHyTa, a MpH

1/m < o < 1 oHA UMeeT eJIMHCTBEHHY IO TOUKY MAKCUMYyMa [0 IIe€PeMeHHON v
Ha norynpsivoit [0, +00) ( mpu gpukcnposanubix nepevennnix v°, b € A\{a}).
Otciona ciepyer, 9T0 HeOOXOIUMbIE YCJOBUL JIJI CATYAIMH PABHOBECHS U,
cpopmyupoBannbie B ieMMe 19.1, ABJISAIOTCS TaKyKe U JOCTATOYHBIMH YCJIO-
BUSMH.

1. Ecmm V > K/(¢*m), To
p=c, v =K/(c*m), p*=acm/(ma—1), 7* =v" = K/(m(p")*).
Ecm K/(c*m) >V > v*, 1o
p=K/(mVY), 0* =V, p* =acm/(ma—1), v° =v".
Ecm V <v* 10 p=p* = K/(mV?*), 0* =7*=V.
2. llonoxum ¢ = ¢/K, t; = i Ve l=0,1,...m—1, t, =0.

a=Il+1
[Tycrb Haiigercs nenoe k € {1,...,m}, yI0BIeTBOpSIOIIee YCIOBHIO

ty < 1/¢ < tj_1. Torga u3 ypapuenus 19.6” maxomnm
v*(k) = (k — 1 — 28kt + /(k — 1) + 4¢kty,) /(2¢k?).

[TockombKy ¢ty < 1 < éty_q, To v*(k) < (k—1—2¢kt, + k+1)/(2¢k%) < VF,
_ Ve, a >k,
[TosTomy T : 7% = — curyanus pasHoBecus. COOTBETCTBY-

v*(k), a<k.
0Iad e IeHa paBHa

P =K/t + kv*(k)) = 2¢kK/(k — 1 +\/(k — 1)2 + 4¢kty) > ¢ = p.
[Tycrs 1/¢ > ty. Torna v* =V* Ya € Aup*=p= K/t

k
3. Tlonowum n = K(k — 1)/ > *. Torna curyanus pasHoBecusi U nMeet
b=1

. n—n?c/K, a=1,..k,
v =
0, a=k+1,...,m,

BUT
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I
rae k= max{l | > > (I — 1)c'}. CoorBercrByIOmas €ii Mena paBHa
b=1

k
pr=>k—-1)>p=cl
b=1

19.3. 1. O6bemst Vi, tae p' < p, npuobperaioT cHavasa IOTpeGuTen
¢ pesepBHOH meHO# r > p. g MOKYOKH TOBapa IO IeHe p YHCJIO TAKUX

noTpebuTeseil craner pasueiM max |0, D(p) — max V}D/]
p'<p

2. Tlycre P(s) = {pi} — ynopsaodeHHOe MHOMKECTBO TeH p; < Do <
< e < p < pry1 < ... Hockombky D(pp) nokynareneii ToBapa 1o HeHe
p1 PABHOMEDHO DACIPEIENEHBl B OYEpeIH, TUCJA0 TOKyHaTeseii mo mnene py,
UMEIOIIUX PE3EPBHYIO LEHY T > P, COCTABUT BEJIUYUHY f/plD(p)/D(plL a
aHaTorIdHOe UX wHcao ¢ r € [py,p) pasuo Vi, (D(p1) — D(p))/D(p). Tlo-
STOMY TIOCJIe TIPOJIazKK ToBapa 10 MeHe P YUCJI0 MOKyTnaTesaedl To IeHe po,
MMEIOTIIX PE3EPBHYIO Mewy r > p, craner pasuabim D(p)(1 — V,,/D(p1)), Te.
OHO YMEHBITHTCS TPOTOPIHOHaIbio kKoddbdurmenty 1 — V,, /D(p;). Amao-
TUYHOE YMEHBIIeHHe MPOU30HIeT U ¢ TOKYIATEISIMH, HMEIOUME PE3EPBHYIO
HeHy r > po. IIpononzkas paccy zKAeHust, IPUIEM K BBIBOJLY, YTO MOCJIE HOKY -
KW TOBapa 10 IeHe Py YHCJIO0 MOKYyTaTes el 70 meHe p3, NMEIOIHX Pe3ePBHYI0
[EHY 7" > P, COCTABUT BEJHIUHY

P01~ p55) (1 ) D(pz)(‘l/pi V—)) - 20(1= 55~ pien)

u T.J0.
3. lycrs P(s) = {p;} — ynopsimodennoe MHOKECTBO 1IeH Py < Py < ... <
Pk <P < pry1 < .... Torpa HETPYAHO BHIAETH, YTO

D(p1, ‘7) = D(p1), D(p2, ‘7) = max[min[D(pa), D(p1) — ‘N/pl]; 0],
D<p37 ‘7) = maX[min[D(p3)7 D(p2> - ‘77727 D<p1) - ‘7171 - ‘7172]7 0]

" T.I.
19.4. B cuny cnenctBud K yrBepKAeHuto 19.3 nia pasHoecus mo Hamry

s sommonaeno p(s) = p. Ilyers maiigercss mpousBoguTesb b, 1715 KOTOPOTO

VP> SHp)—D@p) = >, V= D(p) u ¢ = p. Torna npu manom £ > 0

a:c*<p
Bpinosteno D(p +¢) — >, Ve > 0 u no (19.13) ocrarounsiii cupoc
a:c?<p,a#b
o ueHe p + € Oyzger nosozxureapbubiM. CiieoBaTebHO, TPOU3BOANTENIO b
BBITOJIHO OTK/JIOHUTLCSA U BHIOpATh 1eny s’ = P+ ¢ (nporusopedne).
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20.1. /Ing aknu3HOro HAJIOra
te=S5"'(D1+ D3)(Dy — K)/(D1 + K), p(te) =t.+ S (D1 + Da),
JIJIS HAJI0Ta HA MPUOLLIbL
Bltpr) = S7H D1+ Da), tyr = pltyr) (D2 — K)/Pr,
r/le BeJINYMHA TPUOBLIN DaBHA

B(tpr)

Pr = / (D + Dy — S())dp.

20.2. o ycaoBuio

e(D(p)) = —p(Di(p) + Da(p) — K/p*)/(D1(p) + Do(p) + K/p) < 1.

Orcrona

Q1(p) + Qa(p) = Di(p) + Da(p) + p(Di(p) + Da(p)) > 0.

20.3. @yukuus K (p) nenpepbiBHa U Ha OTPe3Kax, rjie ona jquddepeniu-
pyema, ee ropas mpomssonnas K(p) = Di(p)(q(p) — p) — 2D1(p) — Qa(p)
Heorputareabra. Oyukimst K (p) B TOUKAX CBOEro paspbiBa MMeeT TTOJI0KH-
TesbHBIe cKaukn. CireoBaresibao, yHKIMs K (p) BBIIYKIA HA BCEM OTPE3Ke

[pr ps] :
21.1. 3amerum, 910

lim R(p) =T(qF —¢)/F =qT —Tc/F < R(p) =qT —T(1 — q)c/F.

p—p—

Ecmu ¢F > (1 —q)c, o R(p) > 0, R* = max R(p) = R(p), p* =p.

0<p<1
Ecmu ¢F < (1 —q)c, 1o R(p) <0, R*=p*=0.

21.2. 1) U3 ycioBus caenyer, uro Fiq > c. Ilosromy dbyukmus R(p) Bo3-
pactaet na mosyunTepsase [0, p) n mocTosHHa Ha oTpeske [p, 1]. Iz R(p) > 0
noaygaem p* € [p, 1].

2) Umeem F = ¢/q < F = (gm + 1 — q)c¢/(gm). Tostomy dyukmms
R(p) pasra Hyso Ha noayuarepsase [0, p) u yObiBaeT Ha orpeske [p, 1]. 13
R(p) > 0 nomydaem p* = p.
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I11. Teopema 006 oTmeIAOIIE I'MIEPILIOCKOCTHI

Teopema II.1. Ilycts A m B — 1Ba BBIIYKJIBIX HeIepeCeKAIOMMXCs
koMmakTa B E™. Torma Haiifercss runepriockocTh <a,x> = b, cTporo otme-
Jgromas Mmaoxkecrsa A u B, T.e.

<a,x> <b< <a,y> Vee A, YyeB.

Jokasamenavcmeo. Pacemorpum na A x B dbynknuio | — y|?, rie
r € A, y € B, n nycrpb napa (2%, y") — touka ee muanmyma. Torma
2% — 4°] > 0. [okazkem, 9TO rUNEPIIOCKOCTD (@, z) = b IpH
a=1y"—2% b= 3(]y°) — |2°]?) aBaserca uckomoii.
Jlokazkem, 9TO <a,x> < b Vx € A. llpeanono:kum mpoTruBHOe. Torma
Haiijerca takas Touka r’ € A, 910 <a, x > > b. Pacemorpum DyHKIMIO
g(t) = |y° — (1 —t)a® — 2’2, t € [0, 1]. Unmeem

g'(0) =2{y° — 2% 2" —a') = 2(y" — 2%, 2") — 2(a,2’) <
< 2(y%, %) — 202" — 20 = 2(y°, 2°%) — [2°)? = |y°P = —]2° =" < 0.
CienoBaTebHO, TPH TIOJOKATEIBHBIX W OJIN3KAX K HYJTIO t

g(t) < g(0), uro nporupopeunt onpeesnenuto napbl (x°,4°). Bropoe nepa-
BencTBo b < (a,y) Vy € B nokaspiaercs ananorndno. M

I12. /TokazaTeancTBO Teopembr 6.1

Teopema ouesnana aas E°. Ilycrs oma Bepra qma E™ L. PaccmoTpu ce-
MeiCTBO BBIMYKJIBIX KOMOAKTOB Dy, v € L u3 E™, KaxKabie m+ 1 w3 KOTOPhIX
HMEIOT HeIycToe Mepecevdenue.

JoxkazkeM cHavaja, 9T0 J000e KOHETHOe MOoJACeMeicTBO ceMeiicTBa
D,,a € L umeer Henycroe nepecedenue. [Ipeanosokum mporusaoe. Toraa
Hafinercas MuHUMAaJIbHOE Te0e k > m + 1, 17ad KoToporo maiijgercs Takoe

k k—1
noacemeiictBo Dy, i = 1,...,k, ato (| Do, = 0, [\ Do, # 0. Tonoxum
i=1 i=1
k—1
A = D,,, B= () D,, Boinykibie koMnaktsl A u B He nmepecekawrcs u
k? 7
i=1
HaliIeTcst CTPOro oTaestonias ux runepmiockocts H (ewm. I11.) Ilyers C' —
nepecedenne Kakux-aubo m muoxects u3 Dy, ..., Dy, . Torma B € C' n
no yeaosuio C N A # (. Bosemem 2° € C N A u y° € B. Torna orpesox
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(2%, y°] npunamiexur C u nepecexaerca ¢ H. Cnenosarensno, C' N H #

(). Nrax, mobsie m muoxects u3 Do, N H,...,D,, , N H umenor Hemycroe

k—1

nepecedenue. [1o HHAYKTUBHOMY MPe/IIIOI0XKEHHATO ﬂ D.,NH = BNH # ),
=

9TO MPOTHBOPEYUT IMOCTPOEHUIO THIIEPILIOCKOCTH H.

3aBepIuM J0Ka3aTe/IbCTBO TeopeMbl. [IpeanonoKum , 94To

() Do = 0. Ilycts X = D, — HEKOTOPHIl KOMIAKT U3 CeMelcTBa
acl
D,, a € L. Oupegennm nosoe cemeiictso D!, = D, N X, a € L. Torxa
—_—/
() D!, = 0 u muoxkectsa D, = E™\ D! 06pa3yioT OTKPBITOE TIOKPLITHE KOM-
acl

-/

e
nakTa X, 13 KOTOPOro MOYKHO BBIJIETUTH KOHEUHOE NOANOKphITHE D, ) ..., D%.

p p

Orciopa BeITekaet, uto (| Dy, = (| Do, N Do = ). [lo moxasammonmy soboe
i=1 i=1

KOHEeYHOe ImojceMeiicTso cemeiicta D,, o € L uMeeT HEeIycToe nepecedeHne

(zporusopeune). W

I13. ®yakuunsa MuHKOBCKOTO n romeoMOpP@du3M BbINYKJIbIX KOM-
MMaKTOB

[Iycts A — BRINYKJBIH KOMIAKT B E™, cojep:kaiiuit BHyTpu cebsi HyJIb
BMeCTe € £9-0KpecTHOCThIO HYIA O,. Onpenenum va E™ ¢pynxuuro Murrxos-
cK020 MHOZKeCTBA A

pa(x) = inf {t >0 % € A}.

Pacemorpum ee csoiicrsa. OueBuno, uro pa(0) =0, a npu z # 0 pa(x) >0
W HUKHAS TPaHb JOCTHTAETCs, TTOCKOJbLKY MHOXKECTBO A OrpaHHueHo u 3a-
MKHYTO. Kpome Toro, pa(z) < 1 & x € A. Oyuxius pa(x) nososrcumenvro
00Hopodna, T.e. ayd Joboro A > 0

t A
pa(Az) = Ninf {X >0 Tx € A} = A\pa(z) Yo € E™.

Hokazkem, uro dbyHKIms pa(x) cybaddumusna, T.e.

pa(r +y) <palz) +paly) Yo,y € E™. (IL1)
JleitcrBuTennbHO, Bo3bMeM X,y # (. BekTop
Tty _ pa(z) o pa(y) Y

pa() +paly)  pal@)+paly) palz)  pale)+paly) paly)
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MPUHAIEZKAT MHOXKECTBY A, MOCKOJIIBKY SIBJISI€TCsI BBIMYKJIOH KOMOWHAIMEH
x y
BEKTOPOB n3 A. Orciona nony4daem nepasenctso ([1.1).
POB 2 @) 7ay) Aa TOLY P (IL.1)
JTokazkem, uro ¢pyukiusg MunkoBckoro menpepbiBaa. JleficrBuTe IbHO, JI15

moboro x € O,

x x x
e ¢ 0., = p|—| >eg = palx) < u

A(l") €0

Orciofa cienyer, uTo pa(r) HenpepbiBHa B HyJe. HempepbiBHOCTD (DyHKIME
pa(x) B moboit Touxke 2’ BHITeKaeT W3 HepaBeHcTBa ( CyOAITHTHBHOCTD )
lpa(z) — pa(z®)] < max[pa(x — 2°), pa(2° — x)] u ee nenpepviBHOCTH B HYJIE.

Teopema I1.2. Ilycrs Boimykjbsie Komnaktel A mw B B E™ comepzkar
BHYTPeHHME TOUYKHM. Torma Haiijercs B3aUMHO OZHO3HAYHOE M HeIpephIBHOEe
orobpaxkenune (romeomopdusm) A Ha B.

Zoxasamesvcmeo. bes morepu oOmMHOCTH OyaeM CUMTATh, YTO HYJIb CO-
jepxures B AN B Bmecte co csoeit okpectHocTbO O, . Onpesesnum orodpa-
JKEeHUe
pa(z)
pB(7)

7:A— B, 7(0) =0, 7(x) = x, x#0,

riae pa(x),pp(r) — dynkuuun Munkosckoro Muoxects A u B. Herpyano
IPOBEPHUTDH, YTO

-1 _ pa(Y)
T = pa(y)

— orobpazkenne, ooparnoe K 7. [Tockonbky dbyukimu p4(x), pp(x) Henpepbis-
HbI, oTobpazkenne 7(x) HenpepbiBHO npu @ # 0. [IpoBepuM HenpepbIBHOCTH
7(z) B Hyste. MHO)KeCTBO B OrpaHHYeHO U MO3TOMY HANRETCS TAKOe YHCIO «,
, p:”(lx) < a. Jag moboro
BekTOpa = € (O, BBITOJHEHO HEPaBeHCTBO py(r) < % (cM. BBIIIE JOKA-
3aTebCTBO HenpepbiBHOCTH MyHKIMU pa(x)). CienoBaresbHo, Jjsi BCIKOTO

x € O,

uro g Beex x € B |z] < a. Ilockonbky e €B

()] = pgfw < ol -

I14. CumiLiekcsl 1 TeopeMa O HEIOABHMXKHOII TOYKe

[Mycrs {z!,...,2"™} — muoxkecrso BexTopos uz E™(n < m), BblnyKaas
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000/109Ka, KOTOPOI'O

n+1 n+1
K:{xEEm\x:Z/\ixi, Z)‘izl’ ANi>0,i=1,..,n+1}

i=1 =1

MMEET Pa3MepHOCTh 1. Torja MHOXKECTBO K Ha3BIBAETCA CUMNAEKCOM, TTOPO-
JKIEHHBIM BepImuHaMu o1, ..., 2. [lng cummiekca K GyreM TaKzKe HCHOJb-
3oBaTh oboznadenue K = zxl-.-zntl. Pazmepuocrs n o3Havaer JimHEHHY O
HE3aBHCHMOCTH BekTopos x"t1 — 1 .. 2"t — 2" Otciona BoTexaer, uTo
1t Besikoro ¢ € K koadbdurmentsr A\;(x), ¢ = 1,...,n + 1, B pasaoxennn
110 2° oImpeiesIeHbl OTHO3HAYHO U SBJIAIOTCA HelPePhLIBHBIMA (DYHKIUSME Ha,

K.

Besikoe MmoxkecTBo, cogepxkariee r < n + 1 Bepiun, mopoxaaet (r — 1)-
MepHBIi CHMILTEKC, Ha3biBaeMblil TpaHbio cuMiiekca K. Bepmunnt 2!, ..., 2!
SIBJISIIOTCSI HYJIbMEDHBIMU TPAHSIME. N-MepHasi rpanb coBnajgaer ¢ K. OmHo-
MepHBIe TpaHu x'xl i # j, HasbBatOTCs pebpamu cumiuiekca K. Jluamemp
cuMmIiekca K onpegenserca Kak MakCUMaJsbHas AjuHa ero pebep. [Togmmuo-

xectBo KO cummekca K Buia

n+1 n+1
K'={zeE™|z=) Na', Y N=1X\>0i=1..,n+1}
=1 i=1

Ha3bIBAETCS OMKEPHIMbIM CUMNAEKCOM, TTOPOXKIEHHBIM BepITUHAMA
2t ..., 2™, 1149 OTKpBITOrO CUMILIeKca Oy1eM TaKzKe HCIOIb30BaTh 0003Ha-
genne K° = z'... 2"l HyabMmepHble CHMILICKCHI SBJISIOTCH OTKPBITBIMHE.

OTKpBITEIE pebpa OyaeM 0603HauaTh depes r'a/ .

[Iycrs cumniieke K takum 06pa3oM pa3bUT HA OTKPBITHIE MOMAPHO Hele-
pecexaromunecs CuMIaekcs K7, ..., I, , 910 m100asd OTKPBITad I'PaHb KazKI0TO
cumIuiekca K; mpuHa/iIe;KuT pasouennio. Takoe pa3dueHne Ha3bIBACTCH CUM-
navyuasvrom. Caviuiekest K, npunaexamme K, o6pasyor pasbuenue
OTKPBITOIO CUMILIEKCA.

Ha puc. I1.1 mpuBeien npuMep CUMILTHTIIHATBHOTO Pa30ueHus IBYMEPHOTO
cuMiuiekca K Ha JIBa JIByMEPHbBIX, I4Th OJIHOMEPHBIX U Y€ThIPE HYJIbMEPHbIX
OTKPBITHIX CUMILIEKCA.
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Pue. 111

CooTBeTCTBYIOMMHA OTKPHITHIA cuMILieke K° pa3OuT Ha ABa JABYMEPHBIX U
OJIMH OJHOMEPHBIH OTKPBITHIX CHMILIEKCA. ECIn yaaiuTh u3 pasOueHus Hy.Ib-
MEpPHBIH CHUMILIEKC ¥/, a pebpa 2y u y2° 3aMennTb Ha pebpo 223, To mostyunm
IpUMEpP HECUMILTUIUAILHOTO pa3duenud. /g cuMminiuaj buoro pa3ouenus
7 depe3 0(m) 0603HAUNM MAKCUMAJIBHBIN JHaMeTD CHMILIEKCOB, BXOMSIINX B

.
n+1 )

Touxka, n+r1 21 x' HaspIBaeTca bapuuenmpom cuminierca K. Omupemeanm
CI/IMH.HI/IILI/IaJIbHZOG pasbuenue, HA3bBIBAEMOE OAPUUEHMPUYECKUM, KAZKIOE Pe-
OpO KOTOPOTO CoeTuHsIeT DAPUIEHTPHI 'PAHM U HEKOTOPOil ee To/JArpaHu CIM-
wiexca K. st cummuiekca 2122 OHO COCTOUT U3 BEPIIUH I, 22, ero GapuieH-
Tpa b = %(Il + 2%) u 1BYX OTKpHITHIX pebep z'b u br?. IIpeanonoxum, 4To
OapuIleHTpHIecKoe pasOueHne OIpeneeHo I JI00T0 CHMILIEKCa pa3Mep-
moctu kK <n — 1.

Onpegenum ero st cumiiekca K pasmepHocTn n ¢ OapuieHTpOM b.
[Iycrs 77’ — cemeiicTBO OTKPBITHIX CHMILIEKCOB, BXOJAIIMX B OapUIEHTPH-
Jeckue pasbmenusi Bcex (n — 1)-mepHbix rpameit cummiekca K. Bozbmem
npousBonbHbI covmaeke K = y'---yl, | < n m3 7. [IpeamomoxuM 1o
MHJLYKIHH, 970 KazK/0€e ero pebpo yiyd coepuuser GapUIeHTPbl HEKOTOPOM
rpanu u ee moarpanu cuminiekca K. HerpyaHo Bugerh, 970 aHAJIOTHIHBIM
cBoiicTBOM 06aagaeT U cuMIieKe ' - - - y'b. COBOKYITHOCTH BCeX TaKMX CHM-
miekcoB y'---y'b u Gapumentp b mobaBuM K cemeiicTBy 7. B pesyabraTe
MOJIYIUM OapHuIleHTpUYecKoe pasduenue m; cuMiniekca K.

[okamem, uro 6(m) < 25d, te d — auamerp cumnsexca K. efictsu-
TeJIbHO, BO3bMeM Jioboe pebpo b'b” pazbuenus 7y, rae 6e3 morepu OOIHOCTH

b = ! 5§1 b = ! TEH ¥ o r<s<n
s +1 ’ Cor+1 ’ -
i1 =1
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Torna
s+1

sj—l Z(xz —) =

i=1

|b/ _ bl/| —

1 s+1 r+1

| ZZ(Iz_ﬁ) < s(r+1)d < nd

s+1r+1i:1j:1 (s+1)(r+1) ~n+1

Urak, 6(m) < —5d. Ecin KaxKaplil CHMILIEKC, IpuHa/Iexkamuil pasoue-
HUIO 7, TOJBEPIrHYTh OAPHIIEHTPUIECKOMY PA3OMEHHIO, IOIYUMM CHMILIA-
HMaJIbHOE Pa3bueHue To, Jjisi KOTOporo d(my) < (HLH)%Z. [MTosropsisi ana-
JIOTHYHYIO Tporneaypy k pa3s, MoLyduM CHMILIANHAIbHOE pas3bumeHue 7y ¢

§(mp) < (22)kd.

n+1

Teopema II.3 (nemma IITneprepa). [lycre 7 — cumminnnanabHOe
pazbuenune n-mepHoro cumiiekca K = xl---antl a dyukmua v @ K —
{z', ..., 2"} ynosrersopger yciosuio

v(z) € {z'| \i(z) > 0} Vre K.

Torna HaiiieTcss Takoil n-MepHBIi cUMILTeKe y! - - - 4" pazbuenus m, 410
v(y) = 2% i =1,...,n+ 1. Uncao TakuxX CHUMILIEKCOB HEUETHO.

Joxazameavcmeo. s n = 0 yTBep:KieHne TeopeMbl odeBuHO. [Ipe-
MOJIOXKHUM, YTO OHA chpaBeiuBa g (n — 1)-MepHBIX CHMILTIEKCOB. IlycTh
Ky, ..., K, — n-MepHble OTKPBITBIE CUMILIEKCDI, BXOJdIHe B pasouenue 7. By-
JIeM TOBOPHUTD, 4TO (n—1)-MepHas rpanb ' - - - y" cuMILIeKca K; = yl -yt
ommenena, ecin v(y') = ', i =1,...,n.

Ecmm cnvmaexce K yaoBieTBopseT yTBEP:KIEHHIO TEOPEMBI, TO, BBUJLY
pasencts v(y') = 2', i = 1,...,n + 1, OH UMeeT POBHO OJHY OTMEYEHHYIO
rpanb. [eiicrBuressHo, mobas apyras (n — 1)-MepHas rpanb cuMiuiekca K
comepxuT Bepumuy y" . Ho v(y"™) = 2" u sta rpannb we asngerca or-
Mmeuennoii. Ilycrs cummiexe K He y10BI€TBOPSET yTBEPXKICHUIO T€OPEMbI I
MMeeT OTMedIeHHYIO TpaHb i - - - y". Torga oH UMeeT POBHO ABE OTMEUeHHbIE
rpanu. [eiicTeuTesibHo, 110 npeanonoxkennto v(y') = ', i = 1,...,n u Ge3
norepu obmuoctu v(y" ™) = z'. Torma (n — 1)-mepuble rpanu y'---y" u
y? - -y apngoTes oTMedeHHBIMY.

ITycrb 0 — 4ncio ormedennbix rpaneit cummiekca K. 1o nokazannomy
o; € {0,1,2} u 0; = 1 TonbKO B TOM CJIydae, KOLJa CUMILIEKC K; ymoBe-
TBOPSAET YTBePXKIeHUIO TeopeMbl. [lo3ToMy ocTaoch JoKa3zaTh, 4TO oOIee
YUCJIO OTMEUYEHHBIX TPaHeil x = i 0 HedeTHO. B 3TOM cityuae 0b6ga3aTe/IbHO

=1
HafieTcd cuMiiexkc K, yg:LOBﬂeTJBopﬂIomHﬁ YTBEPKIEHUIO TEOPEMBI.
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[Mycrs V = y' -+ y" — xakasg-1mb0 (n — 1)-MepHas oTMeueHHAst OTKPbI-
Tast rpanb cuvitexca K. Ecm V € K\K°, To V upunnaiiexxnt HeKOTOPOil
(n — 1)-mepHoii rpanu cumiuiekca K ¥ gBJIS€TCs IPAHBIO €TUHCTBEHHOTO 7~
MEPHOTO CHMILIeKCa paszOuenns 7. Ilpm sTom m3 pasencts v(y') = xf, i =

1,...,n, cienyer, uro V C Wd;fxl -« x". [eiicTBUTENBHO, €cii Obl Tpanb V'
IpUHAIeKaIa IPYroi Ipann cuMILiekca K, ckaxkem, x2 - - - 1 1o mo ompe-
nesenuto Gyukiun v pasencrso v(yt) = z! Gu1o 661 HeBozmoxkHo. [lycrs V
¢ K\K°. Torna V asisierca obuleii TpaHbio POBHO JIBYX N-MEDHBIX CHM-
IJIEKCOB, BXOJAIIUX B pa30HeHue ™ U B CYMMe X OHA YUUTBHIBACTCS JIBAZKJIBI.
Cre1oBATENILHO, YHUCI0 Y CPABHUMO MO MOJYJIO 2 ¢ 9ucaoM (n — 1)-MepHBIX
cavmiekcos V o=yl y® C W, anga koropwix v(y') = 2*, i = 1,...,n. Ilo un-
JIYKTHBHOMY TIDE/IIOJIOKEHHUTO, IPHMEHEHHOMY K (1 — 1)-MepHOMY CHMILIEKCY
W, sro auciao wederno. [Tosromy gmciao x takke HedeTHO. W

Teopema I1.4 (Kuacrep, Kyparosckuii, Masypkesu4). [lycrs 3a-
MKHYTBIe TOAMHOKeCTBa O, ..., C), 1 cummekca K = ! -« - 27! yroBiaerso-
PAIOT YCIIOBHIO

gih-eepds CUI Gy V1<) <o <o <js <n+ 1l

Torna muoxkectBa (', ..., C), 11 UMEIOT HEMYCTOE TIepecevdeHue.
Aoxazamenvcmeo. PaceMoTpum mociieJOBaATeIbHOCTD {7 } IOCTPOEHHBIX
paHee CHMILIUIHAIBHBIX pas3buenuii cumiuiekca K, nias koropoii lim 6(my) =
k—o00

0. Oupegenum orobpazkenue v : K — {x' ... 2"} crenyroumum o6pasom.
g moboro x € K nycTh
{27 | Nj(z) >0} = {2, ..., 2%}, J1 < ja < ... < Js.

Torma no yeaosuwo x € US_,Cj . Iomoxum v(z) = 2%, rme t — MuHE-
MaTbHOE "HeTo, s Koroporo x € Ul C; . Ormernm, uto x ¢ U'ZLC;
u, ciaenosarenbto, € Cj,. Ilo npeapraymeit TeopeMe CyImecTByeT CHMILIEKC
yt(k) - - - y" (k) pazbuenust 7y, anas koroporo v(y'(k)) =t i =1,..,n+ 1.
BameTnm, 9TO U151 KasKA0T0 BekTopa y' (k) Mo onpemeseHno oToGpaKeHns v
Ji = i m mosromy y'(k) € Cy, i = 1,...,n + 1. [lockombky K — KOMIAKT,
6e3 TmoTepH OOIIHOCTH MOXKHO CUHTATh, 9TO mocaegosareabnoctn {y'(k)}
cxongarcs. Ho ]ﬁlirgo d(m,) = 0. [osromy npu k — 00 aAMAMETP CHMIIEKCA

yt(k) - - y"H(k) crpemmTea k myawo. CiegoBaTesbHo, klim y'(k) = y*, i =

1,....,n + 1. Tlockonbky npu Beex i y'(k) € C;, a muoxecrsa C; 3aMKHYTHI,
n+1

mveem y* € () Ci. W
i=1
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Vrounum popmyiupoBky Teopembr 9.1. [lycrb Z — BBIYKJIBI KOMIAKT
B E™ u yl---yntl — comepammiics B HEM CHMILIEKC MaKCHMAJbHONW pa3-
meprocTu. Torya gucio n < m HA3BIBAETCA PA3MEPHOCTNHIO MHOKECTBA Z.
BoInyKJIbIit KOMITAKT Z MaKCHMAJIbHOW PA3MEPHOCTH 1M UMEET BHYTPEHHIOIO
TOUKY (HampuMep, GaputieHTp cumiuiekca y' - - - y™ ). O6parno, eciau Z ume-
eT BHYTPEHHIOI TOYKY, TO €ro pa3MepHOCTh MakcuMaJjbHa. [Ipeamomoxmm,
YTO Z UMEeT Pa3MepHOCTHb N < M U COAEPKUT HYJIb. 1Orja MOXKHO CUYUTATD,
aro ¢yt = 0. [Ipu 3Tom Z aBisgeTcs MOAMHOKECTBOM eBKINI0BA TPOCTPAH-
crBa E™ ¢ 6azucom 4, ..., y".

N3 ckazaHHOTO BBITEKAET, 9TO B TeopeMe 9.1 6e3 moTepu 00IHOCTH MOYKHO
PEIIOI0KUTh, YTO BBIMYKJ/IBIH KOMIIAKT Z UMEET MAaKCHMAJIbHYIO pa3Mep-
HOCTH M.

Hoxka3zaresscTBo Teopemsl 9.1 (Bpayspa). [lycrs K =zt - gm+l —
m-mepHbIii cummiexe B E™. Tlo reopeme T1.2 (em. T13) naiigercs romeomop-
dbusm 7 : Z — K. Orobpaxenne 7o f o7~ ! mepesonut Touxy y € K B TOUKy
7(f(t7%(y))) € K u aBnserca nenpepbiBubiM. Ecin 4° € K — HemonsuzKHas
Touka orobpaxenus 7o f o7 ! 1o 2° = 771(y") — memogBmkHasg ToUKa
orobpaxenusi f : Z — Z. [losromy 6e3 norepu OOMIHOCTH MOXKHO CUUTATD,
gto Z = K.

[Homoxnm

Ci={re K| N(f(x) < M@}, i=1,...m+1

[TockoabKy orobpazkenue f u dyHkmuu A;(x) HenmpepblBHBI Ha K, MHOMKe-
crBa C; 3aMKHYTHI. [lokazkeM, 910 MHOXKecTBa C; YIOBJIETBOPSIOT YCIOBHUIO
upejapayeit reopemsl. Ilycrs x € zit - - - xds. Torpa

M) =0 V) ¢ {a, 2y = ) A (@) =12 ) N (f(@):

CreoBaresibHO, HaleTCs HOMEp 7, IPH KOTOPOM A; () > ;. (f(x)) n
x € C; . Ilo mpenpraymeit TeopeMe Haiijiercs
m—+1
v e [ Ci= N(@) = Ai(f(2"), i=1,...m+1.

=1

Ho
m+1 m+1

Z Aiz?) = Z Ai(f(z7)) = 1.
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[ToaTromy

Ai(x®) = N(f(z"),i=1,...m+1=2"= f(z"). A

HokazareanctBo Teopembr 12.1 (Kakyrtanm). Kak u npu mokasa-
TeJIbCTBE TeopeMbl Bpayspa, 6e3 morepu 00IIHOCTH MOYKHO CUATATD, YTO BbI-
YK/ KOMIIAKT Z MMEET MaKCUMAaJbHYIO PA3MEPHOCTH M.

[Mycrs K = x -+ 2™+l — m-mepubiit cummieke B8 E™. Tlo Teopeme 1.2
(em. TI3) maiimercss romeomopdusm ¢ @ K — Z. Pacemorpum mocienona-
TEJILHOCTD {77} CHMILTHIAJBHBIX pa3bueHuil cuMiuiekca K, st KOTOpOi
klim d(mx) = 0. [Ljist TpOU3KOIBHOTO k ONPEIETHM CJIeIyIolee HEeNPEPbIBHOE

— 00

orobpazxenme ®F : K — Z. Jlnga moboit Beprmabl © u3 {7y, } BRGepemM TouKy
Pk (x) € D(p(x)) m 3aTeM TPOJOKAM OTOOPAsKEHHE JTUHEHHO Ha KAYKIBIH U3
CHUMILTIEKCOB, BXOIAMNX B {7}, T.e. ecau

m+1 m+1

J]:Z)\jﬂij, Z)\jzl’ )\jz(), jzl,...,m—i—l,
j=1 7=1

— Touka cumMiiekca ' - - - ™ € {m}, To monaraem

m+1

F(z) = Zcp’f(xj).

OdeBuIHO, 9TO TOCIEHEE PABEHCTBO ONpeJe/deT HelpepbiBHOE OoTOpazke-
mue ¢ : K — Z. Torna f* = ¢~ '®F : K — K gBagerca HempepbIBHBIM
oTOGpasKeHNeM U MMeeT HEelOABUKHYIO TOUKy Z'. IlycTh ZF HpHUHAIEAKHUT

cummaekcy o - g™ HR e {md re.

m+1 m+1

=Y N N A =1 M >0, =1, m e+ L
Jj=1 j=1

He ymasss oOmHOCTH, MOKHO CIUTATD, ITO MOCJAEOBATETBHOCTH

{z"}, {Z*} AN {PF(=7%)}, j = 1,...,m + 1, cxogaTea npu k — oo. Ilo-

CKOJIbKY JIHaMeTpbl cuMiLiekcos ' - - 2™ crpemsarcs K HyJII0, OCHE10-

sarembroctn {77} u {T%} nomxmer umers obmuit npegen x* € K. Tycrs
lim )\? = A}, kh_}r(glo PRIy =7 j=1,...,m+1.

k—o0
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Nmeem
m+1

o(TF) = ok (TF) Z ARk (27k) (I1.2)

i klim (%) = p(z*), klim (") = (%) B CUy HENPEPHIBHOCTH OTOPAKe-

uust . [lepexonst B pasencrse (11.2) K npegeny npu k — 00, moayIuM

m+1 m+1

@)=, SN =1, 420, j=1,..m+ 1
j=1 =1

N3 3amkuyTocTn oTobparkenuss ¢ BuITEKaeT, 9TO
n € ®(p(x*)), j=1,...,m+ 1. Ilockonbky muoxkecTBO P((2*)) BBIMYKIIO,
TOYKa @(x*) eMy TPUHAIICKUT U ABJIsieTcs] HCKOMOi. Hl

Crmcok aurepaTypbl

[1] Activity analysis of production and allocation ( Cowles Commission
Monograph Ne 13, ed. Koopmans T.C.). — N.Y.: J.Wiley, 1951.

[2] Allen B., Hellwig M. Bertrand-Edgeworth oligopoly in large
markets. Rewiew of Economic Studies, 1986, v. 53, p. 175-204.

[3] Amir R. Cournot oligopoly and the theory of supermodular games.
Games and Economic Behavior, 1996, v. 15, p. 132-148.

[4] Atkinson A.B., Stiglitz J.E. Lectures on public economics. —
London: McGraw-Hill, 1980.

[5] Amvanos C.A. Jluneitnoe nporpammuposanue. — M.: Hayka, 1981.

|6] Ammanos C.A., Tumoxos A.B. Teopusi onrumusanuu B 3aja4ax u
ynpaxunenusax. — M.: Hayka, 1991.

|7] Aumann R.J. The core of a cooperative game without side
payments. Trans. Amer. Math. Soc., 1961, v.98, Ne 3, p. 539-552.

268



Crucok jimrepaTtypbl

18]

9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

Benenpkuit B.3., Boakonckuit B.A., Weamkos C.A., Tloman-
ckuit A.B., [llatupo A.J/I. UrepaTruBHbie METOABI B TEOPUU UTD U
nporpammupoBannu. — M.: Hayka, 1974.

Deckoneunble anTaronmcTudeckue wurpbl. CO. craTeit mon pej.
H.H.Bopobbesa. — M.: @uszmarrus, 1963.

Bertrand J. Review de théorie mathématique de la richesse sociale.
Recherches sur les principes mathématique de la théorie des
richesses. Journal des Savants, 1883, p. 499-508.

baexyan /1., 'upmuk M. Teopust urp m crarucTU4ecKux perieHuii.
— M.: Unocrpanunast mureparypa, 1958.

Bonenbnact X.P., Kapaun C., Hlenym JI.C. Urpol ¢ HenpepbIBHOIT
dbyukueit seiurpeima. B 6. 9], ¢. 337-352.

Bounnapesa O.H. Hekoropbie npumMeHeHust METOMOB JIMHEHHOTO TTPO-
rPpaMMHUPOBAaHUs K TeOPUU KoomepaTuBHbIX urp. [Ipobaembr kubep-
Herukn. 1963, Bpm.10, c. 119-140.

Borges T. Iterated elimination of dominated strategies in a
Bertrand-Edgeworth model. Rewiew of Economic Studies, 1992, v.
59, p. 163-176.

Borel E. 1) The theory of play and integral equations with skew
symmetric kernels. 2) On games that involve chance and skill
of the players. 3) On system of linear forms of skew symmetric
determinants and the general theory of play. Econometrica, 1953,
v. 21, Ne 1, p. 97-117.

Borel E. Application aux jeux de hasard. Traité du calcul des
probabilités et des ses applications, Applications des jeux hasard,
E.Borel et collab. — Paris: Gauthier — Villars, 1938, v. IV, fasc. 2,
p. 122.

Brown G.W. Iterative solutions of games by fictitious play. In
collected book [1], p. 374-376.

Brouwer L.E.J. On continuous vector disributions of surfaces.
Amsterdam Proc., 1909, v. 11, continued in 1910, v. 12,13.

269



Crucok jrmrepatypbl

[19]
[20]

[21]

22]

23]

[24]

[25]

[26]

27]

28]

[29]

[30]

Walras L. Eléments d’économie politique pure. — Lausanne, 1874.

Wald A. Contributions to the theory of statictical estimation and
testing hypotheses. Ann. Math. Stat., 1939, v. 10, Nt 4, p. 299-326.

Banbx A. Craructudeckue pematorme dbyukmun. B ¢6. [65], ¢. 300-
022.

Bacun A.A. Mozgeau npoueccoB ¢ HECKOJbKHUMHU YYaCTHHKAMHU. —
M.: U3a-Bo Mock. yu-Ta, 1983.

Bacun A.A. Mouesu ITMHAMUKH KOJUICKTHBHOIO moBegeHud. — M.:
N3n-Bo Mock. yu-Ta, 1989.

Bacun A.A., [Tanosa E.I1. CobupaeMocTh HAJIOTOB U KOPPYIIHSI B
HAJIOrOBBIX opranax. — M.: Poccuiickas mporpaMma IKOHOMUIECKHX
uccaenosanuit, 2000, Cep. "mayunse goraags", Ne 99 /10.

Bacun A.A., Aranosa O.B. Maremarudeckasi MOA€/b OMTHMAb-
HOIl opraHm3amuu HaI0roBOH wuHcmeknuu. B ¢6. "IIporpammuo-
armapaTrHbple CPeJCTBA U MaTEeMATHIECKOe 0OecIiedeHue BhICUHCITH-
TeqbHBIX cucteM". — M.: U3n-Bo Mock. yu-Ta, 1993, c¢. 167-186.

Bacun A.A. , Bacuna I1.A. OnrtuMusanus HAJIOrOBOH CHCTEMBI B
, i

YCJIOBUSX YKJIOHEHHS OT HAJIOTOB. Posib orpanmdenuit Ha mrpad. —

M.: Poccuiickag mporpaMma SKOHOMHYecKHX ncciaegoBanuii, 2002,

Cep. "mayunbie mokaaas", Ne 01/09.

Bacua A.A. | Bacuna I1.A., Mapxysuma @.X. Hasorosoe mnpuny-
JKJIeHne NI HeoqHOPOAHBIX dbupm./ TIpenpunt Ne 2001/025. — M..:
Poccniickasg sxkoHoMmdeckad mkosta, 2001.

Barens 1.A., Eperiko @.11. Maremarnka KOHGMIUKTA U COTPY/IHA-
gectBa. — M.: Sunanwue, 1974.

Bentnens E.C. Uccnegosanue omepanuii. — M.: CoBeTckoe paauno,
1981.

Ville J. Sur la théorie générale des jeux ou intervient ’abilite des
jeueurs, Traité du calcul des probabilités et des ses applications,
Applications des jeux hasard, E.Borel et collab. — Paris: Gauthier
— Villars, 1938, v. IV, fasc. 2, p. 105-113.

270



Crucok jimrepaTtypbl

[31] Buaxac 9.1, Onrumanbuocts B urpax u pemennsx. — M.: Hayxa,
1990.

[32] Vives X. Rationing rules and Bertrand-Edgeworth equilibria in large
markets. Economic Letters. 1986, v. 21, p. 113-116.

[33] Wolfovitz J. Minimax estimates of the mean of normal distribution
with known variance. Ann. Math. Stat., 1950, v. 21, Ne 2 p. 218-230.

[34] Bopo6res H.H. OcuoBbl Teopun urp. BeckoaaunnoHHbie UTPhI. —
M.: Hayka, 1984.

[35] Teitn . Teopusi JUHEHHBIX SKOHOMHYECKHX Mojeseii. — M.:

11J1,1963.

[36] Tepmeiiep FO.B. Bremenne B Teopuio mcciaegoBanus onepanuii. —
M.: Hayka, 1971.

[37] Tepmeiiep FO.B. Urpsl ¢ HEMPOTUBOIIONIOKHBIMA HHTepecamMu. — M..:
Hayxa, 1976.

[38] Tepmeiiep FO.B. O6 urpax apyx Jiui ¢ GUKCHPOBAHHON HOCIEI0BA~
TesibHOCTHIO X008, JIAH, 1971, v. 198, Ne 5, c. 1001-1004.

[39] Topesuk B.A. Teopus urp u ucciaenopanue omeparuii. — M: 371-B0
MUWHI'II, 1978.

[40] Tpenn E. Craructudeckue urpsl u ux npumenenue. — M.: Crarn-
cTuka, 1975.

[41] Hasweigos D.I. MccnenoBanne oneparmit. — M.: Beicimas mikosa,
1990.

[42] Haunep JI., I'proubaym B., Kian B. Teopema Xemmu. — M.: Mup,
1968.

[43] Dantzig G.B. A proof of the equivalence of the programming
problem and the problem. In collected book [1], p. 330-335.

[44] Gilles D.B. Solutions to general non-zero-sum games. Contributions
to the theory of games. IV (Kuhn H.W., Tucker A.W. eds.). Ann.
Math. Studies, Ne 40, — Princeton: Princeton Univ. Press, 1959,
p. 47-86.

271



Crucok jrmrepatypbl

[45] dpemep M. Crparerndeckue urpbi. Teopust u npusokenns. — M.:
Coserckoe pajano, 1964.

[46] dro6un [.H., Cysznans B.I'. BBejenue B NPUKIATHYIO TEOPUIO UIP.
— M.: Hayka, 1981.

[47] Kakutani S. A generalisation of Brower’s fixed point theorem. Duke
Math. J., 1941, v. 8, Ne 3, p. 457-459.

[48] Kapaun C. Maremarudeckue METObI B TEOPUH UT'D, TIPOIPAMMEPO-
BaHWH W KoHOMUKe. — M.: Mup, 1964.

[49] Kunu P.J1., Paiida X. [Ipunstue perieHuii npn MHOIUX KPUTEPHSIX.
ITpeanourenns n 3amernienusi. — M.: Pagno u c¢Ba3n, 1981.

[50] Konmoropos A.H., ®omun C.B. Duementsl teopun byHKIHH u
dyuknuonanbuoro anammsa. — M.: Hayka, 1972.

[61] Cowell F., Gordon G.F. Auditing with "ghosts". In book "The
Economics of Organized Crime". 1995, p. 184-198.

[52] Kononenko A.D., Hosukosa H.M. O630p passutus urp Lepmeiie-
pa. B ¢6. "IIporpamMMuoe 060pyIoBaHue W BOIPOCHI HPUHATUS Pe-
mennit". — M.: Iza-8o Mock. yu-ta, 1989, ¢. 201-210.

[63] Knaster B., Kuratowski C., Masurkievicz S. Ein Beweis des
Fixpunktsatzes fir n-dimensionale Simplexe. Fund. Math., 1929,
B. 14, S. 132-137.

[54] Kreps D., Scheinkman J. Quantity precommitment and Bertrand
competition yield Cournot outcomes. The Bell J. of Economics,
1983, v. 14, p. 326-337.

[55] Kykymkun H.C., Mopo3zos B.B. Teopust HeaHTATOHUCTHIECKUX UTD.
— M.: U3a-Bo Mock. yu-Ta, 1984.

[56] Kukushkin N. A fixed point theorem for decreasing mappings.
Economic Letters, 1999, v. 46, p. 23-26.

[57] Kykymkun H.C. Ponb B3aumuO# WHGOPMUPOBAHHOCTH CTOPOH B

urpax JIByX JiMll C HePOTUBONOJI0KHbIMU uHTepecamu. — zZKBM u
MO, 1972, 1. 12, Ne 4, ¢. 1029-1034.

272



Crucok jimrepaTtypbl

[58]

[59]

[60]

[61]

[62]
[63]
[64]
[65]

[66]

67]

[68]

[69]

[70]

[71]

Kyu I.V. [osunuonusie urpsl u npobiema nudopmarmu. B ¢6. [82],
c. 13-40.

Cournot A.A. Recherches sur les principes mathematic de la théorie
des riches. — Paris, 1838.

Lemke C.E., Howson J.J.,Jr. Equilibrium points of bimatrix games.
Proc. Nat. Acad. Sci. U.S.A., 1961, v. 47, p. 1657-1662.

JIvtoc P. u Paiipa X. Urper u pemrenusa. Bregenne n kpurnyeckuii
0030p. — M.: Unocrpannas aureparypa, 1961.

Myles G. Public economics. Cambridge, 1996.
Mak-Kuncn /Ixx. Benenue B Teoputo urp. — M.: @uzmarrus, 1960.
MakKonnesnn K.P., Bpro C.JI. 9konomukc. — M.: THOPA-M,2003.

Matpuunsie urpnl. C6. crareit moa pea. H.H.Bopobsesa. — M.: Ous-
MarTu3, 1961.

Mosmosuu C.M., Bormanosa M.C., Kpynennna I'.A. Pannonanusa-
U CTPYKTYPHI HAJIONOB B MEpPexo/iHOi skoHOoMuke Poccuu. — M.:
Poccuiickast akonommaeckas mikosta, 1997.

Mopozos B.B., Cyxapes A.T., ®enopos B.B. lccnenoBanue onepa-
nuii B 331a4ax u ynpaxkuenusx. — M.: Boiciras mikosa, 1986.

Mopozos B.B., Ab3zamxyxaes M.X. O moucke menexeil 1uckper-
HOIT KoomepaTtuBHOW urpbl. B ¢6. "IlpuMenenne BBIYUCIUTETHHBIX
CPEJICTB B HAYYHBIX HCCJIEIOBAHUAX U yuebHoM mporecce."— M.:
N3n-Bo Mock. yu-Ta, 1992, c. 49-62.

Moreno D., Ubeda L. Capacity precommitment and price
competition yield Cournot outcomes. Universudad Crlos 3 de
Madrid, Economic Series, 2001, 08 WP 01-44.

Monxkwun T.C.,Paiica X., Tomncon /Ixk.J1., Tporn P.M. Metox nBoii-
Horo onucanusi. B ¢6. [65], c. 81-109.

Mynen 9. Teopusi urp. C npumepamu u3 MaTeMaTHIeCKON IKOHO-
muku. — M.: Mup, 1985.

273



Crucok jrmrepatypbl

[72] Heitman /1. don. , Mopreumrepn O. Teopust urp u 3KOHOMIYECKOE
nosesenue. — M.: Hayka, 1970.

[73] Heitman /1. don. K reopun crparerndeckux urp. B ¢6. [65], ¢. 174-
204.

[74] Neumann J. von. Uber ein 6konomisches Gleichungssystem und eine

Verallgemeinerung des Browerschen Fixpunktsatzes. Erg. Math.
Kolloqu., 1937, B. 8, S. 73-83.

[75] Hukaiino X., Mcona K. Bamerka 0 GeCKOATUIIMOHHBIX BBHIMTYKJIBIX
urpax, B ¢6. [9], c. 449-458.

[76] Hom JIxx. Beckoanunuonubie urpei. B ¢6. [65] , ¢. 205-221.

[77] Novchek W. On the existence of Cournot equilibrium. Review of
Economic Studies, 1985, v. 52, p. 85-98.

[78] Oy»su I'. Teopusi urp. — M.: Mup, 1971.

[79] IMaprxacaparxu T., ParxaBan T. HekoTopbie BOIPOCH TEOPUH UT'D
aByx aut. — M.: Mup, 1974.

[80] TTerpos A.A.B, ITocuesnos N.T., Ilanannu A.A. OneiT MaTeMaTHIe-
CKOT'O MOJIeTUPOBaHus KOHOMUKH. — M.: Dueproarommsaar, 1996.

[81] Terpocsia JI.A., 3enkesnua H.A., Cemuna E.A. Teopust urp. — M.:
Bricmag mkona, 1998.

[82] TTosurnmonuste urpei. C6. crareit mox pea. H.H.BopoOobesa. — M.
Hayxka, 1967.

[83] Radon J. Mengen konvexer Korper, die einen gemeinsam Punkt
enthalten. Math. Ann., 1921, B. 83, S. 113-115.

[84] Pobuncon [Txk. teparuBHbiit MeTo perrennst urp. B ¢6. [65], c. 110-
118.

[85] Pozenmiosiep H. Kooneparuptbie urpsi u peiaku. — M.: Mup, 1974.

[86] Sanchez I., Sobel J. Hierarchical design and enforcement of income
tax polices. J. of Public Economics, 1985, v. 26, p. 1-18.

274



Crucok jimrepaTtypbl

[87] Coxomoscknii JI.E. Tlogoxoaublii HAJOr ¥ 9KOHOMHYECKOE MOBEJIe-
HUe. JKOHOMUKA W MaTeMaTrndeckue Merosnr, 1989, T. 25, Beim. 4.

[88] Teopust urp. AuHoTHpOBaHHBIH yKazaTe b mybGiaukamuii mo 1968 .
— JI.: Hayka, 1976.

[89] Teopust urp. AHHOTHPOBAHHBII yKa3aTe b IyOJIUKAIMH OTeIeCTBEH-
HO# m 3apybexkHOi JtuTepaTypsl 3a 1969 — 1974 rr. — JI.: Hayka,
1980.

[90] Friedman J. On the strategic importance of prices versus quantities.
Rand J. of Economics, 1986, N 4, p. 607-622.

[91] Fundenberg D., Tirole J. Game Theory. — Cambridge, Mass.: The
MIT Press, 1996.

[92] Harsanyi J.C. Games with incomplete information played by
Bayesian players. Management Science, 1968-69, v.14, p. 159-182,
320-334, 486-502.

[93] Handbook of Game Theory with economic applications, Vol. I and
II. ( R.J. Aumann and S. Hart eds.).— Amsterdam — Lausanne —
New York — Oxford — Shannon — Tokyo: Elsevier, 1994.

[94] Xemmm . O COBOKYNHOCTH BBINYKJIBIX TEeJ € OOIUMH TOYKAMH.
YMH, 1936, Bwim. 2, c. 80-81.

[95] Ho Y., Luh P., Muralindharan R. Information structure.
Stackelberg games and incentive controllability. — IEEE Trans.
Aut. Contr., 1981, v.26, Ne 2, p. 454-460.

[96] Hodges J.L., Lehmanm E.L. Some problems in Minimax Point
Estimation. Ann. Math. Stat., 1950, v. 21, Ne 2, p. 182-192.

[97] Llepmeno . O npuMeHeHUE TEOPHH MHOKECTB K TEOPHH [IAXMATHON
urpor. B ¢6. [65], ¢. 167-172.

[98] Selten R. Spieltheoretische Behandlung eines Oligopolmodells mit

Nachfragetragheit. Zeitschrift fiir die gesamte Staatswissenschaft,
1965, Ne 12; s. 301-324.

275



Vkazaresns obo3znavennii

199]

[100]

[101]

[102]

[103]

[104]

[105]
[106]

[107]

[108]

[109]

[110]

Selten R. Reexamination of the perfectness concept for equilibrium
points in extensive games. International J. of the Game Theory,
1975, Ne 4, p. 25-55.

[MMTamwpo I'"H. 3ameuanue 0 BIYUCAUTETLHOM METOJIE B TEOPUU UTP.
B ¢6. [65], c. 118-127.

Shapley L.S., Snow R.N. Basic solutions of discrete games.
Contributions to the theory of games. I (Kuhn H-W., Tucker A.W.
eds.). Ann. Math. Studies, Ne 24, — Princeton: Princeton Univ.
Press, 1953, p. 51-73.

Shapley L.S. A value for n-person games. Contributions to the
theory of games. II (Kuhn H.W., Tucker A.W. eds.). Ann. Math.
Studies, Ne 28, — Princeton: Princeton Univ. Press, 1953, p. 307-317.

Shapley L.S. Some topics in two-person games. Advances in game
theory (Dresher M., Shapley L.S., Tucker A.W. eds.). Ann. Math.
Studies, Ne 52, Princeton, 1964.

Shiffman M. On the equality of minmax=maxmin, and the theory
of games, the RAND Corporation, RM-243, 1949.

Mukua E.B. Ot urp x urpam. — M.: Dauropuas, 1997.

[uupensman JI.I. O paBHOMepHBIX npuOIMKeHuax. I3s. AH
CCCP, cep. mareM., 1938, Ne 1, c. 53-60.

Sperner E. Neuer Beweis fiir die Invarianz der Dimensionzahl und
Gebietes. Abh. Math. Sem. Univ. Hamburg, 1928, B. 6, Ne 3/4, S.
265-272.

Chandler P., Wilde L. A general charachterization of optimal
income ta| enforcement. Rewiew of Economics Studies, 1987, v. 65,
p. 165-189.

Charnes A., Kortanek K. On balanced sets, cores and programming.
— Cah. Centre etudes rech. operat., 1967, v. 9, Ne 1, p. 32-43.

Edgeworth E.Y. The pure theory of monopoly. In Edgeworth Papers
Ralating to Political Economy.-N.Y.: Brut Franklin, 1925, v. 1,
p. 111-142.

276



Vkazaresns ob6o3navennii

YKa3arejb 0003HaYECHUIN

E™ — m-MepHOe eBKJINIOBO MPOCTPAHCTBO BEKTOPOB T = (X1, ..., Tpy) €O

m
CKAJIAPHBIM [POU3BEICHHEM <x,y> = > x;y; ¥ HOpMOii || = ,/<:13,x>;

Argma}:? flx) ={a € X | f(a!) = max f(z)} — MHOXKECTBO TOUEK MaK-
Te Te

cuMmyMa, GYHKIHH f, ONpeaeeHHON Ha MHOXKecTBe X ;

Argmin f(z) = {o' € X | f(') = min f(2)};

zeX reX

{ax} — mocaeIOBATETHHOCTD MEMEHTOB ay, k = 1,2, ...;

EX, VarX — maremarudeckoe OKUJIaHUE W JUCIEPCHUs CJAYIaiHON Be-
JIMIUHBI X

€ — BEKTOP, BCe KOMIIOHEHTHI KOTOPOTO PaBHBI 1;

el — BexTOp, l-ag KOMIIOHEHTa KOTOPOTO PaBHA 1, a OCTaJbHBIE KOMIIO-
HEHTBHI — HYJEBBIE;

25 — MHOXKECTBO BCEX IOJMHOXKECTB MHOXKECTBa S

|S| — 4amcno 31€MEeHTOB KOHEYHOIO MHOYKECTBa S

C' — 9uesio coueTanuit nu3 m 1o n;

déf _n "n.
PaBHO II0 OIPEACJICHUIO |

V 4 = < — ksaatopsl "mas Beskoro, "maiimerca, mormdeckue
cBs3ku "caenyer''n "Torma m ToabKo Torma, Kormga';

() — mycroe MHOXKECTBO;

B — KoHell JIoKa3areJbCTBa.
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